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�o/�;9G10K8 A56:;90KFJIK4 Ö h&4 A5694�F7D5/1F74J69/14J=�hE03;âG��Ù/1=103/��Ô8:N��aF70347/d; FJDM/1=10ß;â0KD5/18¨A^/1=�/14JF74J898âA^6:åF7D5/1=103;90KDM/�8&prDM6 ;âG14�8:DMI32^A5s�0KIK0ß;oåQD5p#4c2MDMI3N�;â03DM/ 47ã`NÙAi;â0KD5/18jA5/1=�8�åO8:;â4Jt 8-hE0ß;âG¨;947taV¬D56âA5I¬A5/1=89V1A^;â0KA5I&pr69A5FJ;90KDM/ÙA^I&=14J690ß25Ai;â0325478Jk��o/';âG�4��Ù698�;CVÙA56:; Ö A^;9;947/d;â03DM/�0K8�VÙA50K=�;9D�;âG14�4c2MDMI3N�;â03DM/V16:DMs1IK4Jt��  �������� e
{

D
α
0|tu + (−∆)β/2(u) = h(x, t)|u|1+ep for (x, t) ∈ R

N × R
+ =: Q

u(x, 0) = u0(x) ≥ 0 for x ∈ R
N

hEG14J694
D

α
0|t

=14J/1D5;â4J8�;âG14@;â0Kta4cn =1476:032^A^;9032M4lD5p A^69s10ß;â6âA^6:å{DM6:=1476
α ∈ (0, 1)

0K/¡;9G14»894J/1894QD^p
S-A5V1N�;âD�� _ Ó! Ö

(−∆)β/2 Ö β ∈ [1, 2],
0K8 ;âG�4#"

β/2)
n pr6âA^FJ;â03DM/ÙA5IOVWD[h&476&D5pW;âG14�?#A5V1IæA^F70æA^/

−∆x0K/�;9G14
x
2^A5690KA5s1I345Ý�0ß;j0K8j=�4$�Ù/14J=¡sdåWe

(−∆)β/2v(x, t) = F−1(|ξ|βF(v)(ξ))(x, t),hEG14J694
F
=14J/1D5;9478&;9G14 Ü DMN�690K4J6 ;â6âA^/18:prDM6:t A5/1=

F−1 03;â8 0K/d2547698:45Ý�;9G14EprN1/1FJ;90KDM/ h(x, t)
hE0KI3IsW4>8:V¬4JF70%�Ù47=�IæA^;9476Jk��jG14l4cb�V¬D5/147/d;

p̃
0K8E8:;9690KFc;âIßå¨VWDM890ß;â0ß2M45k

�o/&�Ù6:8:;j4JãON1A^;â03DM/¨03/'�  ������(�µÖ
(−∆)β/2 0K8&A�t»N1Iß;â03=10Kta47/18:0KDM/1A5I�pr69A5FJ;âA5I)"´A5/1D5t¨A5I3DMN18+*=10ßä�N18:0KDM/}694JIæA^;947=Ô;9D¡;âG14¨?%<J2`å-,Ù0.�MGd;â8Jk �jG14¨;90Kta4apr69A5FJ;90KDM/1A5I�=1476:032^A^;â0ß2M4

Dα
0|t

A5F7FJDMN1/d;â8A5I389DCprDM6�=�0K89VW476:890ß2M4@A5/1DMt A5IKD5N18j=103ä¬N18:0KDM/ Ö FHGÙA^6âA5Fc;â476:00/J47=¡sdå{;âG�4�ta4XA5/�89ã`NÙA56:4�=10389V1IKA5F74Ãnta47/d;
〈x2〉 ∝ tα, 0 < α < 1

k21�0K8:V¬4J698:032M4¨A5/1DMt A5I3DMN18£=10ßä�N18:0KDM/}FXA5/}s¬4a=14J69032547=�pr6:DMtS-�EB43 taD�=14JIK85� Y76  ´Ö sÙA58:47=¡D5/�;9G14>A5898:N1t V�;â0KD5/RD5p¸6âA^/1=1DMt Þ:N1taV{IK4J/��5;âG�8�A^/1=R69A5/1=1D5thUA503;90K/��£;â03t 4J8�s¬4c;ohU4J47/ 8:N1F7FJ47898:03254�VÙA56�;â0KFJIK4¾Þ:N1taV187k)�ot VWDM6�;HA5/d; V1GdåO890KF7A5IWA5V1V1I30KF7A^;â03DM/18 D5pS-�EB43 t DO=14JIK8£0K/�F7IKN�=14 =�03ä¬N18903DM/�D5pjFXA^696903476:8>03/ÔA^t DM6:V1G1DMN�8@V1G�D5;âD^n F7DM/�=1N1FJ;9DM698 Ö =�03ä¬N�n8903DM/¡03/¡;âN�69s1N1I347/d;8,1D[h Ö A¨VW4769FJDMIæAi;â0KD5/RtaD�=�47I#0K/RV¬DM6:DMN18�t 4J=10æA
(α = 1/2)

� _�Y  Ö pr6âA5Fc;HA5Ita47=10KA9� _;:  ´Ö 2^A56:0KDMN�8�s103DMIKD;�M0KF7A5I�V1G�47/1DMta47/1A<� Æ  A^/1==�Ù/ÙA^/1F74&� _;>  kj�jG14�FJDM/d;â6:0Ks1N�;90KDM/�� ]  0K8j6:47IKA^;â4J={;9D?,ÙN10K=�=�åO/ÙA5ta0KFJ87k
�o/¨;âG�4�F7A5894

α = 1, β = 2
Ö ;9G14@�1698:;U47ã`NÙA^;90KDM/ 0K/=�  ������(� 694J=1N1F74J8U;âD>;âG14
N18:NÙA5IWG14XA^;47ã`NÙAi;â0KD5/{hEG�0KFHG�0K8-h&47IKI%=�D�FJN1t 4J/d;â47=�k

�o/¨pÊA5Fc; Ö 0K/¨G�0K8UV�0KDM/14J476:0K/��@A56:;90KFJIK4
[
>
]
Ö�Ü N[Þ:03;HAlF7D5/18903=1476:47=¨;9G14£S-A5N�FHG`å¨V169D5s1IK4JtA� ���(�

{
ut = ∆u + |u|1+ep,

0K/
Q

u(x, 0) = a(x) ≥ 0,
0K/

R
N

" Y *
hEG14J694

0 < p̃
kB� p

pc := 2
N

"
c
prDM6jF76:03;â03FXA5IC* Ö G14lV169Dµ2547=R;9GÙA^;7e

(i)
03p

0 < p̃ < pc

A5/1=
a(x0) > 0

prDM6-8:DMta4
x0

Ö ;âG�47/�A5/då 8:DMIKN�;90KDM/a;âD2� ����� s1IKDµhE8
noN1V0K/�A#�Ù/10ß;â4�;90Kta45k
(ii)

03p
p > pc

Ö ;9G147/�;âG�47694l4Ãb�038:;
89D5IKN�;90KDM/18UDM/
Q
A58jhU4JIKI%A^8
8:DMIKN�;â0KD5/18UhEG103FHGR4Ãb�038:;EDM/

R
N × (0, T )

prDM6&89DMta4D�1/103;94
T
s1N�;j/�D5;-DM/

Q
k@" Ü D56&;âG�0K8

p
Ö /1D^;jA5I3IW8:DMIKN�;â0KD5/18UA^694E�MI3DMsÙA5I´Ý0K/�=1474J= Ö 03p

(1/2)
∫

RN |∇u0|
2 dx − (1/(p + 1))

∫
RN up

0 dx < 0
Ö ;âG14�8:DMIKN�;90KDM/ÔFXA5/1/�D5;Cs¬4

Ó



�MI3DMsÙA5I � Y7:  k *
�jG14�FJ6903;90KF7A5IÙFXA58:4

p = pc

hUA58&=147FJ0K=14J=�IæA^;9476�sdå���AµåMA~ziAXh-A � YMY  prDM6
N = 1, 2,

A5/1=¨sdå× D5sÙAXådA58:G10 Ö�� 036âA5DCA^/1=��¸A5/ÙA�z^A � YX]  prD56
N ≥ 3.

