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Abstract : We consider a class of third order homogenous differential equation whose
coefficients are analytic functions of the complex variable. We find necessary and
sufficient conditions about the coefficients in order that the only movable singularities
of the solutions may be poles.

1 Introduction

Let us consider the differential equation :

" romn n, m

W"? + agww™ + a1w'W" + asw"w" + azw" + ayw'W"”

+ asww” + agw™ + arww’ + agw? =0 (1)
where a; (1 = 0, 1, ..., 8) are analytic functions of the complex variable z. The
object of this article is to find necessary and sufficient conditions about the coefficients
a; (1 =0, 1, ..., 8) in order that the only movable singularities of solutions of (1) may

be poles.

Definition 1 : We say that a differential equation belong to the class M if and only
if the only movable singularities of her solutions are poles.

Notation : We will denote by T (), i, ¢) a transformation defined by :

{ (@) = Mz)u(t) + p(@) (2)

t=p(x)

where A, u, and ¢ are analytic functions of the complex variable .

2 Setting

The change of variables



transforms equation (1) into the form
0" + 2A(z,v,0")0" + B(x,v,v") =0 (4)
where
2A(z,v,v") = (6v + a2)v' + 2v* + axv® + a1v + ag
and
B(z,v,v") = (9* + 3ayv + a3)v? + (6v* + 4av® + 3a,v? + 2a3v* + a4v + 3agv + as)v’
+ 0% + +ag0® + (a1 + az)v* + (ap + ag)v® + (a5 + as)v* + azv + ag

Lemma 2 Fquation (1) belongs to the class M if and only if the parametric singu-
larities of any solution of (4) are simple poles with integer residu.

Proof: Suppose that a solution v of (4) admits a movable singularity (critical or
not critical) which is’nt a pole. The relation (3) implies that this singularity is not a
pole of w.

Suppose now that z is a pole of order k of v. Then in a neighberhood of zgy, v is
written in the form

b b b
v(z) = k4 B 4 : +an(m—xo)". (5)

(x —x0)k  (x— x0)k T T — Zg

After substitution of (5) in (3) and integration, one obtain

’ by b1 b_q n
w(z) = Cexp (/* ((s—mo)k + PR 4t p—— +an(s—x0) )ds) )

n>0

If £ > 1, then z; is essential singularity of w.
If £k =1, then x4 is a pole of w if and only if b_; is an integer

Conversely, if z; is a pole of w, then the relation (3) implies that z; is a simple pole
of v and his residu is 1. [ |

According to Lemma 2, it is therefore sufficient to study the type of the parametric
singularities of the solutions of (9). The organization of this article is as follows. We
first find necessary conditions for the absence of parametric critical points of the
solutions of (9). In a second time, we prove that these conditions are sufficient also.
Finally, we prove that the movable singularities of the solutions are poles with integer
residus.



3 Main results and proofs

The resolution of equation (4) with respect to v” is given by

V" = Py(z,v)v" 4+ Ps3(z,v) = /A(z,v,0")2 — B(z,v,0') (7)
where

Pi(z,v) :==-3v—a9/2 = o1v+
{ (@,v) 2= aw+ .

P3(z,v) := —v3 — ag/20? — a1 /2v — ay/2 = B3v® + Bov? + Biv + By
and
4(A(z,v,0")? = B(z,v,v)) = (a3 — 4az)v” + 2 [(a] — 4a3)v* + (ar1a2 — 2a4)v + (agas — as)v] v/
+ (a2 — 4as3)v* + 2(a1ay — 2a4)v® + (a2 + 2apay — 4as — 4ag)v® + 2(aga; — 2a7)v + (aj — 4ag).

