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Abstract

In this paper, the existence of multiple solutions to a nonlinear elliptic equation
with a parameter A is studied. Initially, the existence of two nonnegative solutions is
showed for 0 < A < X. The first solution has a negative energy while the energy of
the second one is positive for 0 < A < Ag and negative for Ag < A < A. The values \g
and X are given under variational form and we show that every corresponding critical
point is solution of the nonlinear elliptic problem (with a suitable multiplicative term).
Finally, the existence of two classes of infinitely many solutions is showed via the
Lusternik-Schnirelman theory.
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1 Introduction

In this paper, we deal with the existence of multiple solutions to the mixed boundary value
problem
—Apu = Au|??u + |[u]"?u in Q,
(1)

e|VuP=2 2 + a(z)|u[f~>u = 0, on o,

with respect to the real parameter \. Here, Q is a bounded domain in RY, N > 2, with
smooth boundary 02, A, is the p-Laplacian, 6% is the outer normal derivative and ¢ €
{0, 1}. Throughout this paper, the function a is assumed to be in L>*(9%2), a(s) > ag > 0

for every s in 052, and

Np H
=L if p< N
A>0, 1<g<p<r<p, where p* =3 N—» | ’
dspsr=p P {+OO if p> N.

When the parameter £ = 0 (resp. € = 1), we deal with a Dirichlet (resp. mixed) boundary
value problem which is posed in the framework of the Sobolev space W = W, *(2) (resp.
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W = W?(Q)). To take into account these two situations, the space W will be endowed

with the norm y
p
]| = </ \Vu\pd:r—Fe/ a(s) |uf? ds> ,
Q onN

which gives to W the structure of Banach space.

For solutions of (1) we understand critical points of the associated Euler-Lagrange
(energy) functional E, € C*(W), given by

Pa(u) = P(w) = > Q(u) = | Rlu).

where
Pu) = ||lu|l?, @ /|u|qd3: and R(u /\u\ dx.

Such kind of problems with combined concave and convex nonlinearities were studied re-
cently by several authors [1, 2, 3, 4, 10, 11, 20], we can refer the reader to the valuable
survey [5]. Our main results here can be summarAized as fgllows:

o First, we find two characteristic values ), and A (A\y < A) under variational form, i.e.

Ao = C, inf and A\ =C f 2
0 0(p7qa ’I‘) uellf[rll\{O}f(u) (p7Q7 ) 611/[171\{0}?(“) ( )

such that two branches of nonnegative solutions to (1) exist for A €]0, X[ (the functional
F will be given below). Moreover, the energy of the first nonnegative solution is negative
for A €]0, X[ while the energy of the second nonnegative solution changes sign at \g, i.e.
it is positive for A €]0, A\o[ and negative for A e]/\O,X[. Notice that these two nonnegative
solutions are found simultaneously and that our approach does not use the mountain-pass
lemma.

e On the other hand, we show that every solution of (2) is a solution of the problem (1)
(with a suitable multiplicative term). This second point lets expect that the first nonlinear
eigenvalue A of (1), i.e.

A :=sup{X > 0: (1) has a nonnegative solution}

may satisfiy a variational problem similar to (2) (see [3] forp = 2,e = 0 and [11] forp > 1,
e = 0). Let us precise that X coincides with A when g — p and that \ constitutes a good
minoration of A in the general case 1 < ¢ < p.

In the sequel, || ||, and || ||, will denote the norms on L4(£2) and L (§2) respectively.
As in [15, 26], we introduce the modified Euler-Lagrange functional £, defined on R x W
by N

E)\(t, U) = E,\(tu)

If  is an arbitrary element of W, 9, Ex(., u) (resp. dyEx (., u)) are the first (resp. second)
derivative of the real valued function: t — E, (¢, u).



2 Preliminary results

Since the functional E, is even in ¢ and that we are interested by the nontrivial solutions of
(1), we limit our study for ¢ > 0 and u € W \ {0}.

Lemma 1. For every u € W \ {0}, there is a unique A(u) > 0 such that the real valued
function t — 0,E,(t,u) has exactly two positive zeros (resp. one positive zero) if 0 < A <
A(u) (resp. A = A(u)). This function has no zero for A > A(u).

Proof. Let u be an arbitrary element of W \ {0} and let us write
O Ex(t,u) = t9 Fy\(t, u), where Fy(t,u) = *"“P(u) — A\Q(u) — t"“R(u).