?#A^;â4J6¨DM/ ��A;�dA589AXh-A�A^/1= � 036âA5D � _5\  Ö�� N[Þ:03;HA^/10�� Ó Y  Ö A^/1=��£N147=1=1A�A5/1= × 036âA5/14�� 6  F7D5/18903=1476:47={;âG14lV16:DMs1IK4JtRe
{

ut + (−∆)β/2(u) = c(x, t)|u|1+ep,
0K/

Q
u(x, 0) = u0(x) ≥ 0,

03/
R

N .
��A �dA58âAXhUA¡A5/�= � 036âA5D�GÙAX2M4a;HA~z^47/

c(x, t) = c(x),
� NiÞ:0ß;HA5/10

c(x, t) = 1,
hEG10KI34��lN14J=1=ÙAA5/1= × 0K69A5/14?� 6  8�;âN1=�0K47={;âG�4£FXA58:4

c(x, t) = c(t).
�jG14lta4J;âG�D�={D5pTV16:D�D5pT03/�� _5\  0K8jV16:DMsÙAins103IK0K8�;â03F�hEG103IK4�03/�� Ó Y  A5/1=�� 6  ´Ö ;âG�4@A^V1V169DMA5FHG{0K8
A5/ÙA5Ißå`;â0KF^k

�o/�A taDM694@694JF747/d;lA^6:;â03F7I34 Ö �lN�47=1=ÙA¨A5/1= × 0K69A5/14 � YX\  4ÃbO;â47/�=147= ;âG�4»V1694c2O0KDMN18�694J89N1Iß;â8;âDQ;9G14l47ã`NÙA^;90KDM/�e
ut + (−∆)β/2(u) = h(x, t)|u|1+p,

03/
Q,hEG14J694

h(x, t) = O(tσ|x|ρ)
prD56jIæA56 �M4

|x|.

Ü 0K/1A5IKIßå Ö × 036âA5/�4lA5/1=
	£A^pr8âA5D5N10 � Y Ó  ;â6:4XA^;947={;âG14ltaDM694 �547/14J6âA5I�4Jã`NÙA^;â03DM/�e
ut + (−∆)β/2(um) + a(x, t) · ∇uq = f(x, t)|u|1+p,

03/
Q,hEG103FHGRFJD[25476:8�03/�V1A56:;90KF7N�IæA56U;9G14l47ã`NÙA^;90KDM/{FJDM/18903=1476:47=�sdå
	£0 � Ó _  

ut − ∆(um) = |x|σts|u|1+ep,
03/

Q.
�jG14 Ö G1476:4QA5sWD[254 Ö FJ03;947= A56�;â03F7IK4J8
prD5IKIKDµh�4703;9G1476 Ü NiÞ:03;âA�àm8�A56�;â0KFJIK4>DM6E;âG14»=�NÙA5IK0ß;oå�A56 �5N�nta47/d;EhE03;âGRAC/1DM/1I30K/147A56jFXA5V1A5F70ß;oå{478:;90Kt A^;â4^k �o/¡Aa8:V¬4JF70KA5I%890ß;âNÙA^;90KDM/ Ö ;âG1038EGÙA58
s¬4J47/¡N�8947=sdå Õ A56âA^8�A^/1=�� 0K4J696:4&� _  k L t DM6:4£2M476:8âA^;90KI34>2^A56:0æA5/d;EGÙA58
sW4747/¡0K/d;â6:D�=1N�F747=RsdåRPR03;90K=10347690A5/1=
�¸DMG�D /XA54c2�� Y7>  Ö �TDMG1D /7A54J2RA5/1=��¸4J894J0 � _^]  ´Ö A5/1={;âG14J/¡N18:47=�sdå
�lN�47=1=ÙAaA5/1= × 0K6âA^/14

� Yµ\  ´Ö ?#A5V�;â4c2 � Y[Z  A5/1= × N103V¬4J65� Y[Æ  "r;9DaFJ03;94>s�N�;
ACpr4chD*ck
�¸Da47/�89N16:4l;9GÙA^;E;âG�4£V169DMs�IK47t
�  ������(� 0K8-h&47I3I�VWDM894J= Ö ;âG14£pr69A5FJ;90KDM/ÙA^I�=14J69032^A^;903254£GÙA58;âD sW4�0K/d;94769V�694J;947=½0K/�;9G14�S-A5V1N�;âD�894J/1894�� _ Ó  "ÊA5IK8:D FJp
k � _;6  prDM6QAaÞ:N18�;â0%�ÙFXA^;90KDM/'D^p
;9G14FHG1DM03F74
D5p#S-A^V1N�;âD@=1476:032^A^;9032M4J8 prD56&A>/1DM/1I30K/147A56 DM6:=10K/ÙA^6:åQ=10ßä�4J694J/`;90æA5IÙ4Jã`NÙA^;â03DM/ hE0ß;âGCpr6âA5FÃn;â03DM/ÙA5I¬=1476:032^A^;9032M4J8 *Ãk
� N16�;âG14JDM694Jt 8lA^694Q694J=1N1FJ47=};9D ;âG14aA58:894J6:;â03DM/�DM/�;âG�4a/�DM/14cb�038:;â4J/1F74CD5p&89D5IKN�;90KDM/18Jk(� pA5/ 4Ãb�0K8:;947/1FJ4£694J89N1Iß;jD5p#89D5IKN�;90KDM/18�;âD@;âG14lS-A^N1FHGdå V16:DMs1IK4Jt G1DMIK=�8 Ö ;9G147/ ;9G14�/1D5/14cb�0K8�;â4J/1F74D5p¸89DMI3N�;â03DM/18jta4XA5/�8-;âGÙA^;E4c2M4J6:å�/1DM/1/�4 �dA^;903254>8:DMIKN�;â0KD5/�s1IKDµhE8�n N1V{0K/ �Ù/10ß;â4�;90Kta45k
�¸D GÙAX2M4�A5/R03=14XAaA5sWDMN�;
0KI3Ißn V¬DM8:47= V�69DMs1I347ta8 Ö DM/�4@038
6:4Jpr4J69694J=R;9Da;9G14@03t VWDM6�;HA5/d;EF7D5/�n;â6:0Ks1N�;â0KD5/18 � :  Ö � _M_  Ö � _MZ  A^/1=-� Ó \  k
3Ô4l6:47FXA^IKI�G14J694>89DMta4£=14 �Ù/103;90KDM/�8jD5p¸pr69A5FJ;90KDM/1A5I�=14J690ß25Ai;â0325478Jk

