T T

I:l'-E
i
|:-|
=
.

Prépublications du Département de Mathématiques

Université de La Rochelle
Avenue Michel Crépeau
17042 La Rochelle Cedex 1
http://www.univ-lr.fr/Imca/

Systems of Semilinear higher order evolution inequalities on

the Heisenberg group

Abdallah El Hamidi et Amira Obeid.
Décembre 2002

Classification:
Mots clés:

2002/10



Systems of Semilinear Higher Order Evolution
Inequalities on the Heisenberg group

A. El Hamidi *, A. Obeid

Universit de La Rochelle
Laboratoire de Mathmatiques et Calcul Asymptotique
Avenue Michel Crpeau
17042 La Rochelle
France

Abstract

This paper is devoted to nonexistence results for solutions to the problem

681:1’51 — Am(aiu;) > |77|%@l+1 luit [P+, n € HNa t€]0,+oo[, 1<i<m,

Um+1 = U1,

where Ap is the laplacian on the (2N + 1) —dimensional Heisenberg group HY , |n|g
is the distance from 7 in H to the origin, m > 2, kK > 1, pm+1 = P1, Ym+1 = 71,
and a; € L®(H" x]0,+00[), 1 < i < m. These nonexistence results hold for Q =
2N + 2 less than critical exponents which depend on k, p; and v;, 1 < ¢ < m. For
k =1, k = 2 we retreive the results, obtained by A. El Hamidi & M. Kirane [4],
corresponding respectively to the parabolic, hyperbolic systems. In order to show
that the obtained exponents are also valid for m = 1, we study the scalar case
K
() Tt~ Awlaw) > ol P,

where p > 1, 7 are real parameters and a € L™ (HY x]0, +o0]).
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1 Introduction

In this section, we quote some background facts concerning the Heisenberg
group. Let n = (2,9,7) = (L1, T2, s TN, Y1, Y2, -, YN, T) € REVTL with N > 1. The
Heisenberg group HY, whose points will be denoted by n = (z,y,7) is the set R2V+!
endowed with the group operation o defined by

noﬁ:(m+5,y+g,7+%+2(<x,gj>—<i,y>)), (1)

where <, > is the usual inner product in RY. The Laplacian Ay over HY is obtained,
from the vector fields X; = 0,, + 2y; 0, and Y; = 0,, — 2z, 0, by

D= (X241, ©)

Explicit computation gives the expression

N 62 82 82 82 82
Ag = et s Ay —Ar ——— + A2+ ) 5 | -
" Z:ZI (636@2 - ayf Ty Ox;0T v Oy, 0T + Al +ui) T )

A natural group of dilatations on H" is given by
5x(n) = (Az, Ay, \21), A >0,
whose Jacobian determinant is A9, where
Q=2N+2
is the homogeneous dimension of HY .

The operator Ag is a degenerate elliptic operator. It is invariant with respect
to the left translation of HY and homogeneous w.r.t. the dilatations &y. More precisely,
we have

V(n,7) € HY x HY, Ag(u(non)) = (Agu)(n o)
and
Ag(uo6y) = N (Agu) o 6.

It is natural to define a distance from 7 to the origin by
N 1/4
e = (72 + 36 +42) )
i=1

In their paper, Pohozaev & Vron [16] gave another proof of a result of Birindelli,
Capuzzo-Dolcetta and Cutri [2] concerning the nonexistence of weak solutions of the



differential inequality

Am(au) + [nfE [uff <0 in, HY
fory>-2,1<p<(Q+7)/(Q—2)and a € L®(H").
They then studied the problem of nonexistence of weak solutions to the system
Am(aru) + |nfx v <0,

Ag(agv) + 0| |uP* <0,

for v; > =2, p; > 1 and a; € L®°(H"), 7 € {1,2}. They showed that this system
admits no solution defined in HY whenever v; > —2 and

2 2
Q§2—i—min{r}/1+ 2 }

pr—1" pp—1

Recently, El Hamidi & Kirane [4] improved this result and gave the Fujita’s exponent.
Indeed, the authors showed that the system admits no solution defined in HY whenever

Q<2+max{(71+2)+p1(72+2).p2(71+2)+(,}/2+2)}
B pip2 — 1 ’ pip2 —1

and verified that

{(%+2)+p1(72+2) _p2(’h+2)+(72+2)} : {%+2_ 72+2}
max ; > min ; .
pip2 — 1 pip2 — 1 pr—1 pp—1

They then studied systems of m hypoelliptic, parabolic and hyperbolic semilinear
inequalities.

