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�~����� ²���� ���
â � �7	
	X	���	���%����F�/����-Y��î>)B���N����)7������" IRN × IR × IRN �,)!���

IRN ��	��N�(����-��,)��ô��%���î'��î*	��
� ����	�-� � ����)*���������g�,%Ñ	�)B�#"#��)�������)*�����,�P-����)B���,�N����)*��. � ���

(un) � �½	 � ��î>)��´�
�7������î*��)����Ä�]� W
1,p
loc (IRN ) ={

v ∈ L
p
loc(IR

N ), |∇v| ∈ L
p
loc(IR

N )
}
� �g�,��% 1 < p < +∞ � (fn) � �7	 � ��î>)��´��� ������î*��)B�
�7��� L1

loc(IR
N )

	�)B�
(gn) � �½	 ������î*��)����½��� W

−1,p′

loc (IRN )
�{��)B���,)�� ���P�
��)����·-7�{���F���
�/.

� ����î>"#�Ä�,%*	��
(un)

��	��N�(���U�����

(H1)

∫

IRN

â
(
x, un(x),∇un(x)

)
· ∇ϕ dx =

∫

IRN

fnϕ dx+ < gn, ϕ >,

∀ϕ ∈ W 1,p
comp(IR

N ) =
{

v ∈ W 1,p(IRN ),
�g�,��%Á����"^í*	/���~��îFí´í������ }

, ϕ � ��î>)��/��� .
�B%���)

� .Ä��%����������´�(���P�Y	���î>)����P����)
u
��î*��%ô��%�	��

un(x) → u(x)
@�d 3Sd��,)

IRN �
� .

u ∈ W
1,p
loc (IRN ) �

 .Ä��%����������´�(���P�Y	7��î � ������î*��)���� � ���N�!�!���´��)B���{�
� (un) � ��î*��%Û��%�	��

∇un(x) → ∇u(x) a.e. in IRN .

ñ,E�/L7±FG36n[nÃ@ T äS3R.�3658@XFG/Îç63R7?/2. P0@X59/LDÄI�FL@X5B7�C4n[3©5O3R7I�FÅ987]CSi�æ�C=D6D6@S5O;�CXe�JKI�58@c9 á T ¿ â dòñ,EfIm7 ¾ b�3ä4/2143�@X.
@XF293R5.0@X93$P05C�CXizijC45ND65/29/LD6@SF03Ä^=PQCS.�3R.f9O7x3 ó I0@c9O/2C4.07x/G.07�93R@4;ÃCXiz9OE�3�D6CS.0D636.f958@c9O/2C4.=e�DÄCSn[P0@4Dk9O.�3R7O7�P�5O/2.0D6/2P0F23
CXi#"�d >xd�>�/GCS.07á T4T�â @S.0;�9E03�DÄC4.0DÄ3R.f958@c9/GCS.�egD6CSn[P0@SDÄ9.�3h77<@X9]/G.>ã0.�/29]åqCXi�æ�/G@S.0D8E�/�@X.0; @SF§dìá T�â ijCS5B7�I0D8E
P�5OCSl�FG36nÃ7Rd
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X � �&	Y�
�
	��21�	�)�	´�
%7�Ní�	´����	�)�� I : X → IR
	~��î>)����P����)�	��!"#	�í/íB�,)��3�I%'����%7�(�54#6��{��	�î��#��� 7�������)*�N��	 � � �F.8��Ä��	�-7��%�	���	#������î*��)B�
�

(un)n>0
�(�½	#��	�� 	��(�9;:!"7	�� �½������î*��)����Y� �<�

= 	�> ��%������½�(�½	7����	���)*î>" � ��� c
��î*�
%��,%*	��

lim
n→+∞

I(un) = c
.

= � > lim
n→+∞

I ′(un) = 0
���P�
��)����·-#�,)Ñ��%�����î*	��

X ′ .

?��� ²>¡A@B�BC )2��î>�½	�í/íD�·����	��N����)
X

�g�!�!� � ��	7�
�FE����/�,+��51�	�)�	´�
%��Ní�	´�
� � ��%�������)B���,�N����)�� = 	9>@	�)�� = � >$�g�!�!�= �]���{��)�>��,"�íG�·-n��%�� � ��î>)B�/����)B�����i��� (un) � ������"H�I%'����%I�~�J�g�!�!�´%�	�+V�i���{	��{��"#��)*� � .^	�)B� � . = �g�,��%#	/�´���,�N����)�	��
����"�í�	´���N)������K>/.7�B%��Y%'-
í*����%������(� =�L � >$�g�!�!���]���{��)������!� ���¨������" = � >�.
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Ω
lQ3[@X.�@S5l0/Å9O5O@S5�å�CSPQ36.�7�369�CXi

IRN ¾ b�3B7E0@XFGF�;=36.�CS93Bl'å ω ⊂⊂ Ω
@X.'å 53RFG@X9/G1S36FÎå DÄCSn[P0@4Dk9vCSPQ36.

7�I0l07�369
ω
CSi

Ω
ïj9E0@X9$/G7

ω ⊂ Ω
¾ b\E�365O3

ω
/L7,9E�3?D6F2Cf7�I053�CXi

ω
ðkd

>�369
1 < pi < +∞, i = 1, . . . , N

¾ b�3<7�369

p = min{pi, 1 6 i 6 N},

IL
−→p
loc(Ω) =

N∏

i=1

L
pi

loc(Ω), −→p =
(
p1, . . . , pN

)
,

W
1,−→p
loc (Ω) =

{
v ∈

N⋃

i=1

L
pi

loc(Ω) : ∇v ∈ IL
−→p
loc(Ω)

}
.

��3<5O36nÃ@S5�à[9OE0@c9 N⋃

i=1

L
pi

loc(Ω) = L
p
loc(Ω)

d

ê�C45�äS/G1S36.
q ∈ (1, +∞)

¾ b�3<;=36.�CS93<l'å
q′ := q

q−1
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ê�C45
ε > 0, σ ∈ IR, Sε(σ) =





σ if |σ| 6 ε

εsign(σ)
CX9E0365Ob\/G73

,
@X.0;

σk := Sk(σ)
ijCS5

k > 1
d

��3?7E0@SF2F�D6CS.07/G;�365$@B.�CS.0F2/G.�3R@S5\nÃ@XP
â : Ω × IR × IRN → IRN 7@X9/L7�i�å�/G.�ä0_

ï§> T ð
â(x, ·, ·)

/L7[@ D6CS.f9/G.�I�CSI07]nÃ@XP�ijC45±@SF2n[C47�9±3R1S3R5�å
x
@X.0;qijC45B@SF2F

(σ, ξ) ∈ IR × IRN ¾ â(·, σ, ξ)
/L7

n[3h@S7I�5O@Sl�FG3�ï§7�I0D8EK@BP�5OCSPQ3659]åÃ/G7
D6@XFGFG3R;KM�@X58@c9E036C=;=CS5
å[P�5OCSPQ3659]å>ð ¾

ï§> Z ð
â
nÃ@SP07\lQCSI�.0;�3R; 7�369O7,CSi

W
1,−→p
loc (Ω)