We will distinguish two cases according to that a3 — 4az # 0 or a3 — 4az = 0
Casel : Suppose that a3 — 4a3 # 0
In this case equation (7) can be written

v" = Py(x,0)v" + Psy(z,v) + by/v?2 — Qa(x,v)v' — Qu(x,v) 9)
where
b = a3 — 4as
Q2(z,v) := 2(60 + d1v + &) (10)
Qa(x,v) = Nyt + 20303 + 202 + 2n1v + 21

52 =1 51 — _a1a2b;2a4 50 — _aoa,zb;?as
2
— _ ai1a2—2a4 _ a1+2a0ag—4a5—4a6
m=-1m= = = 2 (11)
a?—4ag
o = — 0b2

By a transformation 7 (A, u, ¢) which satisfy
2u' = =2u* + 61 + b
2N = —4puX + 61\ (12)
@ ==A



one can suppose
01 = 9o = 0. (13)
The identities above are equivalent to
a1a9 = 2a4 and aqpas = 2as.

Taking into account (13), equation (9) becomes

0" = Py(x,0)v" + Ps(z,v) 4+ b/ (v) — v2)2 4 2002 — 210 — 21p. (14)

Let us denote
Q(z,v) = m20” + Mo + 7.

Théoréme 3 The solutions of (14) are free from mowvable critical points if and only
if the conditions

([ a?—4das o
2o 4
Qo1 — 4&7 _ ag
b2 4
< all = —2@0 - 20/4 (15)
2 _ 4
(a%—élag)l . ai — 4ag
") =g,
L b? b?

are satisfied

Proof According to [1], a necessary condition which makes all solutions of (14) with
fixed critical points is that the solutions of

(W' — v?*)? - 2Q(z,v)
may be singular solutions of (14).
We then obtain the following identities
{ 20° + %2 = —Pi(z,v)v? + Py(z,v) (16)
—v2P3(z,v) + 20° — 40Q(z,v) + 6—? = —Py(z,v)v* + 2P (z,v)Q(z,v).



If we identify the coefficients of the polynomials taking into account (13) we get

(B =2m,
Bo = 2m

q b = 20072 — M (17)
n = 2am — 210

[ 72 = 2070

and

(B3~ —2=0

P2 —ap=0

Bi+ 2aime +4ne =0

Bo + 20m2 + 201 + 4y = 1
20um0 + 201m0 + 4no =My

L 20070 = 15

After simplification, the identities above gives (15). This proves that these conditions
are necessary.

The next step, is to show that the conditions (15) are sufficient.
!

Suppose ag # 0 and set g = 2, where ¢ is an analytic function.
g

Set, also
2 = 92D2
m = g>D, (19)
no = ¢*>Dy.

where D 55 are analytic functions.
Taking into account the identities (17) and (18) one obtain

Do(fl}) =K
DQ(.’L‘) = K.’EQ — Kx + K2



where K, K; and K, are constants.

Denote

we then can write

G(’U) = DQ’U2 + Dl’U + D()

Q(v) = g"G(v)

and equation (14) becomes

v 4 200 = g—(v' —v?) — (v + %) + gQa—G + b/ (v + v2)2 — 2¢2G(v).

!/

9

ov

Equation (23) is equivalent to the system

Setting

one obtain

Denoting

we get

v — vt =gy

oG
Yy =yv+ 95, + bv/y?2 — G(v).

V=y+y*—2G(v)
U=y—+y?—2G(v),

VU = 2G
V.G
y=9 Ty

y? —2G(v) =

D:gD2
d=gD;

_V'-BV —d
V42D

SIS
<IQ

(25)

(28)



In order to obtain the equation satisfied by V, one eliminate v between (28) and

V G
v' =v? + g(— + —). This gives

2 2
V" = 1(l + 5 W24+ Bz, V)V'+C(z,V)
2V ' V+2D ’ ’
where 2BV — 2d + 2D/
B =— —
(z,V) V+2D
and
2 2DK — d?/2
Clx,V) = %V2+(gD+B'+B2)V+gK+d'+%

| (BD=2BD' — B)V +d/2 - 241/
V +2D '

Proposition 4 The solutions of (29) have no parametric critical points.
Corollary 5 The solutions of (23) have no parametric critical points.

