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Abstract

Using the techniques of the Malliavin calculus and the properties of Gaus-
sian processes, we prove that the paths of the indefinite Skorohod integral with
respect to the fractional Brownian motion with Hurst parameter less than %

belongs to the Besov space Bgoo, for any p > %
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1 Introduction

Let (Bff);ep0,1) a fractional Brownian motion (fBm) with Hurst parameter H € (0, 1).
This process is Gaussian, it starts from zero and its covariance it given by

1
R(t,s) = 3 (&7 + $*7 — |t — s[*)

The main problem raised by the fBm and related processes is that they are not
Markovian, even more they have not any semimartingale property, hence it is some-
what difficult to develop a stochastic integration with respect to fBm.



Recently, there has been a development in the stochastic calculus with respect
to this process. We will focus our attention to the Skorohod integral introduced in [2],
which is in fact a transfer of the Skorohod integration with respect to the Brownian
motion to the Reproducing Kernel Hilbert Space of the fractional Brownian motion.
Let (u4)sepo,1] a stochastic process integrable with respect to B and consider

the indefinite integral fot usdBH. Tt was proved in [2] that its paths are Holder
continuous of order § < H. Moreover, it is well-known (see [5]) that B itself

belongs to the Besov spaces Bgoo, for every p > % A natural question is to see

if the Skorohod integral fot usdWy keeps the same Besov regularity as the fractional
Brownian motion. This problem was studied in [9] in the regular case H > 1, using
an intrinsec Malliavin calculus with respect to fBm. For the study of the Besov
regularity of a Skorohod integral on the Wiener space we refer to [4] and [6].

The aim of this work is to prove that also in the singular case (H < 3) the
trajectories of the Skorohod integral process with respect to B belong to the Besov
space Bgoo, for every p > % Due to the singularity of the kernel of the fractional
Brownian motion for H < %, we will need to assume some uniformly regularity
conditions on the integrand v and on its Malliavin derivative.

The organization of the paper is as follows: Section 2 contains some prelimi-
naries on the Malliavin calculus, fractional Brownian motion and Besov spaces, and
in Section 3 we study the regularity of the indefinite stochastic integral.

2 Preliminaries

2.1 Malliavin calculus

Let T = [0, 1] the unit interval and consider (W;);er a standard Wiener process on
the probability space (€2, F,P). By S we will denote the set of smooth random
variables on (2, F, P), that is, every F' € S has the form

F=fWy,...,W) (1)

with ¢;,...,t, € T and f € C5° (f is infinitely continuously differentiable function
on R™ such that f and all of its derivatives has polynomial growth ). We introduce
the Malliavin derivative of F' € S of the form ( 1) as

i=1 ¢

.9
DtF:Z(‘)f (Wt17""th) 1[05ti](t)’ t € T

The operator D from L?(Q) to L?(T x ) is closable and its domain (denoted D'?)
is the closure of & with respect to the norm

IFIE 2 = E|FI* + E|DFI|Zxr

More generally, we can introduce, for k integer and p real, the space D*® of Malliavin
differentiable random variables as the closure of & with respect to the seminorm

k
IFIl;, = EFF+ ) EIDDF|,,

j=1



where the multiple derivation DY is defined iteratively. The adjoint of D, denoted
by ¢ is defined on the domain

Dom(d) = {u € LA(T xQ)/ ‘E/TustFds

< C“F”L2(Q)}
and it is given by the duality relationship

E(Fé(u)) = E/ usDsFds yu € Dom(0),F € S
T

We also use the notation 6(u) = [, u,dW, and we call 6(u) the Skorohod integral of
u. By L*P we will denote the Banach space L? (T’“; Dk’p) and this space contains
Skorohod integrable processes (L'"* C Dom(d)) . We will use the Meyer inequalities

16l < llullp (2)

and the integration by parts formula for the Skorohod integral
1
Fé(u) = 0(Fu) +/ D,Fuyds (3)
0

for every F' € D2, u € Dom(6) such that E (F? [, u2ds) < co. Recall also the com-
mutativity relationship between the derivative operator and the Skorohod integral