/G.49OC[lmC4I�.0;=3h;�73Ä987,CXi N∏

i=1

L
p′

i

loc(Ω)
¾

@S.0;©ijCS5$@XFGn[C47�9$@XFGF
x ∈ Ω

¾ ijC45$@XFGF
(σ, ξ)

/G.
IR × IRN ¾ â(x, σ, ξ) · ξ > 0,ijC45$@XFGn[C47�9,3R1S3R5�å

x ∈ Ω
@S.0;©ijCS5$@XFGF

v ∈ W
1,−→p
loc (Ω)

¾ 9OE�3<nÃ@XP�P0/2.�ä
u 7→ â(x, u,∇v)

/G7$D6CS.f9/G.�I�CSIm7

ij5OCSn
W 1,−→p (ω)

e�b�3R@/àÇ/2.f9OC N∏

i=1

Lp′

i(ω)
eg7�95OCS.�ä ¾ ijCS5$@SF2F

ω ⊂⊂ Ω
¾

ï§> ¼ ðÇijC45$@XFGn[C47�9,3R1S3R5�å
x ∈ Ω

¾ ijCS5$@SF2F
(σ, ξi) ∈ IR × IRN , i = 1, 2,

[
â(x, σ, ξ1) − â(x, σ, ξ2)

][
ξ1 − ξ2

]
> 0, for ξ1 6= ξ2.

ï§> Y ð©/2i�ijC45�7CSn[3
x ∈ Ω

¾ 9E0365O3N/L7!@�7�3 ó I�36.0D63 (σn, ξ1n) ∈ IR×IRN , ξ2 ∈ IRN 7�I0D8E?9E0@X9 [
â
(
x, σn, ξ1n

)
−

â
(
x, σn, ξ2

)][
ξ1n − ξ2

] @X.0;
σn

@X5O3�lQCSI0.0;=3R; @47
n → +∞

9E036.
|ξ1n|

53Rn[@S/2.m7N/G. @±lQCSI0.0;=3R; 73Ä9
CSi

IR
@47

n → +∞
d
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(un) � �½	 � ��î>)��´���#������î*��)����½��� W
1,−→p
loc (Ω)

. �B%���)

(i)
�B%������i�(�i	���î � ������î*��)����~���P�!�!���/��)�������� (un)

	�)��Y	���î>)����P����)
u ∈ W

1,−→p
loc (Ω)

��î*�
%½��%�	��
un(x) → u(x)@0d 34d^�,)

Ω
	��

n → +∞
.

(ii)
C �g��î>���,%*����"7����� � �~��	V����î>"#� = � � >� = ��� >	�)����%�	�� ∀ϕ ∈ C∞

c (Ω), ∀k > k0 > 0 :

lim sup
n→+∞

∫

Ω

â
(
x, un(x),∇un(x)

)
· ∇
(
ϕSε(un − uk)

)
6 o(1)

	��
ε → 0

��%���)Ñ��%������½���´�(�����½	#��î � ������î*��)����n���N�!�!�I�/��)�������� (un)
��î*�
%��,%*	��

∇un(x) → ∇u(x)
	´.,�a.&�,)

Ω.

?��� ²>¡A@��

� . � .Û�B%*�U��î>)B���N����)
o(1)

�,)
(ii)

"����F%>�i�´��í*��)��Û��)
k
	�)��

ϕ
.

� . � . � ���,)�� �
	�� � ��)B���	�)¨�/�,+��@	ô"7���
�½����)B����	�������	�"7���~����Ñî'���,)�� T
����������,)����{�
	´�Á�]�

W
1,p
loc (Ω) � î>���,)+F����� �]�&��î>��	
í´íG�·����	��P����)����{�Y+�	�����	��P����)�	��/íB��� � � ��"½���´�����,+�����������"���î � ��������î*	��N����)�� � ��%'�(�����
	�"7�<�~����������"½�n)���� � ��	
í/íB���
íB����	��{�a.

� .  .Û�B%*��íB���F�]�½���
(ii)

�(�Y�,%*�Y��	�"7��	V�Y�,)�� �� � � � � �
	�� � ����������)*+���)*����)���� �~�½���{í����F��î*���½�,�g%*���
�a.
� . � .Û�B%*�&	�����î>"�í��N����) = � � >Ä�(����	��P�(���U���½� �

p1 = . . . = pN = p
	�)B�~������	��!�

ω ⊂⊂ Ω � �,%*���
���(��	�����)����{	�)!�
cω > 0

	�)��#	U��î>)����P����)
a0 ∈ Lp′

(ω)
��î*��% �,%*	��>�����n	��·"7�V���X��+�����-

x ∈ ω � �����&	��!� (σ, ξ) ∈ IR× IRN �

|â(x, σ, ξ)| 6 cω

[
|σ|p−1

+ |ξ|p−1
+ a0(x)

]
.

	�)�� = ��� >7�(�Y�P��î*�Ä� �
â(x, σ, ξ) · ξ > c1

ω |ξ|p − c2
ω, c1

ω > 0
.

� . 	 . 1���î>)B�/���#�������Y�,)
W

1,−→p
loc (Ω)

�g�!�!� � � � ��î>)��/��� �,)

W 1,−→p (ω) =
{
v ∈

N⋃

i=1

Lpi(ω), ∇v ∈
N∏

j=1

Lpi(ω)
}
� �����½��+�����- ω ⊂⊂ Ω

.

� .��/. C �
p1 = . . . = pN � �~��	/�´�
í��i��%��½î'��î*	��x)�����	��P����)������5:B� � ��� ��+��Ní*	/�����<� W 1,p(ω)

	�)B�$�~�½î'��� � . � .

(n¡c¹�¹����

(i)
>)3Ä9

(ωj)j>0
lQ3�@\73 ó I�3R.0DÄ3 CSiflQCSI�.m;=3R;v5O36FL@c9O/21436FÎå
DÄC4nBPm@SDk9�7�I�lm7�369O7zCSi Ω 7I0D8E�9E0@X9

ωj ⊂ ωj+1
@X.0;

+∞⋃

j=0

ωj = Ω
d�Æ=/2.0D63

(un)n>0
/L7�lmC4I�.0;=3h;]/G.

W 1,−→p (ωj)
¾ l'åv9E�3�I07I0@XF�36n±lm3h;�;=/G.�ä47 ¾ b�3N;=3h;=I0DÄ3N9Em@c9

9OE�365O3</L7
@Ã7I�l073 ó I�36.mDÄ3 un(j)
@X.m;�@ÃijI�.0Dk9O/2C4.

u
/G.

W 1,−→p (ωj)
7I0D8E�9E0@X9

un(j)(x) −−−−−→
n→+∞

u(x)
d

��3?DÄC4.0DÄFGI0;=3vb\/29E�9E03<I07�Im@XF�;=/L@�ä4CS.0@SF�M�@S.f9CS5,P�5OC=DÄ3h77Rd

®



(ii)
>)3Ä9

ϕ ∈ C∞
c (Ω), 0 6 ϕ 6 1, ϕ = 1

CS.
ωj

@X.0;
supp (ϕ) ⊂ ωj+1

¾ @S.0;�73Ä9

∆(un, u)(x) =
[
â
(
x, un(x),∇un(x)

)
− â
(
x, un(x),∇u(x)

)]
∇(un − u)(x).