(provide from (28) and Proposition 4.)
Proof (Proposition 4) Setting

V+2D
vev,
one obtain
V! w' D’
Vi2D  WW—1)  DW
Consequently

v =

For abreviation, let us denote

(29)

(30)

(31)

(32)

(33)



The equation satisfied by W is then given by

/I_§VVI2 £_ r_ K(W_1)2
W= 2 M)W =W (D + =

— W —1) ((M’W L) (MW — L)(MW +L—3M + %)) 3

The change of variable

W=z" (35)
transforms equation (34) into
1 2 1 M
2" — 52— =2(Lz— M)Z + 5(2 —1)(M - Lz) (Lz +L—3M+ —)
z z
(=) (L= M)+ g Dzt (2= 1) (36)
2Dz '

The two equations (34) and (36) are equivalent in the sense that if the solutions of
one of them have no movable critical points the solutions of the second one also will
be free from movable critical points.

For equation (36), two cases are considered separately, namely
1. L=0
2. L#0.

1. Case L = 0, equation (36) become

122 D, K D?\ 1 D? K

" ! 1 2 1

—_——— =t | == -] -+ Dy+ — — — ]z 37
© T DQZ (2D2 8D§) z (g 2 8D32 2D2>Z (37)

Denote
f _ D
o= -7,
D? K
< ﬂZQZDQ‘F@—E (38)
_ K D?
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A transformation

(39)
t=op(x)
which satisfy
N — 1A% = )+ BA
(40)
g0/2 — _/2\_2
brings equation (37) into the form
1y"” 1

Equation (41) can be integrated using the method of variation of parameters
by setting

y? = hy (42)

where h is analytic function. Derive (42) and substitute the result into (41)
gives

h=1+2k
Y

where k is constant. Thus
y' =k,

which proves Proposition 4 in case L = 0.

. Case L # 0. In this case, equation (36) become

127 L? 1/ K D? D D,

m__-c 2L e Il 1 _ ! L/ L 2

z 5 2z 22 +z <2D2 —8D§ —=z + +L— |z
> D D2

K
et s S S 5 N B 43
* (2 D, 8Dz "a2p, T 2)’2 (43)

(44)
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which satisfy

A4 _ _K D}
T 8L°Dy  32L2D3
(45)
©'=—=L\
transform (43) into
1y™ 1 11
//___:_2 P -3 T 46
V=57 e U PR (46)
where f is analytic function.
The solutions of (46) are determined by the two Riccati equations
y'=—y*+1+2hy (47)
' g, 1

Setting y = £ in (47), taking into account (48) we get for H the equation
H® —2fH® _ f'H' - H =0 (49)

and the Proposition 4 follows in this case. [ ]

The solutions v of (14) satisfy

o) = ZOEEE) M@)o+ e (50

where A, ¢ and p are those of the transformation (2) and z is solution of (37) for
L = 0 and solution of (43) for L # 0.
(z)2'(p(x))

/!
Consequently the only movable singularities of v are those of 14 (o(@) — 1
z(p(x)) —
poles with residu equal to 1. [ ]

which are

Case2 : Suppose that a3 — 4a3 = 0
In this case equation (7) becomes

V" = 2P (z,v)v" + 2Ps(z,v) + /Q1(z,v)v' + Qs(x,v) (51)
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where

2P (z,v) = —3v — %

2Ps(z,v) == —v® — %0v* — Yo — %
Q1(z,v) = 2(ar1a3 — 2a4)v + 2(apay — 2as)

Q3(z,v) := 2(ayas — 2a4)v® + (a? + 2apas — 4as — 4ag)v® + 2(apa; — ar)v + (a2 — 4ag)

(52)

For simplification, let us denote

(z,v) == v + ag
) = B3v® 4 Bov® + Brv + By
51’1) + 50

X T

(z,v

(z,v) :
Qs(z,v) :

Théoréme 6 The solutions of (51) are not free from movable critical points.