]



�jG14'IK4cpÎ;:n GÙA5/1=14J=)=14J69032^A^;903254ÔA5/�=);âG14�6:00�MGd;�noGÙA5/�=147=)=�47690ß2^A^;â0ß2M4Ô03/ ;9G14'BE0K47t A5/1/On?%0KDMN�2�03IKI34�894J/1894lprDM6
Ψ ∈ L1(0, T ), 0 < α < 1

A56:4£=14$�1/147=¡A58jprDMIKI3D[hE8Je

(Dα
0|tΨ)(t) =

1

Γ(1 − α)

d

dt

∫ t

0

Ψ(σ)

(t − σ)α
dσ,

hEG14J694l;âG14l8:åOt»sWDMI
Γ
8:;HA^/1=18jprDM6-;âG�4>N�89NÙA5I	y N1I3476 �dA5tat A@prN1/1Fc;â0KD5/ Ö A5/1=

(Dα
t|T Ψ)(t) = −

1

Γ(1 − α)

d

dt

∫ T

t

Ψ(σ)

(σ − t)α
dσ,

694J89VW47Fc;â032547IßåMk
�jG14�S-A5V1N�;9D =14J690ß25Ai;â03254

(Dα
0|tΨ)(t) =

1

Γ(1 − α)

∫ t

0

Ψ′(σ)

(t − σ)α
dσ,

694Jã`N10K6:478
Ψ′ ∈ L1(0, T )

kSUIK47A569Ißå Ö h&4lGÙAX2M4

(Dα
0|tg)(t)=

1

Γ(1 − α)

[
g(0)

tα
+

∫ t

0

g′(σ)

(t − σ)α
dσ

]

A5/1=
(Dα

t|T f)(t)=
1

Γ(1 − α)

[ f(T )

(T − t)α
−

∫ T

t

f ′(σ)

(σ − t)α
dσ

]
.

�jG14J694JprD5694l;âG14@S-A5V1N�;âDC=1476:032^A^;9032M4£038j694JIæA^;947=�;âDC;âG14>BE0K4Jt¨A5/�/�n
?%0KD5N�2O0KIKI34j=1476:032^A^;9032M4£sdå
D

α
0|tΨ(t) = Dα

0|t[Ψ(t) − Ψ(0)].

3Ô4lGÙAX254>;9G14£prDM69t»N�IæA»D5p¸0K/d;â4$�M6âAi;â0KD5/�s`å VÙA56:;987e
∫ T

0

f(t) (Dα
0|tg)(t) dt =

∫ T

0

(Dα
t|T f)(t) g(t) dt.

� DMI3N�;â03DM/18U;9DCV169DMs�IK47t��  ��d���(� A56:4>ta4XA^/`;E03/�;âG14£prDMI3IKDµhE0K/���8947/�8945k
/Á�`Í¾ÒTÌrÐ[ÌrÑWÒ���� ?%4c;

p = p̃ + 1.
L prN1/1Fc;â0KD5/

u ∈ L1
loc(QT ) (QT := R

N × (0, T ))
0K8jAIKDOFXA^I1hU47A~zC89DMI3N�;â03DM/Q;âD&�  ��d���(� =14$�Ù/�47= DM/

QT

Ö 03p
uh1/p ∈ Lp

loc(QT , dxdt)
A5/�=¨0K8�8:N1FHG;âG1A^;

∫

QT

u0(x)Dα
t|T ϕ(x, t) dxdt +

∫

QT

h |u|pϕ dxdt

=

∫

QT

u (−∆)β/2ϕ dxdt +

∫

QT

u Dα
t|T ϕ dxdt

" _ *

prDM6EA5/då ;9478�;
prN�/1FJ;90KDM/
ϕ ∈ C2,1

x,t (QT ),
89N�FHGR;âG1A^;

ϕ(x, T ) = 0.

Æ



�jG14>0K/d;â4$�M6âA5I38-0K/�;9G14l=14$�Ù/�03;â03DM/{A56:4>8:N1V1VWDM894J=R;9DasW4lF7DM/d25476 �547/d;Xk
� p¸0K/�;âG14>A5sWDµ2M4>=14$�1/103;90KDM/ Ö

T = +∞
Ö ;âG14l8:DMIKN�;90KDM/�038jFXA5I3IK4J= �MIKDMs1A5I k

SUDM/1FJ4769/�0K/��C;âG14£prN1/�FJ;â03DM/
h(x, t)

h&4l6947ã`N103694£;âG�4>FJDM/1=10ß;â03DM/ ��� �
h(x, t) ≥ Ch|x|

σtρ for x ∈ R
N , t > 0, Ch > 0.

�jG14lA58:89N1taV�;90KDM/18UDM/
σ
A5/1=

ρ
hE0KI3I¬sW4�=14c;â476:t 03/147= ;9G169D5N��MG ;âG�4£F7DM/d2M4J6 �M4J/1F74>D5pTF74J6:;âA50K/0K/d;94 �M69A5IK8
0K/¡;9G14�V�69DOD5pD"Ê8:474 " Ó *
sW47I3D[hD*Ãk8� ;�FXA5/ sW4�47A58903I3å�894J47/�;âG1A^;�/1D¨F7DM/1=�03;â03DM/18
hE0KIKIsW4�0KtaVWDM894J=¡DM/

σ
A5/1=

ρ
03/¡FXA^894

t ≥ t0 > 0, |x| < R
A5/1=

h1−p 0K8
0K/d;â4$�M6âA^s1IK4>0K/¡A¨sÙA5I3ID5p¸6âA5=�0KN18
R
0K/

x
A5/1=�6âA5=103N18

t0
03/

t
k

����� ���
	 ��	�
�������

��Dµh Ö h&4�A^694£0K/{VWDM890ß;â03DM/ ;âDaA5/1/�DMN1/1FJ4>D5N16 �Ù698�;�6:478:N1I3;7k
��&v�`Ñ��7��# � �������

N ≥ 1 ����� p > 1 � �"!#!�$&% �'�)( � �"*,+.-0/ !"!1� �,/ !32 � �4�6537
1 < p ≤ pc = 1 +

α(β + σ) + βρ

αN + β(1 − α)
,

�)(8� �:9�;=<�>1? � % @�ACBEDGF HI�4��% /)� !J�K<ML�?N<�>#��?PO � �RQS�K<R�8� � L4� �,/)T�� !U<R?V$ �W/ <R�X!Y< �)(8� ; �)( ��� �3(8�� ; /)TU/ ��?P<R� � �
Z �[Ñ�Ñ�
 � �jG14{V16:D�D^p�V�69DOF7474J=18as`å�F7DM/d;â69A5=103FJ;â03DM/�k � N1V1VWDM894�;9GÙA^;

u
038CA /1DM/d;â6:032O0æA5I/1DM/�/14 �dAi;â03254¨8:DMIKN�;90KDM/�hEG103FHG�4cb�0K8�;â8(�MIKDMs1A5IKIßå�0K/�;â03t 4^kÁ�jGÙA^;�0K8

u
4cb�0K8�;â8�03/

(0, T ∗)
prDM6A5/dåÔA569s10ß;â69A56:å

T ∗ > 0
k ?%4J;

T
A5/1=

R
sW4¨;oh&D V¬DM8:03;9032M4a6947A5IU/`N1t�s¬4J698»8:N1FHG';âGÙA^;

0 <
TRβ/α < T ∗ kÜ DM6jIæA^;9476jN18:4 Ö I34J;

Φ
sW4>AQ89taD�D5;9G{/1DM/103/1F76:4XA58:0K/��»prN1/�FJ;â03DM/{89N1FHG�;âGÙAi;

Φ(z) =

{
1 if z ≤ 1,
0 if z ≥ 2,

A5/1=
0 ≤ Φ ≤ 1.