ñ,E036. CS.�3vE0@476_

(ii.1) ∆(un, u)(x) > 0
@�d 3Sd C4.

Ω
ï³;�I�3v9C�ï³> ¼ ð�ð ¾

(ii.2) sup
n

∫

ωj+1

∆(un, u)dx
/G7gã0.�/293Äï³7/G.0DÄ3

(un)
/L7�/2.Ã@�lQCSI�.0;�3R;[7�369 CXi

W
1,−→p
loc (Ω)

@S.0;?9OE�3�äS5OCcb,9E
DÄC4.0;=/29/GCS.Þï³> Z ð�ðÄd
>�369\I07$7E�Ccb�9Em@c9

lim
n

∫

Ω

ϕ∆(un, u)
1
p dx = 0

d���.�C4.�3vE0@X.0; ¾ bN3vE0@V143

∫

Ω

ϕ∆(un, u)
1
p dx =

∫

{|u|>k}

∆(un, u)
1
p ϕdx +

∫

{|u|6k}

∆(un, u)
1
p ϕdx.

ï T ð

æ�åÃ9E03����SFL;=3R5\/2.�3 ó I0@XFG/Å9]å�@X.0;�.�CX9O/GD6/2.*ä±9OE0@c9

meas
{
x ∈ ωj+1 : |u| > k

}
6

c(j)

kp
,

CS.03v;�3R;=I0D63R7�9OE0@c9
∫

{|u|>k}

∆(un, u)
1
p ϕdx 6

c1(j)

kp−1
.

ï Z ð

ï
cm(j)

@S53Ã;=/���365O36.f9]DÄC4.07�98@X.f9O7<;�36PQ36.0;=/G.�ä C4.
j
@X.m;

ϕ
l�I=9±/2.0;�36PQ36.0;=3R.f9]CXi

n
¾
ε
@S.0;

k
ðkd

��E�/GF23vijC45,9E�3?73RD6CS.0;�/G.49O3�ä45O@SF ¾ b�3�Em@V1S3
∫

{|u|6k}

∆(un, u)
1
p ϕdx =

∫

{|u|6k}∩{|un−u|6ε}

∆(un, u)
1
p ϕdx +

∫

{|u|6k}∩{|un−u|>ε}

∆(un, u)
1
p ϕdx.

ï ¼ ð

JKC453RCc1S365 ¾ 9OE�3?73RDÄC4.0;©9365On�/G.�9E�3v5O/ ä4Ef9,Em@X.0; 7/G;=3vCSi!9OE�3<FG@47�9\/G.�3 ó I0@SF2/29]å©7O@c9O/G7�ã03R7
∫

{|u|6k}∩{|un−u|>ε}

∆(un, u)
1
p ϕdx 6 c2(j)meas

{
x ∈ ωj+1 : |un − u| (x) > ε

}1− 1
p

@X.m;�7�/G.0D63
(un)

DÄC4.f14365
äS3h7[9C
u
/G. n[3h@S7I�53 ¾ b�3�;=3h;=I0DÄ3�9Em@c9 ¾ ijCS5

n
7I>éÇDÄ/G36.f9FÎå�FG@S5�ä43 ¾

meas
{
x ∈ ωj+1 : |un − u| (x) > ε

}
6 ε

dgßg9\ijC4F2FGCcb$7N9E0@X9

lim sup
n→+∞

∫

{|u|6k}∩{|un−u|>ε}

∆(un, u)
1
p ϕdx 6 c2(j)ε

1− 1
p .

ï Y ð

Æ�369�9/G.�ä
Aε

n,k = ωj+1 ∩{|u| 6 k}∩{|un − u| 6 ε}
¾ bN3�CSl=98@X/G.Ãij5C4n 9OE�3����SFL;=3R5�/G.�3 ó I0@SF2/29]å�_

∫

Aε
n,k

∆(un, u)
1
p ϕdx 6 c3(j)

(
I1
n,k(ε) − I2

n,k(ε)
) 1

p

,
ï ® ð

b\/29E

I1
n,k(ε) =

∫

Aε
n,k

â(x, un,∇un) · ∇(un − u)ϕdx,

I2
n,k(ε) =

∫

{|u|6k}

â(x, un,∇u) · ∇Sε(un − u)ϕdx.

½



Æ�/G.0DÄ3
â(x, un,∇u) → â(x, u,∇u)

7�95OCS.*äSFÎå /2. N∏

i=1

Lp′

i(ωj+1)
ïjl'å 9E03KFG@47�9Ç7�9O@c9O36n[36.f9ÇCSi

ï³> Z ð�ðN@S.0;
∇Sε(un − u) ⇀ 0

/G. N∏

i=1

Lpi(ωj+1)
e�b�3R@/à ¾ b�3<;=3R;�I0DÄ3v9OE0@c9

lim
n→+∞

I2
n,k(ε) = 0,

ï³½�ð

b\E�/GF23�ijC45,9E�3v9O365On
I1
n,k(ε)

¾ b�3näS3Ä9h_

I1
n,k(ε) 6

∫

Ω

â(x, un,∇un) · ∇
(
ϕSε(un − uk)

)

−

∫

Ω

â(x, un,∇un) · ∇ϕSε(un − uk)dx.
ï U ð

Æ�/G.0DÄ3
∣∣∣∣
∫

Ω

â(x, un,∇un) · ∇ϕSε(un − uk)dx

∣∣∣∣ 6 c4(j)ε,
ï§¿´ð

9E03v@477I�n[P=9O/2C4.
(ii)

/GnBP0F2/G3R7,9OE�36.

lim sup
n→+∞

I1
n,k(ε) 6 c4(j)ε + o(1)

@S7
ε → 0.

ï õ ð

MNCSn±l�/G.�/2.*ä±5O36FL@c9O/2C4.07Yï ® ð ¾ ï§½´ð�@X.0;Þï õ ð ¾ /29\ijCSFGFGCcb$76_

lim sup
n→+∞

∫

Aε
n,k

∆(un, u)
1
p ϕdx 6 o(1)

@47
ε → 0.

ï TRW ð

ê�5OCSn�53RFG@X9/GCS.¨ï T ð ¾ ï Z ð ¾ ï ¼ ð ¾ ï Y ð ¾ @X.0;Þï TRW ð ¾ bN3<;=3h;=I0D63S_

lim sup
n→+∞

∫

Ω

∆(un, u)
1
p ϕdx 6 o(1)

ï³@47
ε → 0) + O

(
1

kp−1

)
.

ï T4T ð

>�369�9O/2.�ä�ã0587�9
ε → 0

@X.0;©9E036.
k
9OCÃ/2.>ãm.�/Å9]å ¾ b�3�9OE�36. C4l=9O@S/2.�_

lim
n→+∞

∫

Ω

∆(un, u)
1
p ϕdx = 0.