Then B B B
O Ex(t,u) = (¢ = VT2 Fy(t, u) + 1710, Fa(t, u),

holds true, with

OuF(t,u) =t {(p— q)P(u) — (r — q)t" PR(u)}.

It is clear that the real valued function ¢ — F}(t, u) is increasing on ]0, ¢(u)], decreasing
on Jt(u), +oo| and attains its unique maximum for ¢t = ¢(u), where

(2"

Thus, the function ¢ — fA(t, u) has two positive zeros (resp. one positive zero) if
F\(t(u),u) > 0 (resp. if Fy(¢(u),u) = 0) and has no zero if F\(t(u),u) < 0. On the
other hand, a direct computation gives

r—

Rt = Z=2 (222200 R - xq()

(5

Similarly, Fx(t(u),u) > 0 (resp. Fy(t(u),u) < 0) if A < A(u) (resp. A > A(u)) and
F(t(u),u) = 0, where

Au) = épi—(“) (4)

Qu) R (u)

with

G_T=P (p—q>:_g‘
P—qg \T—4gq
Hence, if A €]0, A(u)][, the real valued function ¢ — 8,E, (¢, u) has two positive zeros,
denoted by #(u, A) and #(u, A), verifying 0 < t(u, A) < t(u) < t(u, ).

Since, Fi(t(u, \), u) = Fx((u, \),u) = 0, 8,F)(¢,u) > 0 for ¢t < t(u) and ,Fy(t,u) < 0
for ¢t > t(u), it follows that

AuEx(t(u, \),u) > 0 and 8By (#(u, \), u) < 0.
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This means that the real valued function ¢ — E)(¢,u), t > 0, achieves its unique local

minimum at ¢ = ¢(u, A) and its global maximum at ¢t = (u, A). O
Let us precise that for every u € W \ {0} and X €]0, A(w)], £(u, \)v and (u, A\)u
belong to the Nehari manifold [19, 26] defined by
N :={ue W\ {0} : Ej(u)u=0}.

Now, we introduce R
A= inf A(u). (5)

If ¢,(2) (resp. ¢,(£2)) denotes the best Sobolev constant of the embedding W C L%(2)
(resp. W C L"(2)), then

r(p—aq)

A > Cleg())[en ()] 0=» > 0.

Since 0,F\ (t(u, \), u) = 0 (resp. OB (t(u, \), v) = 0) for every u € W \ {0}, it follows
that the functional u — FE(£(u, \), u) (resp. u — Ex((u, A), u)) is coercive on W\ {0}.
Thus, for every A €]0, A[, we define

Q()‘) = ueli/lr/l\f{o} E')\(t(u’ )‘)’ u)’ (6)
a\) = _ %0} Ey((u, \), ). ©)

Lemma 2. Let (u,) C W \ {0} be a minimizing sequence of (6) (resp. of (7)) and U,, :=
t(Un, A)uy (resp. Uy, = t(un, A)uy). Then

() limsup U, ]| < +o0 (resp. limsup [[T,]| < +o00),

n—-+00 n——+00

(i) lLminf [|U,[[ >0 (resp. liminf [[U]] > 0).

Proof.
(i) Let (u,) Cc W\ {0} be a minimizing sequence of (6). Since 8, E (t(un, A), un) = 0, it
follows that
UL IP = MU, 1G + 17 (8)

Similarly, since 8ttEA(§(un, A), ug) > 0, it follows that
(p = DULIP — Mg = D)|U,[|2 = (r = 1)||U,]]} > 0. (9)

Combining (8) and (9), we get E,(U,,) < 0, for every n.
Suppose that there is a subsequence of (U,,,), still denoted by (U,,) such that liT U,|l =
n—-+0oo

+o0. It is well known that there is some constant C' such that ||U,,||, < C||U,,||. for every
n, then lirjp [[U,||» = +o0. Using the fact that 0 < ¢ < r we get ||U,,||? = o, (||U,,|[}),
n—-+00

and consequently
U [P = U, [[F(1 + 0n(1)).