D;6(u) = us + 6(Dyu) (4)

for every t € T, u € Dom(d) with Dyu € Dom/(d). Note that the properties ( 3) and
( 4) hold for u € L*2,

2.2 Fractional Brownian motion

Fix T = [0, 1] the unit interval and consider (Bf?);c7 the fractional Brownian motion
with Hurst parameter H € (0,1). That means, B¥ is a centered Gaussian process
with covariance

1
R(t,s) = E(BIB/") = i(t”f + s*7 — [t — s[>
The process BY admits an integral representation of the form
t
B = / K(t,s)dW,,
0
where W = {W;,t € [0,T]} is a Wiener process, and K (t, s) is the kernel

K(t,s)=cu(t—s) 2 +si 3R (é) : (5)



for every t > s, cg being a constant and

Fi(2) = ey (% - H) /OH pH—3 (1 — 0+ 1)H*%) d.

We also put by convention K (t¢,s) = 0 if s > ¢. This kernel satisfies the condition :

0K 1

S (ts) = ca(H = 2)()i (e —s)" 5. (6)
We will denote by H the Reproducing kernel Hilbert space of the fBm . In fact H
is the closure of set of indicator functions {l[o’t],t € T} with respect to the scalar

product

(V][54

(11,5, Lio,s))n = RA(t, 5)

The mapping 1j0,) — B; provides an isometry between H and the first Wiener chaos
and we will denote by B(¢) the image of ¢ € H by the previous isometry. In this
way, the #— indexed process (B(¢))sec becomes a centered Gaussian process such
that E(B(¢)B(h)) = (¢, h)3. A such process is called an isonormal process and we
can define a Skorohod integral with respect to such processes (see [8]). We will recall
only that the relation between the Skorohod integral with respect to BY and the
Skorohod integral with respect to W is given by

/Ot u,dBl' = /Ot us K (, s)dWs + /Ot (/St(u,« — us)aa—lf(r, 5)d7«> dw,. (7)

In the case H > 1, this integral can be also written

t t t
/ usdB? = / (/ ura—K(r, s)dr) dW,.
0 0 P or

We refer to [2] for a complete exposition of the stochastic calculus with respect to
B,

2.3 Besov spaces

Denote by LP(T') the space of Lebesgue integrable functions with exponent p (1 <
p < o0). Let f: T — R be a function in LP(T'), one can measure its smoothness by
its modulus of continuity computed in LP-norm. For this end let us define for any
tel,

%U@:mm(nuu+m—fmwmf,

Ih|<t

where T, = {x € T, =+ h € I}, and we will denote

wp(fst
apoo = || fllze(r) + sup #'
o<t<1

1/]




The Besov space By, is the class of functions f in L such that || f||a,p,c < 00; By

endowed with the norm ||I-||a,p,c0 18 & non-separable Banach space. We Wlll con51der
a separable subspace Bo‘é’o of By, formed with the functions f € B, satislying
wp(fit) =o0(t*) (ast ] ()) To prove our main results we need the characterlzation of
the Besov spaces in terms of the coefficients of the expansion of a continuous functions
in the basis consisting of Schauder functions. Let f be a continuous function, let us
note by {C,(f), n > 0} the coefficients of the decomposition of f in the Schauder

basis giving by (see [5]):
Co(f) = f(0), Ci(f) = f(1) = f(0),

and forn=2"+k,je€ Nand k=0,...,27 — 1,

Cu(f) = 225{f(55) — 5 [FGFn) + F(BRD)] -
Let 0 < a < 1. We will use the following characterization theorem.

Theorem 1 Letp>1and 0 < a < 1.
1. If« > 2 , then By  is the space of continuous functions, linearly isomorphic to
some sequences space, and we have the following equivalence of norms:

9i+1 >
||f||a,p,oo~max{lco(f>|, Gi(f)], sup2” ety ’[ > |cn(f>l”] }

n=27+1

2. f belongs to BYY, if and only if

Sk

9j+1
lim z—j<%a+%>[ > ICn(f)Ip] =0

J—00 -
n=27+1

For the proof of this result we refer to [5].