�jG14l;â478�;EprN1/1FJ;90KDM/
ϕ
0K8jFHG�DM894J/�89DQ;âG1A^;

∫

QT

|(−∆)β/2ϕ|p
′

(hϕ)−p′/p < ∞,

∫

QT

|Dα
t|Tϕ|p

′

(hϕ)−p′/p < ∞.
" Ó *

�¸Da478�;â03t¨A^;94�;âG14l6:00�MGd;jGÙA^/1=R8:0K=14lD5p " _ *UDM/
QTR2/θ

Ö h&4>hE6:03;â4
∫

Q
TR2/θ

u(−∆)β/2(ϕ) =

∫

QTR2/θ

u (hϕ)
1

p (−∆)β/2(ϕ) (hϕ)−
1

p .

.�8:0K/��Q;9G14
ε
n�} DMN1/��C03/147ã`NÙA5I303;oå

XY ≤ εXp + C(ε)Y p′

, p + p′ = pp′, X ≥ 0, Y ≥ 0,

:



h&4@GÙAX254l;9G14l478�;â0Kt A^;94
∫

Q
TR2/θ

u (−∆)β/2ϕ ≤ ε

∫

Q
TR2/θ

|u|phϕ + C(ε)

∫

Q
TR2/θ

|(−∆)β/2ϕ|p
′

(hϕ)−p′/p.

� 03t 03IæA56:I3å Ö
∫

Q
TR2/θ

u Dα
t|TR2/θϕ ≤ ε

∫

Q
TR2/θ

|u|phϕ + C(ε)

∫

Q
TR2/θ

|Dα
t|TR2/θϕ|

p′

(hϕ)−p′/p.

��Dµh Ö ;âA~z`0K/��
ε
8:t¨A^IKI�4J/1DMN��5G Ö hU4>DMs�;âA50K/ ;9G14l478�;â0Kt A^;94

∫

Q
TR2/θ

h|u|pϕ ≤ C(ε)

∫

Q
TR2/θ

{
|(−∆)β/2ϕ|p

′

+ |Dα
t|TR2/θϕ|

p′

}
(hϕ)−p′/p.

" ] *
L ;E;âG1038j8:;âA;�M4 Ö h&4l894c;

ϕ(x, t) := Φ

(
|x|2 + tθ

R2

)
,

hEG14J694
R
A5/�=

θ
A56:4£V¬D58903;903254£694XA^I%/ON�t»s¬4J698Jk

?%4J;
N18EV¬4J6:prDM6:t ;âG�4>FHG1A5/��M4lD5pT2^A5690KA5s1IK4J8
τ = t/R

2

θ , y = x/R,

A5/1=�894c;
Ω :=

{
(y, τ) ∈ R

N × R
+, |y|2 + τ θ < 2

}
, µ(y, τ) := τ θ + |y|2.

��Dµh Ö h&4@FHG�D�DM8:4
θ
8:N1FHGR;9GÙA^;j;9G14l6900�5G`;EG1A5/1=�890K=�478ED5p

∫

Q
TR2/θ

|(−∆)β/2ϕ|p
′

(hϕ)−p′/p

≤ R−βp′+N+ 2

θ
− p′

p (σ+ 2ρ
θ )

∫

Ω

|(−∆)β/2Φ ◦ µ|p
′

(Ch |y|
σ τ ρ Φ ◦ µ)−p′/p dydτ

A5/1=
∫

Q
TR2/θ

|Dα
t|TR2/θϕ|

p′

(hϕ)−p′/p

≤ R− 2

θ
αp′+N+ 2

θ
− p′

p (σ+ 2ρ
θ )

∫

Ω

|Dα
τ |T Φ ◦ µ|p

′

(Ch |y|
σ τ ρ Φ ◦ µ)−p′/p dydτ

A56:4>D^p¸;9G14l8âA5ta4£DM69=�476E0K/
R
k

�o/R=�DM0K/��C8:D Ö hU4 �Ù/�=
θ = 2α

β

k
3Ô4£;9G147/�GÙAX2M4l;âG14l4J8:;â03t¨Ai;â4

∫

Q
TRβ/α

h|u|pϕ ≤ CRγ " Æ *
Z



hEG14J694
γ = −βp′ + N +

β

α
− (σ +

ρβ

α
)
p′

p
,

A5/1=
C = C(ε)

∫

Ω

(
|(−∆)β/2Φ ◦ µ|p

′

+ |Dα
τ |T Φ ◦ µ|p

′

)
(Ch|y|

στ ρΦ ◦ µ)−p′/pdydτ.

��Dµh Ö 03p#h&4@FHG1DODM8:4
γ < 0

"Î;âGÙA^;
038
p < pc

*-A^/1=RI34J;
R → ∞

0K/ " Æ * Ö h&4lDMs�;âA50K/
∫

RN×R+

h|u|p ≤ 0.
" : *

;âG�0K8j0KtaV1I30K478 ;âGÙAi;
u = 0

A�ká45k Ö hEG103FHGR038�AQFJDM/d;â6âA^=10KFc;â0KD5/�k
�o/ F7A5894

γ = 0
"Ê0´km4^k

p = pc

* Ö DMs18:476:254�;9GÙA^;="ÊsW47F7A5N18:4RD5p
;âG�4�FJDM/d2M4J6 �M4J/1F74RD5p�;9G140K/d;94 �M69A5I�0K/�" Æ * *U0ßp
CR =

{
(x, t) ∈ R

N × R
+ : R2 < |x|2 + tθ ≤ 2R2

}
,;âG�47/

lim
R→∞

∫

CR

|u|phϕ dxdt = 0.
" Z *

� p#0K/�8:;â47A5= D5p#N�890K/���;âG14
ε
n�} DMN1/��@0K/14Jã`NÙA5IK0ß;oå Ö hU4�6âA^;9G1476&N1894�;9G14 ���MIK=14J6U03/147ã`NÙA5I303;oå Ö ;9G147/0K/�8:;â47A5={D5p�4J8:;90Kt A^;â4 " ] * Ö hU45�Ù/1=

∫

Q
TRβ/α

h|u|pϕ dxdt ≤ L

(∫

CR

|u|phϕ dxdt

)1/p " > *

hEG14J694
L :=

{(∫

Ω1

|Dα
τ |TΦ ◦ µ|p

′

(Ch |y|
σ τ ρ Φ ◦ µ)−p′/p dydτ

)1/p′

+

(∫

Ω1

|(−∆)β/2Φ ◦ µ|p
′

(Ch |y|
σ τ ρ Φ ◦ µ)−p′/p dydτ

)1/p′
}

A5/1=
Ω1 =

{
(y, τ) ∈ R

N × R
+ : 1 ≤ |y|2 + τ θ ≤ 2

}
..�8:0K/��9" > * Ö h&4>DMs�;HA^0K/ 2O0æA2" Z * Ö A^pÎ;9476EVÙA58:8903/��Q;âDQ;âG14lI30Kta03;UA58

R → ∞
∫

RN×R+

|u|ph dxdt = 0.