Thus,
1 1
E — r{Z_ 2
A(U,) HQnm(p T+0n(1)>,

which implies that E,(U,,) tends to +oco as n goes to +oo and this is impossible. Hence,
we conclude that limsup ||U,,|| < +o0.

n—-+0o0o

The same arguments with a minimizing sequence (u,) of (7) show that limsup ||U,|| <

n—+oo
+o0.
(i) Let (u,) € W \ {0} be a minimizing sequence of (6) and suppose that there is a
subsequence of (U,,), still denoted by (U,,) such that hrf I|U,|l = 0. It follows that
n—r+00

lir+n E\(U,) = 0i.e. a(\) = 0, which is impossible since E\(¢(un, A), u,) < 0 for every
n—r+00
n.

Let (u,) C W\ {0} be a minimizing sequence of (7). Since 8, E\(t(un, N), up) = 0
and 0y E (t(un, A), uy,) < 0 it follows that

{ 1TllP = AT [1§ = [[Un]]z = 0, _
(2 = DU = Mg = DU = (r = DIU[[7 <0.

Combining the two last inequalities we obtain, for every n
(P = IU[I? < (r = )|[Uall; < [T,

via the continuous embedding W C L"(Q2). Then (p — q) < C'||T,[|"~?. Now, suppose
that there is a subsequence of (U,,), still denoted by (U,,) such that lirf I|Ux|| = 0. This
n—-+0oo

implies that p — ¢ < 0, which is impossible. 0

Remark 1. Since, for every real number v > 0, we have
E)\ ('-Yta E) = E)\(t’ u):
Y

~ 1 ~

0, E) (’Yt: ﬁ) = —0,E\(t,u),
Y Y

~ U 1 ~

OuEy (’Yt, ;) = ?attE)\(ta ),

it follows that

b, ) = L1 (3, A) , (10)
Y O\
Fu, ) = -7 (9, A) . (11)
Y O\
Hence, we conclude that
a()) = inf B (t(u, \), ), (12)
a(A) = inf Ey((u, \), w), (13)

where S is the unit sphere of W.
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Lemma 3. Let (u,) C S be a minimizing sequence of (12) (resp. of (13)). Then, (U,,) :=
(t(tn, N)uy) (resp. (Uy) := (t(un, N)uy,)) are Palais-Smale sequences for the functional
E,.

Proof. We will show this lemma only for the sequence (U,,), the proof for (U,,)
can be done in the same way.
First, according to the previous lemma, it is clear that (U,,) is bounded in 7#/. On the other

hand, notice that for every u € W \ {0} and A €]0, X[, we have 8,E, (t(u, A),u) = 0 and
Oy Ex(t(u, M), u) # 0. The implicit function theorem implies that ¢(u, A) is C'* with respect
to u since E is. Let us introduce the C"* functional £, defined on S by

E,(u) = Ex(t(u,\), u) = Ex(t(u, \)u).
Then
a(d) =inf€,(u) and  lim &,(un) = a(}).

n——+00

Using the Ekeland variational principle on the complete manifold (S, || ||) to the functional
£, we conclude that

1
‘él)\(un)(wn)‘ S EHSO'ILH’ for every ©n S TunSa

where T, S is the tangent space to S at the point u,,. Moreoever, for every ¢, € T, S, one
has

EN(n) (0n) = OB (t(utn, A), ) (s, V) (91) + OBt un, ), ) (00,
= auE,\(é(Um /\)a U’TL)(QOH)’

since 9, Fx(t(un, A), u,) = 0, where ¢/(u,, A) denotes the derivative of ¢(., A) with respect
to its first variable at the point (u,, \).
Furthermore, let

m: W\{0} — RxS
u =l ) = ), ().

Applying Hélder’s inequality, we get for every (u, ¢) € (W \ {0}) x W:
{ M@ < el

|
Im)(@)ll < 2ld.

>From Lemma 2, there is a positive constant C' such that

t(un, A) > C, VneN
Then for every o € W, there are @) € Rand ¢2 € T,, S such that || < ||¢|], [|@2]] <
&llel| and
B} (£(un, Ntn) (9) = OEA(E(ttn; A)s un) () + OuEr (£, A), ) (93),
auE)\(t(una )‘): u”)(@i)’
= E\(un)(¢n)-



Therefore,

B (0, i) () < 162

IN

2 el
nC(p'

We easily conclude that
lim || E}(U,,)l[s = 0.

n—o0

g

Remark 2. Until now, the minimizing sequences we consider are not nonnegative. Notice
that for everyu € W\{0}and0 < A < ), one has E\(t, |u]) = Ex(t,u), t(|u],N) = t(u, A)
and ¢(|u|, A) = t(u, A). Thus, every minimizing sequence (u,) C S of (12) or (13) can be
considered as a sequence of nonnegative functions.