In this paper, we generalize the results obtained in [4] to higher order evolution
systems of m semilinear inequalities. We retreive the critical exponent corresponding
to the hypoelliptic case by setting formally £ = 4o00.

For the convenience of the reader, we start with the case m = 2.



2 Higher Order Evolution Systems of two Semilinear Inequalities

Let us consider the higher order evolution system of two inequalities

o — Ag(aru) > [nlf vl
(Sk)
o0 — Am(agv) > [n|E |uf=,

with the initial data

u(,0) =u(m), v(n0) =00 in RV,

ZL(n,0) =uD(n), %(n,0)=vD(n), i€{l,2,...,k—1}, in RP¥*L

The product set R2¥*1 x Rt will be denoted by RZV*"" and the integrals fgan4: and
fRiN+1,1 by f

Definition 1. Let a; and ay be two bounded measurable functions in RiNH’l. A
weak solution (u,v) of the system (S2) with initial data (u®,v®) € L} (R2N+1) X
L. (R2N+1), i €{0,1,....,k — 1}, is a pair of locally integrable functions (u,v) such
that

u e Li2 (R nlie dndt)

v e Li, (R nl dndt)

satisfying
—(—1)* P1
/0 /R2N+1 (u (alAH@ (=1) 8tk> + [l [v] ) dndt +
k-1 , gk—1-iy, §o
g( 1) /RQN+1 Otk—1-i (z,0) ot (2,0)dn <0 (5)
and
/ / v | azAgyp — (—1) e 7 + [n|F|ulP?e | dndt +
R2N+1 Btk
. ak 1— Z 81
_1)t o <
Z( ) /Rzzv+1 otk—1-i ( 0) ot (x 0) dn <0 (6)

1=0

for any nonnegative test function ¢ € C>F(REVTH),



Let the test function

R+ 4zt + |yt
ealint) =0 (S , )
where A >> 1, R > 0 and ® € D([0, +00]) is the ”standard cut-off function”
1if 0<r<1,
0<®(r)<1, &)= (8)

0 if r>2.
Note that supp(y,) is a subset of
Qp = {(z,y,7,t) e H" x [0, +00[; 0 <™ +72+z|" +[y" < 2R},
while supp(Agmyp,) and supp(%’k) are subsets of
Cr={(z,y,7,t) € H" x [0, +00[; R* <" +7"+[al'+y|" <2R"}  (9)
and

O R
ott

(T” 0) = 01 (S {1125 ak - 1}

Moreover, let
Rzt |y

R4 ) (10)
then
4(N +4)P'(p _
Bspyn,1) = DT @2 5) (a2 1 py2) 4
169"
B2 =) ((al* + 191%) + 7(al? + [of?) + 27 <, > (af? ~ y?)) +
160" 2
T = 1)8200) (ol + 1%+ o + )+ 27 <> (e = o).

It follows that there is a positive constant C; > 0, independent of R, such that

c
V(n,t) € Qr, |Amp,(n,t)] < R—; (11)

Furthermore, there is a constant Cy > 0, independent of R, such that

0", (n.t)|  Co
otk |~ R




Then we have the following nonexistence result:
Theorem 1. Assume that u*~V) and v~V belong to L*(R?N+1) with [u*—1(n) dn >
0 and [v*Y(n)dn > 0. If

RLQr=2 (1 - l) + max{ (71 + 2) +p1 (Y2 + 2) ; pa(1 + 2) + (12 + 2)}

k pipe — 1

then there is no weak nontrivial solution (u,v) of the system (S%).