�jG1038
I34XA5=�8-;âD
u = 0

A�km4^k&A^/1=RFJDMtaV1IK4c;â478-;9G14lV169DOD5p
k
� ��#ÔÉ+��� � ��� (8� ; ��� $ / ; � % � � � γ ≤ 0,

/ � � �
	
p ≤ 1 +

α(β + σ) + βρ

αN + β(1 − α)

9�;=< TU/ � � ! $ ! O /)�3( ����; /)�W/ ����? ��
 98<R� � � � O (&/ � ( �#< / ��� / � � ! O /)�3( �)(8� O � ?)? QR�K<ROE��� $�� /)� � ��
��98<R� � � ��/ �����R! � σ = ρ = 0, α = 1 ����� β = 2.

>



� ��#ÔÉ+����� � � (8� ������?�� ! / ! �#<R$ ? � > � 9 � ;)7 <R; % � �E7 <R;6%Y<R; � L � � � ;���? (&/ L ( ?�� �K<R�8? / � � ��; ��� $ � ��W/ <R�X! !�$ � ( �R!
Dα

0|t(u − u0) + (−∆)β/2
(
|u|m−1u

)
+ a(x) · ∇

(
|u|q−1u

)
= h(x, t)|u|p.

5 � O6<R;=QU! ��? !U< 7 <R;J< �)(8� ; %Y<R; � L � � � ;���? 9�;=<�>1? � % !1�

� ���	��

��� ��������������

����� ��! 
"�$#%�&�����'

�(�)!+*-,�. �)

�/�0� �

�o/{;âG1038j8947Fc;â03DM/ Ö h&4>8:G1Dµh�G1Dµh�;9G14lt 4c;âG1DO={D5p¸V169DOD5p¸N1894J=�prDM6-;9G14lFXA58:4@D^p¾DM/�4>4Jã`NÙA^;â03DM/FXA^/RsW4lFXA56:690K4J={DMN�;jprDM6-;9G14l8:åO8:;947t�D5p¾694XA^FJ;â03DM/�n =103ä¬N18903DM/ 4JãON1A^;â03DM/18�� ��/  �





Dα
0|t(u − u0) + (−∆)β/2 u = |v|p,

03/
Q

Dδ
0|t(v − v0) + (−∆)γ/2 v = |u|q,

03/
Q

89N�sOÞ:47Fc;�;9DC;9G14l0K/10ß;â0KA5I¬FJDM/1=10ß;â03DM/18
u(x, 0) = u0(x) ≥ 0, v(x, 0) = v0(x) ≥ 0, x ∈ R

N ,

hEG14J694
0 < α, δ < 1 ≤ γ, β ≤ 2.

Ü DM6�8:0KtaV1IK03F70ß;oå Ö 0K/R8:åO8:;947t � ��/  )� ;âG14@694XA^FJ;â03DM/R;9476:t 8�A5694>;HA~z^47/ 47ã`NÙA^IT;9D
|v|p

A5/1=
|u|q

k � N�6�A5/ÙA^I3åO89038¾G1DMI3=18 �5D�DO=�prDM6¸694XA^FJ;â03DM/@;9476:t 8�D^pÙ;âG14UprD569t
f(t, x)|v|p

A5/1=
g(t, x)|u|qhEG14J694l;âG14£prN1/1Fc;â03DM/18

f
A5/1=

g
A^694lA58:89N1ta47=�;âDC8âA^;90K8�pÎå¨;âG�4>FJDM/1=10ß;â03DM/18

f(t, x) ≥ C1t
ω1 |x|d1 , g(t, x) ≥ C2t

ω2 |x|d2 ,prDM6
t > 0, x � 1, ω1 ≥ 0, ω2 ≥ 0, d1 ≥ 0, d2 ≥ 0

k
Ü DM6-;âG14l8�å�8�;â4Jt � ��/  )�[Ö h&4lGÙAX2M4l;âG14

��&v�`Ñ��7��# � �������
p > 1, q > 1. �"!#!�$&% � �3( � �

N ≤ max





δ
q

+ α −
(
1 − 1

pq

)

δ
γqp′

+ α
βq′

,

α
p

+ δ −
(
1 − 1

pq

)

α
βpq′

+ δ
γp′



 .

� (8� � 	 �3(8� !/�U! � � % @ D�1:A H * O /)�3(��)(8�:/ � /)�,/ ��?��4� � � - �&< � ! �K< � �4��% /)� �K<R� � ; /)TU/ ��?.L�?N<�>#��?O � �RQ �K<R�8� � L4� �W/)T�� !U<R?V$ �,/ <R�X!1�
Z �iÑ�Ñ3
 � �
476:4@A �dA50K/ ;9G14lV169DOD5p¸V169DOF74J47=18
sdå�F7D5/`;96âA5=�0KFJ;90KDM/�k Ü DM6 Ö I34J;

ξj(x, t) = Φ

(
t2 + |x|2θj

R2

)
, j = 1, 2

6



hEG14J694
R > 0, θ1 = β/α

A5/1=
θ2 = γ/δ

k
�jG14lhU47A~z prDM69t�N1IæA^;90KDM/ D5p¸89DMI3N�;â03DM/18-;âDC8�å�8�;â4Jt � ��/  )� 6947A5=18

∫

QTR

|v|pξ1 +

∫

QTR

u0(x)Dα
t|TRξ1 =

∫

QTR

u Dα
t|TRξ1 +

∫

QTR

u(−∆)β/2ξ1

A5/1=
∫

QTR

|u|qξ2 +

∫

QTR

v0(x)Dδ
t|TRξ2 =

∫

QTR

vDδ
t|TR2ξ2 +

∫

QTR

v (−∆)γ/2ξ2 .

.�8:0K/��Q;9G14 � �MI3=1476j03/147ã`NÙA5I303;oå Ö h&4@t AXå¨hE690ß;â4
∫

QTR

u |Dα
t|TR2ξ1| ≤

(∫

QTR

|u|qξ2

)1/q

·

(∫

QTR

| Dα
t|TRξ1|

q′

ξ
− q′

q

2

)1/q′

A5/1=
∫

QTR

u |(−∆)β/2ξ1| ≤

(∫

QTR

|u|q ξ2

)1/q

·

(∫

QTR

|(−∆)β/2ξ1|
q′

ξ
−q′/q
2

)1/q′

;

F7D5/1894JãON�47/d;âIßå
∫

QTR

|v|pξ1 ≤

(∫

QTR

|u|qξ2

)1/q

· A
" 6 *

hE03;9G

A =

(∫

QTR

| Dα
t|TRξ1|

q′

ξ
−q′/q
2

)1/q′

+

(∫

QTR

|(−∆)β/2ξ1|
q′

ξ
−q′/q
2

)1/q′

.