3 Besov regularity of the indefinite Skorohod in-
tegral with respect to the fractional Brownian
motion

Fix H < 5 and let u = (u,)sep0,1) @ stochastic process Skorohod integrable with

respect to the fBm . Put
t
Xt = / ’U,SdBf
0

- /0 CwK (1 5)dW, + /0 t ( / (n — us)%—f(r, s)dr) dw,



=Y+ Z

We will discuss first the Besov regularity of the first term Y; because this one gives
the main result. The regularity of the second summand Z; can be easily studied
by assuming Holder continuity conditions on the integrand u (see Theorem 2). We

define 2k —1 k-1 k
Kj,k('ﬂS)ZQ% |:2K( 92j+1 ’S)_K( 2 55)_K(§,

1
Bj,k:/ K',k( s)dW.
0

Since K (t,s) = 0 for t < s, we can write B = fol (t,s)dWs and thus B, are the
coefficients of the decomposition of the fBm in the Schauder basis. We know (see
[5]) that (Bjx);k is a Gaussian sequence with

:

s)

and

1
B(BL) = [ KEi (- s)ds = (22721 — it ®)
0
and
2'(172H)
E(B, B,
‘ ( Jrk )| Cl-}—\k’—k\‘l_ZH (9)

Since Y; = fo (t, s)usdWs, its coefficients will be

1
Y}',k(l) = /0 Kj,k('7 S)UdeS.

To prove that t — Y; belongs to BZ

P,007

by Theorem 1 it suffices that, almost surely

sup 2 2P H+3,) Yie(1)|? < oo 10
]2113 Z\ (1) (10)

for any p > % We begin with the following lemma, .

Lemma 1 Let u € LY? satisfying

1
sup |us| < C' and sup </ (Drus)zdr) <C (11)
0

seT seT

where C' is a positive constant. Then, for any p integer, we have

E|Y; (1) < c(p, H)E|Bjx|* < c(p, H)2ir(1=2H)

BV <o) ([ Kiusis)

Proof: We show that



and the conclusion follows from ( 8). We can estimate the L?’-norm of Y} ; by Meyer’s
inequality ( 2)

1 p
BV, () < E / uiKik(-,sms)
0

+ FE

(
L

< 5 (suplu) ( Ole,k(-,sMs)p
< .
by

So, under conditions ( 11) and

We use now the property ( 3) and ( 4) of the Skorohod integral and we obtain
"o ' 2p—1
05 = [ VIOl shud W+ [0 O] Kl s
1
= /0 Yﬁ,’e’*l(l)Kj,k( s)usdWs + (2p — 1)Y / ka yulds
+ @ )YE) /0 K u(cs 866 (Dyu K (- %)) ds

= Ajk,+Bjr+Cjk

("% ” denotes the variable of the Skorohod integral ). Thus, the left side of ( 10) can
be written as

a2 1) S

i>1

= sup 2_2”’(5_}”%) > (Ajk+ Bjx+ Cip)
i>1 -

=A+B+C

We will estimate the three terms appearing in the above expression.

3.1 Estimation of the term A
We need to prove that, P-a. s.

sup 2~ 2ip(3=H+3;) Z/ sz YD) Kja(-, 8)usdW, < oo

i>1



By Borel -Cantelli Lemma and Tchebyschev inequalities, it suffices to prove that

22—4@(%—“211 / ZYQP Y )ude] < 00 (12)

j>1

Since

/ Z vl , 8)usdW, ] 2

2

27

1 1
<F / Y?pl WKsaloopue| ds+ B [ [ Do | S VE 0K 5,
0 0

k=1

we can bound the expression ( 12) by

. 2
97

1
22—4]p(2—H+2p)E/ ZY}?’Z:—l(l)Kj’k(-’S)us ds
iz1 DL
2

j>1

_ 22—4]17 F—H+5) ( 44 2) (13)

j>1
The following result give the convergence of the first sum in ( 13).