ê�5OCSn�b\E�/GD8E�b�3v;�3R;=I0D63v9E0@X9\ijCS5$@[7I�l073 ó I�36.mDÄ3 (ujn
)n>0

¾

∆(ujn
, u)(x) → 0

@�d 3Sd�C4.
ωj ,

��.,�F. 9OE�365O3v/G7$@[7I�l073Ä9
Λj

CSi
ωj

7I0D8E©9OE0@c9
meas(Λj) = 0

@S.0;

∆(ujn
, u)(x) → 0 ∀x ∈ ωj \ Λj .

ñ,E�3R. ¾ ;�I�3Ã9C 9E�3ÇE'å�PQCX9E03R7/G7@ï³> Y ð ¾ 9E�3�7�3 ó I�36.0D63 (|∇ujn
|)
/G7<lQCSI0.0;=3R;�/2.

R
d ��3�DÄFL@X/Gn

9Em@c9

∀x ∈ ωj \ Λj , ∇ujn
(x) −→ ∇u(x).

Æ�I�P0PmCf7�3<9OE0@c9�9E�3±FG@47�9�DÄFL@Xn[3?/L7\i³@XFL73 á ThW=¾BõVâ�¾ 9E036.K9OE�365O3±@S53
x ∈ ωj \ Λj

¾
z∗(x) 6= ∇u(x)@X.m;�@[7I�l073 ó I�36.mDÄ3 (|∇uj′n |)

14365O/Åi�å�/G.�ä

∇uj′n(x) −→ z∗(x).

U



Æ�/G.0DÄ3
â
/L7
M�@X58@c9OE�36C=;=C45�å ¾ 9E�3?D6CS.f9/G.�I�/Å9]åÃ/Gn[P�FG/23h7,9E0@X9




[
â
(
x, u(x), z∗(x)

)
− â
(
x, u(x),∇u(x)

)]
·
(
z∗(x) −∇u(x)

)
= 0

z∗(x) 6= ∇u(x),

b\E�/LD8E©/L7�/2. DÄC4.49O5O@4;=/LDk9/GCS.©b\/Å9OE©9OE�3vE�å�PQCX9OE�3R7/G7nï§> ¼ ðÄdXñ,E�3�P�5C�CSi)/G7\@4D8E�/G361S3h;Ãl'å[9E�3<;=/L@�ä4CXe
.0@SFzP�5C=D63R7O7NCSixM�@S.f9CS5hd

♦

(n¡c¹�¹��
¹�� �U����� ² � '¯±¹!¡c¹m°§°³²>¡ � ¹ �\¸ � � ¹*¡ ��� � /
�$3R53 ¾ b�3]Em@V1S3

p1 = . . . = pN = p
d<Æ�/2.mDÄ3

(un)
lQ36FGCS.�äf7\9OC�@ÇlQCSI0.0;=3R;�7�369�CSi

W
1,p
loc (IRN )

¾ 7�9O@c9O36n[36.f9

(i)
CSi~ñ,E�36C453Rn T /2n[P�FG/G3R7
9E0@X9�9OE�365O3]/L7�@ÃijI�.0Dk9O/2C4.

u
@X.0; @©7I�l073 ó I�36.mDÄ3]7�9/GF2F ;=3R.�CX9O3R;Kl'å (un)

7�I0D8E
9E0@X9

un(x) −−−−−→
n→+∞

u(x)
@0d 34d�/G.

IRN ,

@X.0;

u ∈ W
1,p
loc (IRN ).

ñ,E�36.�ijC45$@XFGF
ϕ ∈ C∞

c (IRN ), ϕSε(un − uk)
/L7$@X.�36FG36n[3R.49$CSi

W 1,p
comp(IR

N )
@X.0;

∣∣∣∣
∫

IRN

fnϕSε(un − uk)dx

∣∣∣∣ 6 ε |ϕ|∞ |fn|L1(ω) 6 c(ϕ)ε,
ï ThZ ð

ï ijC45$3614365
å
ϕ
7I0D8E©9OE0@c9

supp (ϕ) ⊂ ω, ω
/L7\@ÃDÄC4nBPm@SDk9\CSi

IRN ð ¾ @S.0;
∣∣< gn, ϕSε(un − uk) >

∣∣ 6 |gn|W−1,p′ (ω)

∣∣ϕSε(un − uk)
∣∣
W 1,p(IRN )

.

-
7/2.*ä,9E�3 i³@4Dk9�9OE0@c9 ∣∣ϕSε(un − uk)
∣∣
W 1,p(IRN )

/G7)lmC4I�.0;=3h;�/G.0;=3RPm3R.0;=3R.49OF å�CXi
ε
¾
n
¾
k
@X.0;�9OE0@c9

|gn|W−1,p′ (ω) −−−−→n→∞
0
¾ /29$E�C4FG;�7R_

lim sup
n

∫

IRN

â(x, un,∇un) · ∇
(
ϕSε(un − uk)

)
dx 6 O(ε).

ê�/2.0@SF2FÎå ¾ ñ,E�36C453Rn T 36.0;�7�9OE�3<P�5OC�CXi�d
♦

?��� ²>¡A@���� 	�)!-����´����)�������)*���]�^��%��7�B%���������" � ��	�) � ��"7	/�´� = �����^�,)*���{	�)B���&��)@"7	�)!� ����� ���n������)Û"#��	���î>�����Ní�	´�����;>/. L ����� � �~�^��%��F�V������%��^	 � ��+��4����	�"#���~����~�������,%*�^	
í´íG�·����	��P����)��#�~�i"7	/�´�U%������F.��½��+�������%���� ���
� ���)B����	�)¨î'���@�B%������
��" � ����� �~�����F%>����� �Pí*	/�����½�
%*�a�����,)'�ô�
�����������K�·-7��%����
í*��)Ñ�����
Ω
	�)����%��Y"7	
í

â
.

:B��"#�������î �������,)ì�,%*	��n���,�������P����)Þ%�	�+V� � ����) 	��·����	/��-�"#	´�/� � - � 	����
%>� � � � � � 	�)��Á	��R��� � -�����)��2��î*	�) � � ��B%�	´� L î>� �´�,î � 	�� î'���,)���,%*�Y"7����%��F�Û�]� � ��� � �� �� .

	 
7×�� � ��� � �
	�� ��� ×� � 	 	 ��Ü�Ú �nÕIÜ�×ÄÔ ��Ý

����� � 3\�� *����� ���

��3N7�98@X59�l�å�53hDÄCc14365O/2.�ä�@,53hDÄ3R.49�5O3R7I�F29�CXi �?d ��E�åf@&á Uaâ I07/2.�ä,9OE�/L7)@XF293R5.m@c93�P�5OC�CXixïjb\/29E�C4I=9!D6CS.0D636.f958@c9O/2C4.=e
DÄC4nBPm@SDk9O.�3R7O7,P�5O/2.mDÄ/GP�F23h7
ð�9OCÇ7�E�Ccb�9E0@X9$bN3<7/2n[P�FG/Åi�å©9E�3?@SI=9E0CS5Fë 7,P�5OC�CXi�d

¿



ê�C45,9E�/L7 ¾ bN3v5O3RD6@SF2F�@BP0@S5�9\CSi!9OE�3?@XI=9OE�CS5Fë 7�ij58@Xn[3RbNC45�à�d
>�369