Proof. The proof is by contradiction. Let (u,v) be a nontrivial weak solution of (S%).
Using the Hlder inequality, the relation (6) gives:

[ ealnzul dn dr-+ () < [ (1o 5|+ loalsollAmy| ) anat
oo,

7 Hen " Y1\1-p] v
<([fmrnre) | [150E] ulniz)

1/p1 /
’ 1—
+llaalloo ([ I loP0n) ([ 18500 (oalnlit) ™)

1/p}

Similarly (5) gives

[ ealniztor an e o) < [ (1u 55

5k | T ||a1||oo|u||AngR|) dndt

Y. 1/py
¥ 1-p),
< (/\n\%ﬁ\UI%R (/‘ ath (oalnl) p)

1/p2 , 1o\ M/P2
+llarlloo ([ 1niEluren) ([ 18mp, P (oalnl) #)

where
a(B) = [ v () o, (7, 0) dn

and

b(R) = [ u () ¢, (n,0) dn.



If we set

4

IR) = [l e, dnat
JE) = [InfEe e, dt,

A (R) = [ |8, % (o nfE) ™ dndt, i € {1,2),

ak 7 . .
BPi;’Yi(R) :/ a:;R (@R‘n‘%@l)l b dndt’ (S {1,2}5

we then have the following system of inequalities

/

I(R) + a(R) < CJ" (R) [(Ap, 5y (R)"h + (Byy o (R))'71]

J(R) +b(R) < CI'7(R) [(Apaﬁz (R))l/p'z + (Bpy s (R))l/pg] ,
where C' is a positive constant independent of R.

Note that if A is selected sufficiently large then the integrals A, ,,(R) and
By, (R), i € {1,2}, are convergent. Indeed, the exponent of g in the integrands of
Ay, ~(R) and By, -, (R) is positive if A is selected large enough.

Moreover, the system (12) implies that neither u nor v is trivial. Indeed, if v is
trivial then J(R) = 0 and we have I(R) +a(R) < 0. Since a(R) is uniformly bounded
w.r.t. R, it follows that I(R) is also uniformly bounded w.r.t. R. Using the fact that
I(R) is increasing in R, the monotone convergence theorem shows that the function

u € LP? (R1N+1’1, Inlg dndt). Whence, we have

lim (I(R) +a(R) = [ il dndt+ [ o) dn <0,

R—+o00

and the function u is then trivial, which is impossible.

Now, let € be a real number such that 0 < ¢ < 1, there is R; > 0 such that
I(Ry) > 0. Since

0 < lim a(R) < +o0,
R—+o00

there exists Ry > Ry such that —e I(R;) < a(R), for any R > R,. Moreover, the
function I(R) is nonnegative and increasing of R, then for any R > Ry, the inequalities

I(R)+a(R) > I(R) — e I(Ry) > (1 - €)I(R)



hold true. The same arguments imply that there is R3 > R» such that J(R) +b(R) >
(1 —¢)J(R) for any R > Rs. Finally, the sytem (12) gives

-
-

I(R) < 5% T3 (B) | (Apu (RN + (B (R)

(13)
TR) < 5% 5 () [ (A (B + (B ()]
for any R > R3. Then, there is a constant C' > 0, independent of R, such that
' : o 31 4 3 1w
I(R) 777 < C | Al + Byl [A;’;m + 85;,72] :
< _ ' (14)

r 1 1 qL 1 1
- S L S
J(R) vz < C | Apin + Bplon Apsvs + Bpiya | -

\

In order to estimate the integrals A,, ,.(R) and By, ,,(R), ¢ € {1,2}, we introduce the

scaled variables
)

i =R7%t
F=R7r,

4 (15)
Z=R'uz,

(7 =Ry

Using the fact that suppy, C Qg, we conclude that

Ap-’y'(R) S CR2N+2+2/k—2p'i+’7i(l—p;)’ = {1,2}’