� 03t 03IæA56:I3å Ö h&4>DMs�;HA^0K/ ;âG�4>4J8:;90Kt A^;â4
∫

QTR

|u|qξ2 ≤

(∫

QTR

|v|pξ1

)1/p

· B
" YX\ *

hE03;9G

B :=

(∫

QTR

| Dδ
t|TR ξ2|

p′

ξ
−p′/p
1

)1/p′

+

(∫

QTR

|(−∆)γ/2ξ2|
p′

ξ
−p′/p
1

)1/p′

.

.�8:0K/��C03/147ã`NÙA5I303;90K478 " 6 *-A5/�=-" Yµ\ * Ö hU4>t Aµå hE690ß;â4
( ∫

QTR

|v|pξ1

)1− 1

pq

≤ B1/q · A
" Y5Y *

A5/1=
( ∫

QTR

|u|qξ2

)1− 1

pq

≤ B · A1/p.
" Yµ_ *

YX\



��Dµh Ö 03/
A
Ö hU4>N1894£;9G14£25A^690æA^s1IK4J8

(τ, y)
=14$�Ù/�47=¡sdå

t = Rτ and x = R
α
β y,hEG103IK4£0K/

B
Ö hU4lN18:4>;9G14£25A^690æA^s1IK4J8

(τ, y)
=14 �Ù/147=Rsdå

t = Rτ and x = R
δ
γ y.

3}4l;9G147/�GÙAX2M4l;âG�4>4J8:;90Kt A^;â4^e
( ∫

QTR

|v|pξ1

)1− 1

pq

≤ C
{
R−l1

}1/q
R−l2

" Y Ó *
hEG14J694

l1 = δ −
1

p′

(
N

δ

γ
+ 1

)
,

l2 = α −
1

q′

(
N

α

β
+ 1

)
.

�jGÙA^;
038 Ö
( ∫

QTR

|v|pξ1

)1− 1

pq

≤ CR−(
l1
q

+l2).
" Y7] *

��4ÃbO; Ö h&4�A56 �MN14lA58E03/ ;âG14lFXA^894lD5p¾AC8:0K/��5IK4£47ã`NÙAi;â0KD5/-"r894J4l;9G14>A56 �5N1t 4J/d;Es¬4JIKDµh prD569t»N1IKA
" Æ * ;â0KI3I�;9G14�47/1= D5p>;âG14�V16:D�D5p+* 03/ F7A5894

l1/q + l2 ≥ 0.
�
D5;â4 ;9GÙA^;�;âG�4¤6:47ã`N1036947ta47/d;

l1/q + l2 ≥ 0
0K8j4JãON�032^A5IK4J/d;j;âD

N ≤

δ
q

+ α −
(
1 − 1

pq

)

δ
γqp′

+ α
βq′

.
" YµÆ *

.�8:0K/��9" Y[_ * Ö hU4>DMs�;âA50K/ Ö 0K/�AQ8903t 03IæA56 t¨A^/1/1476 Ö ;âG14l4J8:;â03t¨Ai;â4

N ≤

α
p

+ δ −
(
1 − 1

pq

)

α
βpq′

+ δ
γp′

.
" Y : *

� s1894J6:254�;âGÙA^;U470ß;âG14J6 " YµÆ * DM6E" Y7: * 0K8&/1474J=147=�;9D�DMs�;âA50K/ A�F7DM/d;96âA5=103FJ;90KDM/ Ö 8:DQ03;&89N��aF74J8j;âDA58:89N1ta4
1 ≤ N ≤ max






δ
q

+ α −
(
1 − 1

pq

)

δ
γqp′

+ α
βq′

,

α
p

+ δ −
(
1 − 1

pq

)

α
βpq′

+ δ
γp′




 .

�jG14�F7A5894EhEG14J694
f
A5/1=

g
89A^;â038:pÎå»;9G14�A5s¬Dµ254�GdåOV¬D^;âG14J89478Ut¨AXåQsW4EV169Dµ2M4J= 4XA^890KIßåCA5I3DM/��;âG�4>I30K/14J8EA5sWD[254>A5/1={;âG14lFXA^894lD5p¾AC8:0K/��5IK4£47ã`NÙAi;â0KD5/RA^8
03/�;âG14lV16:D�D5pTD5p��jG14JDM694Jt Y k

� ��#ÔÉ+����� ���Y(8� � α = δ = 1, β = γ = 2, O � ; � �#< T�� ; �)(8� ���R! � ! � $X� / � �:>(����! �#<�> � �&<����� + � ; ; � ;=<����
	 	 ( <RO ��T�� ; O � ( � T��0� < / % 98<U! �0�3(8� �#<R�X! � ;�� / � p > 1, q > 1 O (&/ ? � ��! �
�#<�> � �&<M����� + � ; ; � ;#<0; ��� $ / ; � pq > 1 �

Y5Y



� ��#ÔÉ+����� � 5 � / ! ��? � ��; �)( � �.�3(8� %Y<R; � L � � � ;���? !/�U! � � %




Dα
0|t(u − u0) + (−∆)β/2 (|u|m−1u) = h(x, t)|v|p + g(x, t)|u|r,

/ � Q

Dδ
0|t(v − v0) + (−∆)γ/2 (|v|m−1v) = k(x, t)|u|q + l(x, t)|v|s,

/ � Q

�#<R$&? �S> � ������?���� � �0O /)�3( �)(8� !1��% � % ���)( <1�4�
�jG14@A5/ÙA5Ißå�8:0K8 Ö G1476:4@VW476�prDM69ta47= Ö FXA5/�s¬4lN18:47=�;âDC8:;9N1=�å{8:åO8�;â47ta8�D^p¾FJDM/d2M47Fc;â0ß2M4�4Jã`NÙAin;â03DM/18£A^8�;âG1D5894 Ö prD56�4cb�A5taV1IK4 Ö F7D5/18903=1476:47=�sdå L ta478lA^/1= � ;â69A5N��MG1A5/ � Y  k ��4J694 Ö h&4QV16:4cnpr476:694J=RI347898 �M4J/14769A5I%890ß;âNÙAi;â0KD5/18U;âDC6:47/1=14J6
;9G14l0K=147A58EA58EF7I34XA56EA^8
VWDM8:890Ks�IK45k

� � ������� �
� � � � �0��� �$

����� � � �)� !/��� ��! ����� ��!/�
	 �)! ��� ����



��� ���

�jG1038»VÙA56�;»0K8@F7DM/�F7476:/147='hE0ß;âGÔ;9G14 478�;HA5s�IK0K8:G1ta47/d;QD5pE/14JF74J898âA^6:å�FJDM/1=10ß;â03DM/18@prD56@;âG�4 4cb`n0K8�;â4J/1F74 D5pEIKDOFXA5I@"ÊA58@h&47I3IUA^8 �MI3DMsÙA5IC*�89DMI3N�;â03DM/18l;âD�� 6:DMs1IK4Jt 8&�  ������(� A5/1= � ��/� � k�� ;;âN�69/18lDMN�;l;9GÙA^;£;âG�47894aF7D5/1=103;90KDM/�8£=147VW47/1=¤DM/�;âG14CsW47GÙAX2O0KD56£D5p&;9G14a0K/10ß;â0æA^IT=1A^;HA�A5/1=�DM/;âG�4lprN�/1FJ;90KDM/
h(x, t)