1 < p < N, p∗ =
Np

N − p

@X.0; FG3Ä9
Ω
lQ3 @X.#I�.�lQCSI�.0;�3R;#CSPQ36. 7�369Çb\/Å9OE�7�n[C�CX9OE lQCSI�.m;�@X5
å /Åi

∂Ω 6= ∅, θ(x), a(x), K(x)
lQ3�9E�5O363�.�CS.�.�3�äf@c9/G1S3©ijI�.0DÄ9/GCS.07Bb\/29E 9E�3 @S;�;�/Å9O/2C4.0@XF,5O3�äSI0FG@S5/29]å 9OE0@c9

θ ∈ C2(Ω), a ∈ Lr(Ω)
ijCS5�7�C4n[3

r ∈

[
N

p
, +∞

] @S.0;
K
/L7$7�ImD8E 9E0@X9

e(p−p∗)θ(x)K(x) = V (x)
¾ lQ36/G.�ä

lmC4I�.0;=3h;zd

ñ,E�3?@XI�9E�C45$;=3�ã0.03R;�9E�3�ijC4F2FGCcb\/2.*ä[73Ä987\@X.0; ó I0@S.49O/Å9O/23h7

Lp(θ, Ω) =
{
u ∈ Lp(Ω);

∫

Ω

epθ(x) |u|p dx < +∞
}
,

W 1,p(θ, Ω) =
{
u ∈ W

1,p
0 (Ω) :

∫

Ω

epθ
(
|u|p + |∇u|p

)
< +∞

}
,

λ1 = inf
u∈W 1,p(θ,Ω)\{0}

{∫

Ω

epθ(x) |∇u|p dx
/∫

Ω

epθ(x)a(x) |u|p dx

}
> 0,

Iθ(u) =
1

p

∫

Ω

epθ(x)
(
|∇u|p − λa(x) |u|p

)
dx −

1

p∗

∫

Ω

epθ(x)K(x) |u|p
∗

dx,

ijCS5
u ∈ W 1,p(θ, Ω)

dñ,E03Ç@XI=9OE�CS5?7E�Ccb�3R; ¾ I0.0;=365±7�C4nB3ÃE'å�PQCX9E03R73R7vCS.
θ
@X.0;

Ω
¾ 9E0@X9

W 1,p(θ, Ω)
/L7

36n±lm3h;�;=3R; DÄCS.f9O/2.�I�C4I07�FÎå¨ï³53h7�P)d�D6CSn[P0@SDÄ9FÎå�ð,/2.
Lq(θ, Ω)

P�5OCc1�/G;�3R;�9E0@X9
q ∈ [p, p∗]

ï³53h7�P)d
q ∈ [p, p∗)

ðÄd
JKCS5O36Cc14365 ¾ /G. 9OE�/L7�7/29I0@X9/GCS. 9OE�3I"�C4/2.mD6@X5O:]/G.�3 ó Im@XFG/Å9]å E�C4FG;�7�9O5I�3 ¾ b\E�/GD8E�/2n[P�FG/G3R7�9E0@X9�9OE�3Ã7�3Rn[/Åeg.�CS5On
(∫

Ω

epθ |∇u|p dx

) 1
p /L7?/G.�i³@SDk9B@ .�CS5On�C4.

W 1,p(θ, Ω)
d ��3©7E0@XFGFxP�5OCc1S3±9E03ÃijCSFGF2Ccb\/G.�ä " @XFL@X/L7]Æ�nÃ@XFG3

P�5OCSPQ3659]åQ_

��� � ¹!¡ ��� �
�I)B�/���Û��%��¨	 � ��+��7í�����í������P- � �����Ñ��+V����- λ < λ1 � 	�)*-Ñ��	�� 	��(�9;:�"#	�� �Ñ������î*��)B��� (um)m

���
Iθ
��)

X =

W 1,p(θ, Ω)
��	��P�(����-��,)�� �

= 	�>
Iθ(um) → bθ

= � > I ′θ(um) → 0 in
(
W 1,p(θ, Ω)

)′ = ��î*	��I�]�
X
>

����)*�{	��,)*�½	����)!+V���P����)!�~��î � ������î*��)B���Y�,) W 1,p(θ, Ω)
í�����+a���´�����%�	��

0 < bθ < b∗θ =
1

N
S

N
p |V |−

N−p

p
∞ ,

�I%������

S = inf
u∈W 1,p

0
(Ω)\{0}

{∫

Ω

|∇u|p dx
/(∫

Ω

|u|p
∗

dx

) p

p∗

}
.

?��� ²>¡A@�� �B%���������" � �
���������Pí*��)B�V�Ä�{�Ñ�B%������
��" � . � �,)���� � .

(n¡c¹�¹��
¹��\¸ � � ¹!¡ �2� �
ñ,E�3?73 ó I�36.mDÄ3 (um)

/L7,lQCSI�.0;�3R;�/2.
X
@S7,/29$b�@47�CSl07365O1S3h;Ç/G.2á UFâ d���.�CS.�3vE0@S.0;�CS.�3vE0@47

Iθ(um) −
1

p∗
< I ′θ(um), um >=

1

N
‖um‖p

X −
λ

N

∫

Ω

a(x) |um|p epθdx

õ



@X.0; @SP�P�FÎåf/G.�äB9E035"�C4/2.mD6@X5O:Äe�Æ�C4lmC4F23R1B/G.�3 ó Im@XFG/Å9]å ¾ 9E�3R53v/L7$@BPmCf7�/29/G1S3<DÄC4.07�9O@X.f9 c
7�I0D8E�9OE0@c9

1

N

(
1 −

λ

λ1

)
‖um‖p

X 6 Iθ(um) −
1

p∗
< I ′θ(um), um >6 c.

ñ,E�I07 ¾ ∫
Ω

epθ(x)K(x) |um|p
∗

dx
@S.0; ∫

Ω

epθ(x)a(x) |um|p dx
@X5O3]lQCSI�.0;�3R;�/2.0;�36PQ36.0;=3R.f9FÎåKCXi

m
dYßgiNb�3

7�369

â(x, ξ) = epθ(x) |ξ|p−2
ξ, x ∈ Ω, ξ ∈ IRN ,

9E�3R.
â
7O@c9O/G7�ã03R7�D6CS.0;=/29/GCS.m7Uï§> T ð�e�ï§> Y ð~ï§7�/G.0DÄ3

θ ∈ C(Ω)
ðÄd ��/29E±9E03,;�3�ã0.�/29/GCS.±CXi

X
¾ bN3�nÃ@Vå�9OE�36.[@XP0P�F å

9E�3&ã0587�9�7�9O@c9O36n[36.f9,CXiIñ,E036CS5O36n T 9C[DÄCS.mDÄFGI0;=3$9OE0@c9�9E0365O3�/L7,@X.Ç3RF23RnB3R.f9
u ∈ X

@S.0;Ç7I�l073 ó I�3R.0DÄ3�7�9O/2FGF
;=36.0CX93h;

(um)
7I0D8E�9E0@X9

um(x) → u(x)
@�d 3Sd�/G.

Ω.