Byii(R) < O RVF2ER=2nnlon) e {1,2),

which is equivalent to

Api,’Yi(R) < CRQ+2/k—2p’i+w(1—p2), ie {1’2},

sz‘,%‘(R) S CRQ_FZ/IC_QP;_F%U_I);)’ 7’ € {1a 2}
Consequently, the estimates

I(R)" %% < CR and J(R)" 7 < CR™



hold true, where

alzi<(Q+2/k)p2_1—2—ﬁ>+<(Q+2/k)p1_1—2—ﬂ>

yui D2 D2 b1 D1

and

oy = <(Q+2/k)p1_1 _o- ﬂ) + ((Q+2/k)p2_1 —2-ﬁ> .
b2 b1 b b2 b2

Finally, the exponents o; or o are less than zero if, and only if,

P— max{(y1 +2) +p1(v2 +2);p2(n1 +2) + (2 +2)} — 2/k

=2(1-1/k) +

ip 1maX{(’Yl+2)+p1(72+2);p2(’}’1+2)+(72+2)}-
P2 —

In this case, the integrals I(R) and J(R), which are increasing in R, are bounded
uniformly w.r.t. R. Using the monotone convergence theorem, we deduce that

(u,v) € L (REVTHY, [nl32 dndt) x L7 (RN, nf dipdt)

Note that instead of (12) we have more precisely

I(R) +a(R) < CJYP(R) [(Ap, 5, (R)"™ + (By, 1, (R))""]
(16)
J(R) + b(R) < C TP (R) [(Apy s ()77 + (B () 7]
where .
I(R) = [ nlgule, dndt
and
Ty = [ iElop e, dd,

where Cp is defined in (9). Finally, using the dominated convergence theorem, we

obtain . 3
lim I(R) = lim J(R)=0.

R—+00 R—+00
Hence,
Jim (T(R) + a(R) = [ InfZ|ul™ dndt + [v*=()dn =0
—+00
and
Jm (T(R) +b(R)) = [ Infg v dndi+ [ (m)dy =0
—+00
which implies that u = v = 0. This completes the proof. O

10



Corollary 1. Assume that [u*~(n)dn >0, [v*~V(n)dn >0, and
Q S QZ = 2(1 — 1/k) —+ maX{Xl,Xg},

where the vector (X1, Xo)" is the solution of the linear system

-1 X +2
b1 L) _ g . (17)
p2 —1) \ Xo Y2 + 2
Then there is no weak nontrivial solution (u,v) of the system (St).
Proof. The vector (X1, X3)T is given by
-1
X1y (-1 m n+2) 1 (11 +2)+pi(r2+2)
Xo) \p -1) \m+2) PP2=l\p(n+2)+(2+2)
U

Remark 1. To determine the critical exponent Q% corresponding to the hypoelliptic
system

—Ag(arw) = nlg [,

—Am(azv) = Inlf |ulP?,
it suffices to tend formally k to infinity in the exponent Q) and obtain

QZ =2 —+ maX{Xl, XQ}

Now, we are able to treat the case of systems of m semilinear inequalities.

11



3 Higher-Order Evolution Systems of m Semilinear Inequalities

Let (X1, X, ..., Xi) be the solution of the linear system

“1p 0 ... 0 X, nA+2
0 —1py "~ X, Yo + 2
Co 0 _ i ’ (18)
0 e Dmet Xm-1 Ym—1+ 2
Pm 0 ... 0 =1 Xm Ym + 2

where p; > 1 and +; are given real numbers, i € {1,2,...,m}.

Consider the system

8tk — Ag(aiw;) > g P+, neRNTL ¢ €]0,400], 1<4<m,
(S¥)

Um+1 = U,

k
where pmi1 = p1, Ym+1 = 71, and the initial data (u”, u{V, ..., u*) € [Llloc <R2N+1)] ,
1<i<m.

Definition 2. Let a;, i € {1,2,...,m}, be m bounded measurable functions on MN+1’1.