Hereafter, we will assume the sequences U,, and U, defined in Lemma 3, to be
nonnegative.

3 Existence results

Theorem 1. Letl < ¢ <p<r <p*and A E]O,X[. Then the problem (1) has at least two
nonnegative solutions.

Proof. We will use the notations of the previous lemmas. According to Lemma 3,
we know that E, (U,,) converges to «(A), ||E4(U,,)||« converges to 0 as n tends to +oo and
that (U,,) is bounded in T/. Passing if necessary to a subsequence, we have

u, — U in W,

N

U, — U in L'(Q), (alsoin L1(Q)),
u, — U ae Q.
Letv, = U, — U, then using a lemma due to Brézis-Lieb [12], we get
ol = T, Il = [IU]] + on(1),
lonlle = [Unllg = [IUIlg + on(1),
Nonllr = NUnllr = IIUIIr 4 0n(1).

It follows that

E\(vn) = E\(U,,) — EA(U) + 0a(1),
E\(vn) = E\(U,) — E\(U) + 0,(1),

and consequently Ef (v,)v, — 0 asn — +oo, which implies that
a7 = Al[vg 1§ + [|vallr 4+ 0n(1).

Therefore, ||v,||P — 0 as n — +oo. The same argument can be used for U ,,, which ends
the proof. O
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Remark 3. We showed in the previous theorem that for any minimizing sequence (u,,) of

(12), there is a subsequence still denoted by (u,,) such that
U, =ty Nu, — U in W.
Moreover, according to Lemma 2 and Theorem 1, there is ¢ €]0, +oo| such that

t(una)‘) — in Ra

withu = U/t € S, (i.e. t = ||U||) and t = t(u, A). In the same way, for any minimizing
sequence (wy,) of (13), passing if necessary to a subsequence, there is ¢ €]0, +oo| such that

t(wn, ) — T in R
w, — u=U/tin W,

withw =U/t €S, (i.e. T = ||U||) and = #(u, \).

It is interesting to notice that U # U. Indeed, since 8y E (t(u, \), w) > 0and 8, Ex(£(T, \), 1) <
0, it follows that 8, Ey (¢, U/t) > 0 and 0, E\(Z,U/T) < 0. However, U and U verify
atE,\(L Q/I) = 31:5',\(%, U/f) =0.

_ In the sequel the solutions U and U of (1), for A €]0, X[, will be denoted by U, and
U». Also, t,, t, u, and uy will stand for ¢(u, \), £(@, \), u and @ respectively.

Theorem 2. Let1 < g <p <r < p*. Then
(i) EA(U,) <0 for A€o,

. E\(Uy) >0 for)elo, ),
(ii) {E)\(U)\ ~

) <0 for ) e, A
" :zz(i)”x.
T \P
Proof.

(i) Let us recall that 8&%(;, U/t) =0and 8”@(;, U/t) > 0, (see Remark 3). Then

{ P(QA) - )‘Q(Q)\) - R(QA) =0,
(p—1)PU,) — Mg —-1)QU,) — (r— 1)R(U,) > 0.

Using the fact that 1 < ¢ < p < r, we get

where

1 A 1
~PU,) - =-Q(U,) - -R(U
» (U,) qQ(_)\) ; (U,) <0,

and consequently E,(U,) < 0.
(if) Letu be an arbitrary element of W \ {0} and let us write
Pu)

Ex(t,u) = t9G\(t,u), Where G, (t,u) = t?7¢
ND At v) A(t,u) . ¢ .
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It follows that B _ _
OB (t,u) = gt Gy(t,u) + 119,G (L, u),

with

TNV RER == T )
T

It is clear that the real valued function ¢ — G, (¢, ) is increasing on |0, ¢, (u)[, decreasing
on Jte(u), +oo] and attains its unique maximum for ¢ = ¢y(u), where

1

) = (£) " ) (14)

and t(u) is defined in (3). On the other hand, a direct computation gives

G (b (1), 1) = <%ZEZ;> " R(w) = AQ(u).