Proposition 1 Let u € L*>([0,1] x Q) N LY2. For any integer p it holds that

Y o5 ) AN < oo (14)

i>1

where )

A(l) / Z}/‘;QI]; 1 J, -, )'U/S dS



Proof: Since u € L*([0, 1] x €2), we will have

2

/ ZYQP Y k(-, S)us| ds

sw&/ZWIﬁmmmwwmm

kK’

ﬂw2/23%2xﬁ)w
B [ VA OV 0Kl K s
0 gtp

< i, S B [v2) (/ )
k

+{ul| ZE|Y213 1 ]211;, 1 |‘/ Kn(-,s)Kjp(-,s)ds

k#k

By Lemma 1 and Holder’s inequalities, the last expression can be majorized by

c(p, H)Qj(%fl)(l*?H (/ >

+c(p, H)2j(2p_1)(1_2H) K-k(-,s)KJ,k/( ,S)ds

3
0

Since , by ( 8) and ( 9)

and
9i(1-2H)
ik (s 8) K (-, s)ds| = |[E(BjxBjw)| < Cl T |k — k[*-2H
it remains to observe that
2 29—k
l;l+|k'—k|4 2H _QZ 1+|k’ k|4—2H _2;; 1+l4 o = 7

because Y2, HH%QH is convergent. Finally, expression ( 14) is less than
H)) 27 <o0.0
j21

Now in order to finish the finitude of the the term A , we need to estimate the second
summand of ( 13).

10



Proposition 2 Let u € L>([0,1] x Q) N L*%. Moreover, suppose that

1
sup(Dau,)* < M and sup/ (DgDyu,)*dB < M (15)
0

for some constant M > 0. For any integer p it holds that
Y o tr(a-tt ) 42 (16)
i>1

with
2

1l 2
A;Q) = E/ / D, Z}/j?,’c’_l(l)Kj,k(-, S)us dads < oo
0 J0 k=1

Proof: Using the commutation between the Skorohod integral and the Malliavin
derivative ( 4) we obtain

D, [Y;’?l]cj_l(l)%] = (Daus)Yj?lf_l(l) +(2p - 1)ust?,f_2(1)Dan,k
= (DaUS)YfII;_l(l) +(2p - l)usyj?lf_2(1)Kj,k('a ) Uq

+ (20 = VYL (18 (Dot K-, %)

)

and, therefore we will bound A§-2 as follows
, 2
1 1 f %
AP < c(p)E /0 /0 3" Kju(5)Dau Y2 (1) | dads
k=1
. 2
1 p1 f 2
+ C(P)E/ / ZKM(-,s)usYﬁ,’C’*Q(l)Kjk(-,a)ua dads
0 0\ k=1

1 1

+ c(p)E / / > Kin( s)usuaY 42 (1)8 (Do Kjp(, %)) | dads
0 0

= ¢(p) (ag-l) + a§-2) + ag-?’))

Next, we regard the term ag-l). It holds that

2

1 p1 [ ¥
o) = E / / > Kk, ) Dau Y2 (1) | dads
0 70\ k=1

2

1 1
S sup (Daus)2E/ / ZKj,k(',S)Yfg_l(l) dads
0 JO

11



< ME/ /01 2_ ,8)Y;22(1)dads
2 ([ Kt M(W@E@FWﬁ%»
kAk!
<o) ([ s s)ds)

+ZE|Y2p1 ]2113'1 |‘/ K]k ]k/( s)ds

k#K

Then by the same arguments as before, we will obtain that
224“’ 1)<cp, Z2j<oo
j>1

)

Concerning the summand a;”, we can write

2

/ / ZKJ’C usY2p (MK r(-, a)ug | dods

1 gl
:E/ / ZKJQ,C Y4p 4(1)[('32,,6(-,a)dads
0 Jo

1 1
+E/ / w2y Kir( )Y M) Ku( 0) Ko (- )Y (1) K (-, 0)dads
0 0

£k
<l (/@k i) By
2
Hlulle (/K, owos)ds ) V2V 0)
k£k!