ê�I�59E0365OnBC453[7/2.0D63
Sε(um − uk) ∈ X

@S.0; ∥∥Sε(um − uk)
∥∥

X
6 ‖um‖X + ‖u‖X

¾ bN3#äS369�ijC45<@XFGF
ϕ ∈

C∞
c (Ω)

_
∫

Ω

â(x,∇um)· ∇
(
ϕSε(um − uk)

)
dx

6 λε

(∫

Ω

epθ(x) |um|p a(x)dx

) 1

p′

(∫

Ω

ϕpepθ(x)a(x)dx

) 1
p

+ε

(∫

Ω

epθ(x) |um|p
∗

K(x)dx

) 1

p∗
′

(∫

Ω

ϕp∗

epθ(x)K(x)dx

) 1

p∗

+c ‖I ′θ(um)‖X′

(
‖um‖X + ‖u‖X

)
.

ñ,E�I07 ¾
lim sup
m→+∞

∫

Ω

â(x,∇um) · ∇
(
ϕSε(um − uk)

)
dx 6 O(ε).

ñ,E�I07 ¾ ij5C4n ñ,E�36C453Rn TS¾ Pm@S7O7�/G.�äB/Åi�.�3RD63R7O7@S5�å[9OCÃ@Ã7�I�lm7�3 ó I036.0D63 ¾ ∇um(x) −−−−−→
m→+∞

∇u(x)
@�d 3Sd /G.

Ω
d

� ê�5OCSn���/Å98@XFG/Pë 7,9OE�36C453Rn ¾ b�3�9E�3R.K;=3R;=ImDÄ3v9Em@c9
u
/L7\@BD65/29/LD6@SFzPmC4/2.f9$CSi

Iθ
¾ 9Em@c9$/L7 ¾

∀φ ∈ X, < I ′θ(u), φ >= 0.

H 9\9E�/L7$7�9O@/äS3 ¾ b�3<@XP�P0F åÃ9OE�3Äæ�5:aç6/L7�e�>�/G36l�F23Rn[n[@ôá ZFâg¾ 9Em@c9$/L7�ij5C4nt9E03�3 ó I0@c9O/2C4.07 ¾

< I ′θ(u, u >= 0, < I ′
θ(um), um >= o(1),

bN3v9OE�36. E0@V143

lim
m→+∞

∫

Ω

epθ(x) |∇(u − um)|p dx = lim
m→+∞

∫

Ω

epθ(x) |um − u|p
∗

(x)K(x)dx =: `.

ï�è
CX93x9E0@X9�ij5C4n�9OE�3 /2.f9O3�äS58@Xl0/2FG/Å9]å
CXi
a
@X.m;
9OE�3xlQCSI�.m;=3R;=.03R7O7zCXi

(um)
/2.

X
¾ b�3x;=3R;=ImDÄ3 9OE0@c9

lim
m→+∞

∫

Ω

a(x) |um − u|p epθ(x)dx =

0
ï³7363 "x5OCSPQC47/Å9O/2C4. T lQ36FGCcb�ðkdRð

Æ�/G.0DÄ3
V (x) = e(p−p∗)θ(x)K(x)

/G7\lQCSI0.0;=3R; ¾ bN3<;=3h;=I0D63

` 6 |V |∞

∫

Ω

ep∗θ(x) |um − u|p
∗

(x)dx + o(1).

TRW



ê�5OCSn 9OE�3?;=3�ã0.�/29/GCS. CXi
S
¾ CS.03�C4l=9O@S/2.m7

` 6 |V |∞ S
p∗

p `
p∗

p
d

ßgi
` = 0

¾ 9E�3<P05C�CXi�/G7\;�CS.�34d

ßgi
` 6= 0

9OE�36.
` > S

N
p |V |−

N−p

p

∞

d�Æ�/2.mDÄ3 ¾
lim
m

Iθ(um) = bθ
¾ 9E�I07

bθ =
1

N

∫

Ω

|u|p
∗

K(x)epθ(x)dx +
1

N
` + o(1)

ï³7�9/GF2F)I07�/G.�äB9E03ÄæN5O:�çR/G7�e�>�/G36l4ë 7�F23RnBnÃ@�ðkd

ñ,E�36.
bθ >

1

N
` >

1

N
S

N
p |V |−

N−p

p

∞ = b∗θ
¾ b\E�/GD8Eôä4/2143R7,@[DÄCS.f9O5O@4;=/GDÄ9/GCS.�dgñ,E�I07,.�3hDÄ3h77O@X5O/2FÎå

` = 0
d

♦

ß�.�9E�3Ã.�36^�9?3Ä^�@Xn[P�FG3 ¾ bN3#äS/G1S3Ã@ DÄFL@S7O7/GDR@XF 3Ä^=/L7�9O36.0D63[53h7�I�F29<b\/Å9OE�@�.�36b*P�5OCfCSiNl0@47�3h; C4.qCSI�5
@XP�P05Cf@SD8E�d

����� � 3\�� *����� � �

ß�.�9E�/L7<P0@S5O@/äS58@XP�E ¾ b�3Ã@X5O3BD6CS.0D6365O.�3R;�b\/Å9OE�9E�3Ã36^�/L7�936.mDÄ3[CXinï³@c9?FG3R@47�9�ð�CS.�3[PQC47/Å9O/2143[7CSFGI=9O/2C4. 9OC�9OE�3
36FGF2/GP=9O/GDvP�5OCSl0F23Rn

−∆pu = λa(x) |u|p−2
u + |u|p

∗−2
u
/G.

IRN ,
ï T ¼ ð

b\E�365O3B9E�3[ijI0.0Dk9O/2C4.
a
7O@c9O/G7�ã03h7
9OE�3[ijCSFGFGCcb\/2.�ä DÄC4.0;=/29/GCS.07R_

a > 0
C4.

IRN ¾ a 6≡ 0
@X.m;

a ∈ L
N
p (IRN )

d
ñ,E�3<P0@S5O@SnB3693R5

λ
/G7$@477I�n[3R;Ç9CÃlQ3<PmCf7�/29/G1S3 ¾

1 < p < N
@X.m;

N > 3
d

MNCS.07/L;=365,9OE�3��xI�FG365eg>!@�ä45O@S.�äS3
ijI�.0Dk9O/2C4.0@XF�@477C=DÄ/L@c9O3R;Ã9OC$"x5OCSl�FG36n ï T ¼ ðN;�3�ã0.�3h;�l�å

Jλ(u) :=
1

p

∫

IRN

|∇u|p dx −
λ

p

∫

IRN

a(x) |u|p dx −
1

p∗

∫

IRN

|u|p
∗

dx

b\E�/LD8EK/G7
CXixDÄFL@S7O7
C1(D1,p(IRN ))

d���3?53hD6@SF2Fz9OE0@c9
D1,p(IRN )

/L7,9OE�3±D6CSn[P�FG3Ä9/GCS. CSi�9OE�3±7P0@4DÄ3
D(IRN )b\/Å9OE 53h7�PQ3RDÄ9\9CB9E�3<.0CS5On

‖ϕ‖ :=

(∫

IRN

|∇ϕ|p dx

) 1
p

.