A weak solution (uy, ..., u,) of the system (S7) on RENTH is a vector of locally inte-
grable functions (U1, ..., Um) such that

€ Lp, (R nli dndt), i€ {1,2,...,m},
satisfying
[ Lo (s (s = 02 02 i capin) ana +
0 R2N+1 otk
kot , ok 17y, 2% .
> (=1y /RQN+1 Sy 1605 (0,0)dn <0, i€ {l,2,...m—1}, (19)
7=0
and
// A $P0) L i) dndt+
[ oo [ (om B = (RS2 4 ol )
_ o1y, ey
Z(—l)J /R2N+1 W( ,0) 55 (n,0)dn < 0 (20)

=0

12



for any nonnegative test function ¢ € C’CZ”“(RiNH’l).

Theorem 2. Assume that u* " € L'(R2V+1), 1 < i < m, and

(k—1) .
/R2N+1 Ui (77) d?] > 0: 1< < m.

Then, @ < 2(1 — 1/k) + max{ Xy, Xo, ..., X;,} implies that the system (Sp') has no
nontrivial solution.

Proof. In order to simplify the proof, we treat only the case m = 3, the general case
can be established in the same manner.

Let (u1,ug,us) be a nontrivial weak solution of (S}*). The inequalities (19) and
(20), with ¢ = ¢, defined by (7), imply that

k

0
[ eulntun P dn dt+ ) < [ (1l 558 + e lsluall Ay )

L ps v o 1/ps
< (/\n\%ﬁ”lu3|”3%) / (@ lmlE)
1/p3

1/p3 , 1y
+ llaglloo ([ Inf2luso,) " ( [ 1800 (oa ) ) ™,

ok R
otk

o R
otk

[ eulnu dn de () < [ (o) e |+ sl )
o,

1/p1 P . 1/p}
< ([ o) | [150E] @alnl) ™

1/101
/ 1—p'
tllanlloo ([ 10l en) ([ 18mea (oalnl) )

1/p}

and

13



8k
[ ulnusP dn de+ () < [ (Jua) T2 |+ ol 1) dna
/ 1/p}
‘ 1/p2 akgo Py )
< ([ Infgtuae, ) (/ S22 (palnlB)’ )

1/p%

1/p2 /
’ 1—
+ llaallo ([ e, ) ([ 18000 (o0 nfiz) )

Let
LR) = [ InfElul o, dn, 1<i<3,

AilR) = /'AH%W (palnli)' ™, 1<i<3,

P}

0" 1y .
Bi(R) = / aﬁR (pulnB) P dndt, 1<i<s3.

Then there is a positive constant C' such that

I, < Clé/ps (Ai/pa' + B;/Ps’) ’

I, < lel/pl (A}L/pll + Bi/pll) :

\ I < 0121/172 (A%/m' + B%/Pz’) .

Whence, the estimates

(11— —L1 ’ N —— ’ N = ' '
I, PIP2P3 < () (A}/Pl + Bi/pl )pgps (A%/m + B;/Pz )ps (Aé/ps + B;/Ps ) ’
1——1 ' ! ] N —— ] N

I, " < O (A}/Pl + B%/Pl ) (.Aé/m + B;/Pz )mps (Aé/ps + B?l’/Ps )m ’

1

I;_mmps < C (A}/pl’ —f—Bi/pll)é (Aé/Pg’ + B;/pz’) (‘Aé/pg’ +B§/P3/)ﬁ

\

hold true.

In order to estimate the expressions I;, 1 < ¢ < 3, we use the scaled variables

14



(15) and obtain

1

1—
I, "7 < OR% 1<i<3,

where
(

- __1 _ 2 (11+2)+p1(y2+2)+pip2(y3+2)
o1 = (1 p1p2p3) (Q 2+ k p1p2p3—1 ) ’

_ 1 2 (11+2)+(r2+2)+p2(73+2)
<02—(1 )(Q_Q_,_E_pzpsn 72 p2(7v3 )’

" pip2ps p1p2p3—1

_ 1 2 (v1+2)+ (v24+2)+(v3+2)
[ 73 = (1 - p1p2p3) (Q -2+ E — ﬁfﬁspzil = ) .