Similarly, Ga(to(u), u) > 0 (resp. Ga(to(u),u) < 0) if A < Ag(u) (resp. A > Ao(w)) and
Gro(w)(to(u), u) = 0, where

( ) ), (15)

with A(u) given by (4). Thus, we get

Ex\(to(u),u) >0 if X< Ag(u),
Ex(to(w),u) =0 if \=\(u), (16)

Ex(to(u),u) <0 if A > Ao(u).

First, since the function
10,1 — R

Int

t — 15
is increasing, then for every real numbers z, y such that 0 < = < y < 1, one has

o[- 5] [0)7]

and consequently
11—z

1)\ =¥
O<zxl| - < 1.
Y

In the particular case = = ¢/r and y = p/r we get

r—q

0<g<5>w<1,
T \P

and therfore 0 < Ao(u) < A(u).
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Moreover, for every u € W\ {0}, one has G, (t, u) < 0 for ¢ €]0, +oo[\{to(u)}

and CNI,\O(u)(tO(u),u) = 0. Hence, the real valued function ¢t — EAO(U)(t, u), (t > 0),
attains its unique maximum at ¢t = ¢o(u) and we obtain the following interesting identity

t(u, Ao(u)) = to(u). (17)

On the other hand, it is clear that the functional A¢(u) is weakly lower semi-continuous on
W\ {0}. Thus, the value

Ao:= inf A 18
0 ueIl/II/'l\{O} O(U) (18)

is achieved on W \ {0}. Since XA¢(u) is homogeneous in u, we can assume that there is
some u* € S such that Ay = Ao(u*).
Now, let A is such that 0 < A < A. Then, for every u € W \ {0} one has A < Ag(u)

and consequently E(to(u),u) > 0 holds from (16). But, ¢ —s E\(t,u), (¢ > 0) attains
its unique maximum for ¢ = Z(u, A), hence Ej (£(u, A),u) > 0, for every u € W \ {0}. In
particular, we have E(£(ty, \), @) > 0, i.e. Ex(TU,) > 0.

If A\ = A\, then

E)\O(U)\o) = E)\o( (u)\ov/\o) u)\o)
= 1nf E,\O( (u, Xo),u),
< E/\o( (u )‘O(U'* )7U*)7

= E)\o( )( ( ,U),
— 0,

which implies that £, (Uy,) < 0. In addition, it is known from (16) that E, (to(u), u) > 0
and E), (t(u, \g),u) < 0 for every u € W\ {0}. Then

to(u) > t(u, Ao), Yue W\ {0}.

It follows that B B
Eko(f(ﬂkoa )‘0)’6)\0) > E)\O (to(ﬂko)’ﬂko) > 0.
Hence,
E/\O(U)\o) Ef\o( (u/\o’ >‘0) ux\o) = 0.

Finally, assume that Ay < A < \. Since, for every (¢,u) €]0,+oo[x (W \ {0}), the real
valued function A — E)\(¢, u) is decreasing, it follows that

E\(t,u) < Ey\(t,u), forevery t>0 and u e W\ {0}. (19)
In addition, we have
E\({(Tx, \),Uy) = inf E,\( (u, ), ),
< Ex(Eu',\), ),

< Exo(B(u, 2),u"),

where the last inequality follows from (19). Moreover, the real valued function ¢ —
Ey, (t,u*), (t > 0), achieves its unique maximum at ¢t = to(u*). Thus, E, (t(u*, \), u*) <
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Ej (to(u),u*) = Exyur)(to(u*),u*) = 0. Hence E\(#(uy, A),Ty) < 0, which ends the
proof. O

The following reslut shows that the variational character of (5) leads A\ to share a
specific property to eignevalues.

Theorem 3. If u is a solution of (18) then ¢o(u)wu is a solution of (1) for A = \,.

Proof.
Let » be a solution of (18), then Ay = A¢(u) and for every ¢ € W, we have

B, (t(@u)(e) = P ta(wu)(e) ~ 2@ (t(u)u)e) ~ TR (taw)u)()

_ Pl < '(W)(p) _r—pQ'u)(¥) _p—qR’(u)(w)>’

(¢
p P(u) r—q Qu) r—q R(u)
_ r—qP'u)(p) Qu)ly) p—qR(u)(p)
- K<r—p P)  Qw r—p R )
where )
L r—p u u p—1
e (1))

Furthermore, we know that A\j(u)(¢) = 0, for every ¢ € W, and

, oy (r=aP'W)(p) QM)(e) p—qRu)(p)
Yolw)(p) = o ( ~p Plu) Q) r—p R ) |

Therefore, we obtain that

B, (tou)u)(¢) = %AB(U)(@ —0,

for every ¢ € W, which implies that #,(u)u is a solution of (1) for A = . O

Remark 4. It is very interesting to notice that in the case of homogeneous Dirichlet bound-
ary condition (¢ = 0), we have

_ VulP d
limX= inf Jo|Vulr dz
=r wewin\o) o [ul? dz

Hence, in the case where p = g, \is the first eigenvalue of the problem (1), i. £ the problem
(1) has positive solutions for A €]0, )\] and has no positive solution for A > .