ñ,E�3?7P0@SD63
D1,p(IRN )

D6@S.�@SFG7C±lQ3?73636. @S7

D1,p(IRN ) =
{
ϕ ∈ Lp∗

(IRN ) : |∇ϕ| ∈ Lp(IRN )
}

.

æ�å©7�C4F2I�9/GCS.07,CSi "x5OCSl�FG36n ï T ¼ ðNbN3vI�.0;�36587�98@X.0;�DÄ5O/Å9O/GDR@XFzPQCS/G.f9O7,CXi!9E�3vijI0.0Dk9O/2C4.0@XF
Jλ
d A\3Rn[@S5�àÇ9E0@X9�9OE�3

ijI�.0DÄ9/GCS.0@SF
Jλ

/G7]lmC4I�.0;=3h; .�3R/Å9OE�365B@XlQCc1S3Ã.�C45?lm3RF2Ccb C4.
D1,p(IRN )

dÁñ,E�3R. ¾ 9C�ãm.0; PQC47O7�/Gl�FG3ÇDÄ5O/Å9O/GDR@XF
PmC4/2.f987�CSi

Jλ
¾ bN3±F2/Gn[/Å9v9OE�3B7�9Im;>å 9C©9E�3[DÄC455O3R7PmC4.0;=/G.�äè
36E0@S5/�nÃ@X.�/2ijCSFL; b\E�/LD8E D6CS.f9O@S/2.07�@XFGF�DÄ5O/Å9O/GDR@XF

PmC4/2.f987\CXi
Jλ
d ��3<5O3RDR@XFGFm9OE0@c9\9OE�3Äè$3RE0@X5O/znÃ@X.�/2ijCSFL; @S7O7�C=D6/G@X93R;Ç9C

Jλ
¾ ;=3R.�CX9O3R;�l'å

NJλ

¾ /G7$;�3�ã0.�3h;�l�å

NJλ
:=
{
ϕ ∈ D1,p(IRN ) \ {0} : J ′

λ(ϕ)(ϕ) = 0
}

.

ß�.�9E�3?73 ó I�3RF ¾ b�3vb\/2FGF)73Ä9 ‖u‖a,p :=

(∫

IRN

a(x) |u|p dx

) 1
p d

�~����� ² � �����½��+�����-
λ > 0 � �,%*�~��î>)B���N����)B	�� Jλ

�(� � ��î>)B�/��� � ��� ��� ��)Ñ��%�� �½��%�	����X"#	�)*� ����� � NJλ

.

TST



(n¡c¹�¹���� ê0CS5\3R1S365
å
u ∈ NJλ

¾ /Å9$E�C4FG;07

Jλ(u) =

(
1

p
−

1

p∗

)
‖u‖p∗

p∗ =
1

N
‖u‖p∗

p∗ ,

@X.0;�9OE�/G7$36.0;�7�9OE�3<P�5OC�CXi�d
♦H 7�lQ3ÄijCS5O3 ¾ ;=I03�9OC$9E03N/G.f93�ä45O@Sl�/GF2/29]å�CSi

a
¾ 9OE�3,DÄCSn[P0@4Dk9�36n]lQ3R;0;=/2.*ä

D1,p(IRN ) ⊂ L
p
loc(IR

N )
¾ 9OE�3 ��/Å98@XFG/Pë 7

9E�3RCS5O36nt/Gn[P�FG/23h7,9E�3vijC4F2FGCcb\/G.�äB7�9O@X93RnB3R.f9R_

�~����� ² � �B%�����î>)����P����)�	��

D1,p(IRN ) −→ IR

u 7−→

∫

IRN

a(x) |u|p dx

�(�5�~�
	 ���-@����)*�N�,)*î*��î'��.

��3<5O3RDR@XFGF�9E0@X9\9E�3Äè
36E0@S5/znÃ@S.�/ÅijC4FG;�D6@S.�lQ3?D8E0@S5O@4Dk93R5/Îç63h;Çn[CS5O3�3Ä^=P�FG/GD6/Å9OF å�l�å

NJλ
:=

{
tϕ ; (t, ϕ) ∈ (IR \ {0})× (D1,p(IRN ) \ {0}) :

d

dt
Jλ(tϕ) = 0

}
.

ê�C45,9E�/L7\5O3R@S7CS. ¾ b�3v/2.f9O5C=;=I0D63�9E�3<n[C=;=/ ã03R;�ijI�.0DÄ9/GCS.0@SF

J̃λ(t, u) := Jλ(tu),
CS.

IR ×D1,p(IRN ).

Æ�/G.0DÄ3vb�3v@S53�/G.49O365O3R7�93h;©/G.�PQC47/29/G1S3v7�C4F2I=9O/2C4.07N9C "x5OCSl�FG36n ï T ¼ ð ¾ b�3�5O3R7�95O/LDk9\CSI�58736FG1S3R7N/G.�b\E0@X9,ijCSFGF2Ccb$7
9C

t > 0
d

H ;=/G53hDk9�D6CSn[P�I=98@c9O/2C4. 7E�Ccb$7,9OE0@c9
ijCS5$3R1S365
å
u ∈ D1,p(IRN ) \ {0}

¾ 9E�3R53</L7
@[I�.0/ ó I�3?1c@SF2I�3 λ(u)
CSi

λ;=3�ãm.�3R;�l'å

λ(u) =
‖∇u‖p

p

‖u‖p
a,p

,

7�ImD8E�9OE0@c9,ijC45\361S3R5�å
λ ∈ (0, λ(u))

¾ CS.�E0@47
t(u, λ)u ∈ NJλ

¾ b\E�3R53

t(u, λ) =

(
‖∇u‖p

p − λ ‖u‖p
a,p

‖u‖p∗

p∗

) 1

p∗
−p

.
ï TRY ð

��3</G.f95OC=;=I0DÄ3

λ1 := inf
u∈D1,p(IRN )\{0}

λ(u)

b\E�/LD8E�/L7,.�CS9$CX9E0365,9Em@X.�9E�3nã0587�9$36/ÎäS36.�1c@XFGI�3�9C[9OE�3<.�CS.0F2/G.�3R@S5,36/ÎäS36.�1c@XFGI�3vP�5OCSl�FG36n

−∆pu = λa(x) |u|p−2
u
/G.

IRN .

� ê�5OCSn >)36n[nÃ@ ï ¼ ð ¾ b�3ôäS3Ä9ÇD6F23h@X5OF åq9OE0@c9[9E03 D8E0@X58@SDÄ9365O/L7�9O/GD©1V@SF2I03
λ1

/G7[PQC47/29/G1S3Sd è$Ccb ¾ ijCS5Ã3R1S365
å
λ ∈ (0, λ1)

C4.�E0@47,n[CS5O3�P053hDÄ/L7�3RF å

NJλ
=
{
t(u, λ)u : u ∈ D1,p(IRN ) \ {0}

}
.

ê�C45\361S3R5�å
λ ∈ (0, λ1)

¾ b�3v/2.f9O5C=;=I0D63

α(λ) := inf
u∈NJλ

Jλ(u) = inf
u∈D1,p(IRN )\{0}

Jλ(t(u, λ)u).