Now, we require that, at least, one of 0;, 1 < ¢ < 3, is less than zero, which is
equivalent to @ < 2(1 — 1/k) + max{X1, X, X3}, where the vector (X1, X, X3)7 is
the solution of

—1p O X Y+ 2
P3 0 -1 X3 ")/3+2

Following the arguments used in the proof of Theorem 1, we conclude that (uy, us, uz) =
(0,0,0). This ends the proof by contradiction. O

Remark 2. To determine the critical exponent Q% corresponding to the hypoelliptic
system

—A(agug) > gt uia P, 2 € RN 1<i<m,
(5¢")

Um+1 = U1,
it suffices to tend formally k to infinity in the exponent Q) and obtain

Q: =24 maX{Xl, XQ, ceey Xm}

In the following section, we show that the result of Theorem 2 is also valid for
m = 1.

15



4 Higher Order Evolution Semilinear Inequalities

Let us consider the higher inequality (I;) with the initial data

u(n,0) =u®(n), in RENFL

2u(n,0) = ud(n), i€{1,2,..k—1}, in RN+,

Definition 3. Let a a bounded measurable functions in RV 5. A weak solution u

of the inequality (Iy) with initial data u® € L}, (R2N+1), i€ {0,1,...k—1}, is a
locally integrable function u such that

loc

u€e L (RiNH’l, Inl% dndt) :

satisfying

/0 /R2N+1 (u (GAHSD o (_1)ka—;1gp> + |77|%I|u|p90> dndt +

k—1 . ak—l—iu 81'@
> (-1) /szm Sp=i=i (1,0) 5,7 (1,0) dn < 0, (22)
1=0

for any nonnegative test function ¢ € C2F(REVTH!),
Theorem 3. Assume that u*~Y € LY (RN *1) and [u*Y(n)dn > 0. If

1 v+2
<2({1-—-— —
@< ( k)+p—1’

then there is no weak nontrivial solution u of the system (Iy).

Proof. Let u be a nontrivial weak solution of (I). Using the Hlder inequality, the
equation (22) gives:

o

0 P ~ < R

[ ealnlilul dndt+a(R) < [ (m{ o
oo,

1/p
< ([ mitulre, do at) (/ i

1/p /v’

, 1
+lalle ([ nfituloq dndt) ™ ([ |Bueal” (ol * dndt) ",

; |u||AHsoR|) dndt

pl

1/p'
(erlnB)' ™" dn dt)

16



where
a(R) = [ u* () p,(,0) d.

Let us set
= [ Gulnllup dndt,

Ao () = [ 18wl (palnli) ™ dnt,
and

i o 7 L
Boo(B) = [ |55 (pulnlt) ™ dnat.

Following the same method described in the last proof, we obtain

I(R) < C (Ao (R)'Y + By, (R)"/") I(R)?, (23)

where C' is a positive constant independent of K. Using the same scaled variables as

before, we have the estimate
I(R)Y? < CR°,

:_2——+(Q+ )p;1

where

Now, we require o < 0 which is equivalent to

Qg2(1—%>+zf+f (24)

In this case, the integral I(R), increasing in R, is bounded uniformly w.r.t. R. The
monotone convergence theorem implies that [7|%|u[? belongs to L' (R "), Note that
instead of (23) we have more precisely

1/p ~ ’ ~ ’
nli|ulPe, dndt <|lal|L~ nlg|ulPey, dndt Ap (R + By (R)'/?
Cr

<C [ Inlilulp, dndt,
Cr

where Cp is defined in (9). Finally, using the dominated convergence theorem, we
obtain that

. - )
A [ 0l [l er dndt = 0.

Hence
[ inlilul? dnat = o,

which implies that u = 0. This contradicts the fact that u is a nontrivial weak solution
of (Ix), which achieves the proof. O

17



Remark 3. To determine the critical exponent for the hypoelliptic inequality

—Ag(au) > |0l |uf”,

it suffices to tend formally k to infinity and obtain 2 + ;%f.
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