In the following section, the existence of infinitely many solutions is studied via the
Lusternik-Schnirelman theory [7, 22, 23, 25, 24].
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4  Existence of infinitely many solutions

We show here the existence of two disjoint and infinite sets of solutions to (1). The first set
contains only solutions with negative energy while the second one contains solutions with
changing sign energy.

For the reader’s convenience, we recall some background facts used here. Let us
define
A={ACS: Aclosed, A=—-A}

to be the class of closed and symmetric subsets of the complete smooth submanifold (S, || ||)
[7, 22, 23, 25, 24]. Forevery A € A, A # (), let

v(4) =inf{k €N, Tp € C'(A,R*\ {0}), Vu € A, p(—u) =—p(u)}

be the Krasnoselskii genus [22]. When there does not exist a finite such integer, set y(A) =
+oo. Finally, set () = 0. For each positive integer &, let us define

'y ={A € A; Acompact, v(A4) >k},
G = 8, uex ) ond g =l vax S,
where
Ex(u) = Ex((u, \)u)

and

Ex(u) = Ex(t(u, Nu).
It is well known that (c,,) (resp. (¢x)) is a nondecreasing sequence of critical values of £,
(resp. £,) [24]. Recall that if the sequence (c,) (resp. (¢;)) is increasing, then £, (resp.
&) has infinitely many critical points (v, ;) (resp. (@ x)) corresponding to the sequence
of distinct levels (c,) (resp. (¢x)). And if there are two positive integers j and p such that
C; = Cjy1 =" = Cjy,p (IESP. T = Cj41 = -+ = Cjyp), then the set of critical points for
€, (resp. £,) corresponding to the level ¢; (resp. ¢;) is infinite. In what follows, for every
k € N*, we set

QA,/c = E(ﬂ,\,ka )‘)ﬂ,\,k
and

Ui = L(Urp, \) Uk

Itis clear that U, , and UA,,C are solutions of (1), for every k € N*,

Theorem 4. Letl < g<p<r <p and0 < A <_X. Then, there are two disjoint and
infinite sets of solutionsto (1) {U, ,; k € N*} and {Uyx; k € N*}. Moreover,

(i) Ex(U,x) <0 and kl}{floo Ex(Uyy) =0,

(11) lim E,\(U,\yk) = +OO,

k—+00

hold true.
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Proof. i) Since 0y Ex(t(uy x, A), uy ) > 0and 0y Ex(t(Unk, A), Uax) < 0, it follows

that the sets {U,,; k€ N} and {U,x; k € N} are disjoint. On the other hand, we
know that E, (U, ) < 0 for every k. Let us show that (c;) = (£,(upz)) == (Ex(Uxy))
converges to zero as & goes to infinity. Suppose that

lim ¢, =¢<0.
k—-+o00

Consider the set
K.={ues; &(u)=c and &)\(u) =0}.

Since £ satisfies that Palais-Smale condition on S and ¢ < 0 then K is not empty, compact
and symmetric wich implies that v(K,.) < +oco. Let N be a closed neighborhood of K in

S such that v(N) = vy(K_). Applying the deformation Lemma [23, 25, 24, 26], there are an
odd homeomorphism @ from Sto S and £ > 0 such that

@ (4\ V) C A, ..
Thus,

Y (Ag-l—s)

IN

v (AQ—H:‘\ Jif) +7(N)

Y ((I> (Ag+6\ KT)) + /Y(N)
< 7 (Aee) + (V).

VAN

Furthermore, there is a positive integer j such thatc — ¢ < ¢; < ¢, then vy (4._.) < j and
consequently
Y (Agte) <7+ 7(Ke) < +o0.

This contradicts the fact that v (A...) = +oo, which ends the proof of (i).
(i) This last point can be shown in the same way. d
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