)
)

= n30° + mav? + Mo + 1o

Proof We consider again four cases, namely
a) 0 #Z0
b) 6y =0and § =0
c) 61=0,0 #0and g, =0
d) 61=0,8 #0and g #0
a) 0, #0

According to [1], a necessary condition which makes all solutions of (51) with fixed
critical points is that the solutions of

Q1(z,v)v" + Q3(z,v) =0 (54)
may be singular solutions of
v" = 2P (z,v)v" + 2P3(z,v). (55)

Dividing equation (54) by v and deriving it, one find a second order equation which
can not be identified to (55). This proves that the solutions of (54) are not singular
solutions of (55). Thus the solutions of (51) are not free from movable critical singu-
larities in this case.
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b) 51:08.11(1 50:0
In this case, equation (51) takes the form

V" = 2P (z,v)v" + 2P5(x,v) + /1% + mu + np. (56)

A necessary condition which makes all solutions of (56) free from movable critical
singularities is that the solutions of

mov® + mv +mno =0 (57)
may be singular solutions of
v" = 2P (z,v)v' + 2P3(z,v) =0 (58)

A derivation (2 times) of (57) gives a second order equation which can not be identified
to (58). Thus the solutions of (56) are not free from movable critical singularities.

C) 51:0, 50#0311(17’]2:0
In this case, equation (51) takes the form

)
V" = 2P (x,0)v" + 2P3(x,v) + TO’ [v! + %U + ?. (59)
0 0

By a transformation (2) which satisfy

——1Y Uil
W= bt g,

(60)
N =)
one can suppose that
m =1 = 0.
Then, equation (59) becomes
V" = 2P (z,v)v" + 2Ps(z,v) + @\/17 (61)

2

A necessary condition for which the solutions of (61) are free from movable critical
points is that the solutions of
v'=0

may be singular solutions of (61). This implies that

P3EO
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which is impossible since the coefficient of v® in P is different from 0. Hence, the
solutions of (61) are not free from movable singularities.

d) 5120, (507&0and 7727&0
In this case, equation (51) takes the form

Vo,
V" = 2P (z,0)v" + 2Ps(z, v) + ~——, [0 + 22y My 0 (62)
2 50 5() 60

By a transformation (2) which satisfy

Wo=gw+ i+ g

N =B\ 42\ (63)
¢ =FA
one can suppose that
m =" — 0.

Then, equation (59) becomes

v" = 2P (z,v)v" + 2Ps(z,v) + @\/v’ + 02 (64)

According to [1], a necessary condition for absence of parametric critical points is
that the solutions of

v 407 =0
will be singular solutions of (64). This implies that
Ps(z,v) = v* + Pi(z,v)v*. (65)
An identification of the coefficients of the polynomials gives the identities
Bs=1+o
P2 = ap (66)
pr=p5 =0

In (66) the first and the second identities are identically satisfied. The third one
implies that
a; = ag = 0.

A substitution of (65) into the equation (64) transforms it into

V" = 2P (z,v)(v' +v?) + 20° + @\/v’ + 02 (67)
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Let us set
v 40 =k

The equation (67) is then equivalent to the system

U' — y2 _ ?}2
(68)
{ Y =—svy+ oy +c
_ Vo
where ¢ = —.
4
So, v is given by
_ Gy —my—c
v= 25—
)
where y satisfy the equation
2 ! 262
y' - 3% = —50% — dapy' + " + (afy +208)y + ¢ + daye. (69)

Hence, the solutions of (67) have no parametric critical points if the solutions of (69)
have no parametric critical points.

According to [3], a necessary condition which makes the solutions of (69) free from
2

parametric critical points is that the coefficient of = will be of the form 1 — % where
Yy
)

n is an integer. As the coefficient of Y in (69) isn’t of the needed form, the solutions

are not free from parametric critical points. [ ]
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