Once again, Lemma 1 will imply that
22_4”(%7H+%)a§2) < 0
j>1

®3)

It remains to estimate the term a;”. Denote by

6 (DausKj k(%)) = vjk(c)

12



We use the same type of calculus as before
2

W = // ZKM uY 22 (1)8 (Dot Jj4(-,)) | dads

2

Jullo B // ZK, $)YVP2(1)5 (Do Kk (%)) | dads

IN

= ||lulZE // (-, 8)Y;274(1) (8 (Dot (-, %)))? dods

b B / / ZKM P21, (0) K (- )Y 222 (1) () dsda

0 k#£k'

27
||u||§oZE/ / Kf,k(-,S)Yf,f*‘l(l)vf,k(a)dads

<
1
+ 2 / K- 8) Ko (-, 8)ds| B | Y72 (DY (1) / (vj(@) v () dax
k£k! 0
1
< ||u||?,oz( A K;,kc,s)ds)E(xg%z—%l) | vistaraa)
S| [ o) oot (82 0 )

k2K

N

do

X / E‘Ujk vip(a)))
< Y (/ ) (et | (Bl (B @) da

Moreover, from Meyer s inequalities

E(v;x(0))* < E( /0 1(Dau,)2Kf,k(-,r)dr)2

+ E( / 1 / 1(D5DauT)2K;k(-,r)drddﬁ)

1

< / K3, (, [SEI?I(Dau,f + us}l:}()l/o (DﬂDauT)Zdﬁ} dr
< ¢p, H)2%0-21)

Therefore, by our conditions ( 15) we obtain that

22—4];0 H+2p (3) < oo [O.
j>1

13



3.2 The estimation of the term B

In this section we will show that, almost surely

sup2- 2p(3—H+3;) Z/ 2p (V) K;k(-, 8)usvj,(s)ds < oo (17)

i>1

with 0 (Dsu, K (-, %)) = vjk(s). To this end, using Tchebyschev inequalities and
Borel-Cantelli Lemma, we will prove that

22_49'7’(%_H+2p (Z/ sz (1)K (- s)usvj,k(s)ds) < 00 (18)

Assume in this section that v and Du are uniformly bounded : v € L*°(T x Q) and

sup (Dqu,)? < K

W, s

Since 1
Uj,k(s) = / DsuaKj,k(‘, Oé)dWa
0

we can write, by ( 3) and Fubini anticipating theorem,
1 1/
/ Kr(-, s)usvji(s)ds = / (/ Kj,k(-,s)Dsuads) K; (-, 0)dW,
0 o \Jo
1
= [ @K,
0

1 p1
+ / / Ki(-,$)Kj (-, &) Dsug Dyusdsdo
0o Jo

with the notation
wj (o / s)usDsugds

The mean appearing in the left side of ( 18) is bounded by

2E/0 (ZYJ?/?_Q(l)Kj,k(',S)Wj,k(8)> ds

k
1 1 2
+2E/0 /0 ZY;Q,’: (1)K S)wj,k(s)]) drds
2
+2E( v / / Kjx(- (-,a)DsuaDausdsda>

14



In fact, the estimation of the first two terms from above can be done in the same
way as for the term A. We will compute only the first term. Also, concerning the
last summand, we refer to the proof of the convergence of a§-2). It holds

E/O (Z%‘?}f—z(l)f{zk(',S)wj,k(s)) ds

k
1
0

2
1
ADSUO‘ZY}?};2(1)Kj7k('7S)Kj,k("a)da] ds
2
< sup (Daus 2E/ / (Z Y )Kj,k(-,a)) douds

<KE/ / ZY4”4 VKG (-, 8) K (- a)dads

KB [ ]S V2 ARl )l 0) K 5) K s
Y

< cp, H)220-21) 9i9i(2-2)(1-21)

+C p, Z |E ]kB] kl)‘ 2] (2p—2)(1-2H)
k#k'

and observe that from ( 9), the relation ( 18) is proved. By the previous computa-
tions, we can state the result

Proposition 3 If u is a stochastic processes belonging to L°°([0, 1] x Q) N L?? such
that there exists a constant M > 0 with sup,, , ,(Daus)* < M, we have that

sup 2~ 2p(3 Z/ YQp (DK (-, 8)usvjk(s)ds < 00 a.s.