"
f(x, t)

A5/1=
g(x, t)

03/{FXA58:4>D^p�� ��/  )� *&prDM6jIæA56 �M4
x
k

� 694c2�03DMN18E694J89N1Iß;â8EF7D5/1F74J69/103/��a;9G14lV169D5s1IK4Jt
{

ut = ∆u + h̃(x)|u|p,
03/

Q
u(x, 0) = u0(x) ≥ 0,

0K/
R

N

" YµZ *
A56:4
=�N14j;âD × A5IæA58:G1/10@z5Dµ2 � Y[_  A5/�=a;9D Õ A56âA58 A5/�= × 4J6989/�476D� Ó  k �o/aVÙA56�;â0KFJN1IæA^6 Ö 0ß; 0K8 8:G1DµhU4J=0K/ � Ó  ;9GÙA^;»/�D�IKDOFXA5I h&4XA~z¤/1DM/�/14 �dAi;â03254¨8:DMIKN�;90KDM/¤;âD " Y[Z *l4cb�0K8�;â8@03p-;9G14 0K/�03;â0KA5I�=ÙAi;HA

u08âAi;â0K8 �Ù478
lim

|x|→∞
up−1

0 h̃(x) = +∞,

A5/1=RA5/då�VWDM898:0Ks1I34£IKDOFXA5IWhU47A~z�/1DM/�/14 �dAi;â03254l89DMI3N�;â03DM/�s1IKDµhE8
noN1V�A^;
A?�Ù/10ß;â4�;â03t 4�03p
lim

|x|→∞
up−1

0 h̃(x)|x|2 = +∞.

�jG14&t 4c;âG1DO=@=�4J2M4JIKDMVW47=@;âG14J694U038TA5=ÙA5V�;947=@s¬4JIKDµh�;âD
;âG14 V16:DMs1IK4Jt��  ������(� hE03;9G Ö prDM6#8:0KtQnV1I30KF70ß;oå
h(x, t) ≡ h(x)

Ý%03;�hE03IKITs¬4�F7IK47A56�;9GÙA^;£0ß;�F7A5/ s¬4�N1894J=�prD56�;âG�4Q694XA^FJ;â03DM/�n =103ä¬N18903DM/8:åO8�;â47t � ��/� � k
3Ô4l8:GÙA5IKI¬;â6947A^;E;âG14lF7A5894lD5p¾AQ890K/��MIK4£4JãON1A^;â03DM/�k

��&v�`Ñ��7��# � ��� ���
u > � � ?N< ����? !U<R?V$ �W/ <R� � <��6;=<�>1? � % @�A�DMBEF H O (8� ; � T < +∞ � � (8� �O �"( � T�� �)(8�J� ! �W/ %0� � �

lim inf
|x|→∞

[
u0(x) (h(x))p′/p

]
≤ C T α(1−p′)

7 <R;"!U<R% � 98<U! /)�W/)T�� �#<R�X! � ��� � C.

Yµ_



Z �[Ñ�Ñ�
 � ?#4c;EN18
F7DM/18:0K=14J6-;âG14£prDMI3IKDµhE0K/���;â4J8:;EprN1/1Fc;â0KD5/

ϕ(x, t) = Φ
( x

R

) { (
1 − t

T

)l
, 0 < t ≤ T

0, t > T

hEG14J694
Φ ∈ W 1,∞

(
R

N
) 038&/1D5/1/14 �MA^;â0ß2M4�hE0ß;âG

supp Φ ⊂ {1 < |x| < 2}
"
supp

8�;HA5/�=18UprDM689N�V1V¬D56:; *jA5/�=�89A^;â038:pÎå
(
(−∆)β/2Φ

)
+
≤ kΦ,

prDM6j89D5t 4£FJDM/18:;âA5/d;
k > 0.

�jG14{4cb�VWDM/14J/`;
l
038CA5/då'V¬D58903;903254�694XA^Ij/ON�t»s¬4J6Q03p

p ≥ 1/(1 − α)
A5/1=

l > αp′ − 1
03p

p < 1/(1 − α).
3Ô4lGÙAX2M4

Dα
t|T

(
1 −

t

T

)l

= ΛT−α

(
1 −

t

T

)l−α

hEG14J694
Λ := Γ(1 + l)/Γ(1 + l − α)..�8:0K/��{;âG14CprDM6:t»N1IæAi;â0KD5/�" _ *£A5/1=}A{890Kta0KIKA56�A^6 �MN1ta47/d;l;âD{;âG�4 DM/�4ahEG103FHGÔI34XA5=¤N18l;âD

" ] *Us1N�;jz54J47V103/��a;9G14 �Ù698�;E;â476:t 0K/�;9G14lIK4JpÎ;-GÙA5/1=�8903=14lD5p " _ * Ö hU4>DMs�;âA50K/
∫

QT

u0 Dα
t|T ϕ(x, t) ≤ C

∫

QT

{(
Dα

t|T ϕ
)p′

+
+

(
(−∆)β/2ϕ

)p′

+

}
(h ϕ)1−p′ " Y > *

prDM6j8:DMt 4£VWDM8:03;â0ß2M4£FJDM/18:;âA5/d;
C.

�¸A~z`0K/��C03/`;9DaA5F7FJDMN1/d;E;âG14lGdåOV¬D5;9G1478:478�DM/
l
A5/1={;âG14�pÊA^FJ;;âG1A^;

Dα
t|T ϕ(x, t) = Λ Φ(x)T−α

(
1 −

t

T

)l−α

,

03p#h&4@V�N�;
t = Tτ

A5/�=
x = Ry

0K/�" Y7> * Ö h&4lDMs�;HA^0K/

T 1−α

∫

RN

u0 (Ry)Φ(y)

≤ C T 1−αp′

∫

RN

Φ(y) h1−p′

(Ry) + C T R−βp′

∫

RN

Φ(y) h1−p′

(Ry).

" Y 6 *

.�8:0K/��Q;âG�4>4J8:;90Kt A^;â4

inf
|y|>1

(
u0(Ry)h(Ry)p′−1

) ∫

RN

Φ(y) h(Ry)1−p′

≤

∫

RN

u0(Ry) Φ(y)

0K/{03/147ã`NÙA5I303;oå<" Y76 *-A5/1=�=1032O0K=�0K/��»sdå�;9G14£;â476:t ∫
RN u0(Ry) Φ(y),

hU4lDMs�;HA503/

inf
|y|>1

(
u0(Ry)h(Ry)p′−1

)
≤ C

(
T−α(p′−1) + T αR−βp′

) " _^\ *
�¾A^898903/��C;âDQ;âG14lI30Kta03;UA58

R → +∞
Ö h&4(�M4c;

lim inf
|x|→∞

(
u0(x) h(x)p′−1

)
≤ CT−α(p′−1).