Jj>1

3.3 Estimation of the term C

The following proposition gives the estimation of the last term.

Proposition 4 Under the hypothesis of Proposition 2, it holds that, almost surely

sup 2~ P (3-H+3;) Z/ Y2p %( (1) K3 (-, s)ulds < oo (19)

j21

Proof: We will proof ( 19) by induction on p. For p = 1, relation ( 19) becomes

sup 2”21~ H))Z/ Julds < oo (20)

j>1

15



But, it is clear from ( 8) that

sup 2~ 20 -H)) / Julds

i>1
< o(H) [[ul%, sup 272012702027 < o0
i>1

Suppose the inequality true for p — 1 and let us prove it at the step p.
Writing again the property ( 3) , we will have

1
Y = /}??5_3(1)UTKj,k('ﬂ“)dWr
0
1
+ =3 [ VI ORK
0
1
+ (21?—3)/ Y (D) up K (-, m)vj(r)dr
0

Thus, we can write the expression ( 19) as the sum of three term. The first is similar
with the one denoted by A and it can be estimated analogously. The last one can
be estimated as the the term denoted B, and for the second term we can apply the
induction hypothesis, because

sup2 (0] [ ([ v @) k2 coias

i>1
2jp H—|— ] 1 2H 2v2p— 4 2
< sup2” (3-H+355)9 Z/ WYY 1)K, (- r)dr
and this is finite by the induction hypothesis. [J Now, we give the main result

Theorem 2 Let u € L®([0,1] x Q) N L?2. Moreover, suppose that

1
sup(Dqu,)? < M and sup/ (DgDou,)?dB < M (21)
0

W,T,0 W,T,0

for some constant M > 0. Moreover assume that the process u is Holder continuous
of order 1 — H in the Sobolev norm || - ||12. Then the paths of the process X; =
fot u,dBE belongs almost surely to the Besov space BE | for any p > .

Proof: Recall that,

t t
X, = /usdBfI:/ us K (t, s)dW;
0 0

t t
+ / (/ (u, — us)a—K(r, s)dr) AW, =Y, + Z,
0 s 37“

16



The regularity of the process Y is the consequence of Section 3. For the second
integral Z, we have, using anticipating Fubini theorem

7, = /Ot (/O(u _ us)%—f(r, s)dWs) dr

and this term is Holder of order § if v, = [ (u, — u,) 6K & (r, s)dW; belongs to L*(12).

Since the quantity 25(r, s) behaves as (r — s) 3, the Holder continuity of v in the
norm || - ||1,2 implies the conclusion. O

Remark 1: In the case when the process u is adapted (or, more generally, if it
belongs to the space L¥, see [3] for the definition ), one can obtain the 3-Holder
continuity of the process

7, = /Ot (/0(u _ us)%—f(r, s)dWs) dr

under different conditions. Suppose that

hy = / / E |uy — us|? (r — s)*"3dsdr < oo

hy = ///E|D u|” (r — 5)*23dadsdr < oo
hs = / / / / E|DgDu, |’ (r — s)*3dfdadsdr < .

Then we have the estimate (see [3] or the proof of Theorem 11 in [1])

t
I
0

and this is finite from above hypothesis.

and

2
dr S 2(h1 + hz + hg)

r 0K
/0 (u, — us)ﬁ(r, s)dW;

Remark 2: Our main result Theorem 2 can be applied also to the regular case
H > %, but in this case the conditions considered on the integrand u are stronger
than in [9)].
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