" _OY *

Y Ó



Ç@Ñ��iÑWÈÊÈÊÉW�'� ��� �"!#!�$&% � �3( � � 9�;=<�>1? � % @�A�DMBEF H ( �R!:���K<R� � ; /)TU/ ��?.L�?N<�>#��?��K<R�8� � L4� �W/)T��
O � �RQJ!U<R?V$ �,/ <R��� � (8� �

lim inf
|x|→∞

(
u0(x) h(x)p′−1

)
= 0

Ç@Ñ��iÑWÈÊÈÊÉW�'� � � 537 lim inf
|x|→∞

(
u0(x) h(x)p′−1

)
= +∞,

�)(8� � 9�;=<�>1? � % @�A�DMB�F�H �����8�K< � ( � T��
��� �0?N< ����? �K<R� � ; /)TU/ ��? �K<R�8� � L4� �W/)T�� O � �RQ !U<R?V$ �W/ <R���Ç@Ñ��iÑWÈÊÈÊÉW�'� � � 537 A := lim inf

|x|→∞

(
u0(x) h(x)p′−1

)
> 0,

�)(8� � T α(p′−1) ≤ C/A O (8� ; � C
/ !�)(8� �#<R�X! � ��� � 7 <R$&��� / � � (8� <R; � %�� �

��&v�`Ñ��7��# � ��� $U9498<U! � �)( � � 9�;=<�>1? � % @�A�DMB�F�H ( �R! � �K<R� � ; /)TU/ ��? L�?N<�>#��?��K<R�8� � L4� �W/)T��O � �RQJ!U<R?V$ �,/ <R��� � (8� � 	 �3(8� ; � / ! �'98<U! /)�W/)T�� �#<R�X! � ��� � K !�$ � ( �)( � �
lim inf
|x|→∞

(
u0(x) |x|α(p′−1) h(x)1−p′

)
≤ K.

Z �[Ñ�Ñ�
 � �o/�;9G14l6947IKA^;â03DM/
T 1−α

∫

RN

u0 (Ry)Φ(y)

≤ C (T−α(p′−1) + T α R−βp′

)

∫

RN

Φ(y) h1−p′

(Ry)

prDMN1/�=R03/ ;âG14lV16:D�D5p¸D5p��jG147D56947t Y Ö hU4>t»N1Iß;â03V1I3åasdå ;âG�4>4Ãb�V1694J898903DM/
hp′−1(Ry) |Ry|α(p′−1) .h1−p′

(Ry) |Ry|α(1−p′)

0K/�890K=�4�;9G14¤0K/d;â4$�M6âA5I£03/ ;9G14¤IK4JpÎ;�GÙA^/1=�8:0K=14}A5/1= sdå
|Ry|α(p′−1) .h1−p′

(Ry)
03/18903=14 ;âG140K/d;94 �M69A5I�0K/�;9G14l6900�5G`;-GÙA5/1=�8903=145kB3}4>D5s�;HA503/ prDM6

Φ
hE0ß;âG

suppΦ ⊂ {x : R < |x| < 2R},

inf |x|>R

(
u0(x) |x|α(p′−1) h(x)p′−1

) ∫

RN

Φ(y) |Ry|α(1−p′) h1−p′

(Ry)

≤ C (T−α(p′−1) + T α R−βp′

)(2R)α(p′−1)

∫

RN

Φ(y) |Ry|α(1−p′) h1−p′

(Ry).

Ü 03/ÙA5IKIßå Ö =1032O03=10K/���s`å
∫

RN

Φ(y) |Ry|α(1−p′) h1−p′

(Ry)

A5/1={;HA�zO03/��
T = R,

hU4>47/�=RN1V{hE03;9G
inf

|x|>R

(
u0(x) |x|α(p′−1) h(x)p′−1

)
≤ C

(
1 + R(α−β)p′

)
.

�jG14lF7D5/1F7I3N18903DM/�prDMIKI3D[hE8jsdå�V1A5898:0K/��Q;âDC;âG�4>I30Kta03;UA5/1={/1D5;90KFJ0K/��»;9GÙA^;
α < β.SUDMt»s103/10K/�� ;âG�4CA56 �MN�t 4J/`;�0K/¡;9G14»V16:D�D^p�D5pf�jG147D56947t _ hE03;9G¡;âG1D5894Q0K/R;âG14»V�694J2O03DMN18;oh&D@;âG�47DM6:47ta8 Ö hU4
DMs�;âA50K/Q8:0Kta0KIKA56¾6:4789N�I3;â8D"r/147FJ478989A56:åaFJDM/1=10ß;â0KD5/18�prDM6 IKDOFXA^I14cb�0K8�;â4J/1F74�A5/1=prDM6 �MI3DMsÙA5I¬4cb�0K8�;â47/�F747*
A58j;âG1D5894>0K/�;âG14>V16:4J2O0KDMN�8E;oh&D ;9G147D56947ta8
A5/1=�;âG14J0K6jF7D569DMI3IæA56:0K478&prDM6;âG�4>F7A5894lD5p¸8:åO8�;â47t�� ��/  � k+�jG14>=14c;HA503IK8jA56:4lDMt 0ß;9;947=�k

� Ï��%Ò#ÑZ$ È>�Z���3#.�OÒ¬ÐdÛ �jG�4&;âG�0K69=@A5N�;9G1DM6#hUD5N1IK=@IK0Gz^4 ;âD�4Ãb�V1694J898�G1038)�56âA^;903;âN�=14 ;âD × 03/��Ü A5G1=�.�/�032M4J698:03;oå�D5p �¸4c;â6:DMIK4JN1t�A5/1=¡PR03/14769A5IK8-prDM6j0ß;â8 �Ù/1A5/1F70KA5I�8:N1V1VWDM6:;7k
Y7]
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>M\dÆ k

� _  �¸k Õ A56âA58{A^/1=)P¤k � 0K476:694 Ö SU690ß;��J694 =�àá4cb�0K8�;â4J/1F74¤=14�89DMI3N�;â03DM/18 VWDM8:03;â0ß2M4J8�V¬DMN�6�=1478<7ã`NÙAi;â0KD5/18�894Jt 0 noIK03/1<XA^0K694J8 /�DM/�t DM/�D5;âDM/�478 Ö L /�/�k �o/18�;Xk �>k �¸DM03/1FXA^69< Ö L /1A5I k-��DM/?%0K/1<7A50K6:4 Ö _ " Y76 >dÆ * Ö Y7>dÆ���_�Y[_ k
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� ]  �¸k Õ 0KI3476 Ö �£k Ü N1/ÙA~z`0%A^/1= 3 k L k�3}DµåOF /JåO/18Oz`0 Ö±Ü 6âA5Fc;HA5I Õ N16 �M476:8�y ã`NÙA^;90KDM/�8 Ö	� k 1�03ä¸k

y ã`87k Ö Y7] > " Y76 6;> * Ö 6��O] : k
� Æ  3 k?1�k#1�474J690K/�� A5/1= Õ k � k 3Ô4J8:; Ö�Ü 6âA5Fc;HA5I V1Gdå�8:0KDMI3D �5å Ö �9yfyfy y /��M0K/�47476:0K/���0K/PR4J=10KFJ0K/14>A5/1= Õ 03DMIKD �^å Ö
� N1/14 Ö " Y76 6d_ * ]d\ n ] : k
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