ThZ



ßg9$/G7$.�CX9$;=/ éÇDÄI�F29$9CÃ7363�9Em@c9\9E03vijI�.0Dk9O/2C4.0@XF

D1,p(IRN ) \ {0} −→ IR

u 7−→ Jλ(t(u, λ)u)

/G7
0−
E�CSn[C´äS36.036CSIm76d�ñ,E�36. b�3&ä43Ä9

α(λ) = inf
u∈S

Jλ(t(u, λ)u),
ï TV® ð

b\E�365O3
S
/G7,9OE�3<I�.�/29
7P�E�365O3v/2.

D1,p(IRN )
dXß�.�9E�/L7\P0@S5�9O/GD6I�FG@S5\D6@S73 ¾ b�3vE0@V1S3v/G.�i³@SDk9

α(λ) := inf
u∈S

(
1

p
−

1

p∗

)(
‖∇u‖p

p − λ ‖u‖p
a,p

‖u‖p
p∗

) p∗

p∗
−p

.

ß�.[b\E0@c9 ijC4F2FGCcb$7 ¾ bN3,b\/GF2F�b\5O/293
(PS)c

9OC?;=36.�CS93\@ " @XFL@X/L7�e�Æ�nÃ@XFG3,7�3 ó I036.0D63�CSi Jλ
b\/Å9OEB9E�3\FG361436F

c ∈ IR
d

�~����� ² � � ���
λ ∈ (0, λ1)

.7�B%����������´�(�����Ä	7"��,)*�,"�� ���,)�� ������î*��)B���½�]� = �
	 >�/��)�������� � - (un) ⊂ S
��î*��%

�,%*	�� �
ïj/,ð

0 < lim inf
n→∞

t(un, λ) 6 lim sup
n→∞

t(un, λ) < +∞
.

ïj/G/(ð
(t(un, λ)un)

�(�½	 � ��î>)B�/�����^	�� 	��(��;:�"#	�� �½������î*��)����X����� Jλ
.

(n¡c¹�¹���� >�369�I07x;=3R.�CX9O3
Un := t(un, λ)un

¾ /Å9�E0CSFL;�7 CSl�1�/GCSI07F åv9OE0@c9
t(un, λ) = ‖∇Un‖p

d ��.BC4.�3\E0@S.0; ¾
CS.�3<Em@S7

(
1

p
−

1

p∗

)(
‖∇Un‖

p
p − λ ‖Un‖

p
a,p

)
= α(λ) +

C
n(1).

ñ,E�36. ¾
‖∇Un‖

p
p = λ ‖Un‖

p
a,p + Nα(λ) +

C
n(1).

H P�P0F å�/G.�ä[9E�3�� �SFL;=365$@S.0;��xCSI�.�äÃ/G.�3 ó Im@XFG/Å9O/23h7�9C ‖Un‖
p
a,p

¾ bN3<D6CS.0D6F2I0;�3�9OE0@c9
‖∇Un‖p

/L7\lQCSI�.m;=3R;zd
��.�9E�3<CS9E�3R5\E0@X.0; ¾ ijCS5\3614365
å

u ∈ S
¾ CS.03&ä43Ä987

Jλ(tu) >
tp

p

(
1 −

λ

λ1

)
−

tp
∗

p∗S
p∗

p

,

b\E�365O3
S
/G7�9OE�3<lm3h7�9�Æ=CSlQCSFG361©D6CS.07�9O@S.49\/G.�9E�3<3Rn]lQ3R;�;=/G.�ä

D1,p(IRN ) ⊂ Lp∗

(IRN )
dgßg9\ijC4F2FGCcb$7�9E0@X9

∃ δ(λ) > 0 such that α(λ) > δ(λ) > 0,
ï T ½´ð

@X.0; D6CS.073 ó I�3R.49OF å lim inf
n→∞

‖∇Un‖p > 0
dXñ,E�/L7,36.0;07,9E�3?D6FG@S/2n ïj/,ðÄd

ê�C45�3614365
å
u ∈ D1,p(IRN )\{0}

@X.m;
λ ∈ (0, λ1)

¾ b�3 E0@V1S3
∂tJ̃λ(t(u, λ), u) = 0

@X.0;
∂ttJ̃λ(t(u, λ), u) <

0
dÄñ,E�3B/GnBP0F2/LDÄ/29vijI�.0Dk9O/2C4. 9OE�36C453Rn�/2n[P�FG/23h7�9E0@X9

t(u, λ)
/G7

C1 b\/29E 5O3R7PQ3RDk9�9C u
7�/G.0DÄ3

Jλ
/L76d?>)3Ä9vI07

/2.f9O5C=;=I0D63�9E�3
C1 ijI0.0Dk9O/2C4.0@XF Jλ

;=3�ãm.�3R;�CS.
S
l'å

Jλ(u) = J̃λ(t(u, λ), u) ≡ Jλ(t(u, λ)u).

T ¼



ñ,E�36.
α(λ) = inf

u∈S

Jλ(u).

-
7/2.*ä 9OE�3 �Xà436FL@X.0;�1c@X5O/G@X9/GCS.0@SF�P�5O/2.mDÄ/GP�F23�CS. 9OE�3 DÄCSn[P�FG3Ä9O3©nÃ@X.0/ÅijC4FG;�ï
S, ‖ ‖

ð<9OC 9E03©ijI�.mDk9/GCS.m@XF
Jλ
¾

9E�3R53<36^=/G7�9O7\@Bn[/2.0/2n[/Îç6/G.�äÇ7�3 ó I�36.0D63vCXi�ï Th® ð,;=36.�CS93h;©l'å (un) ⊂ S
7I0D8E�9E0@X9R_

|J ′
λ(un)(ϕn)| 6

1

n
||ϕn||,

ijCS5\3614365
å
ϕn ∈

ñ
un

S,

b\E�365O3Yñ
un

S
/L7,9OE�3v9O@S.�äS3R.49$7P0@SD63
9OC

S
@c9,9E�3<PQCS/G.f9

un
d JKC453RCc1S3R5 ¾ ijCS5\3R1S365
å

ϕn ∈
ñ

un
S
¾ C4.�3<E0@47

J ′
λ(un)(ϕn) = ∂tJ̃λ(t(un, λ), un)t′(un, λ)(ϕn) + ∂uJ̃λ(t(un, λ), un)(ϕn),

= ∂uJ̃λ(t(un, λ), un)(ϕn),

7�/G.0D63
∂tJ̃λ(t(un, λ), un) ≡ 0

¾ b\E�365O3
t′(un, λ)

;�36.�CS93R7x9E�3�;=365O/G1V@X9/G1S3$CSi
t(., λ)

b\/29EÇ5O3R7Pm3hDk9x9OC?/29O7~ã05O7�9
1c@X5O/G@Sl�F23<@X9�9OE�3<PQCS/G.49

(un, λ)
d

ê�I�59E0365OnBC453 ¾ F2369

π : D1,p(IRN ) \ {0} −→ IR × S

u 7−→
(
||u||, u

||u||

)
:= (π1(u), π2(u)).

H P�P0F å�/G.�ä ���4FG;=3R5aë 7,/G.�3 ó I0@SF2/29]å ¾ b�3näS3Ä9,ijC45$3614365
å (u, ϕ) ∈
(
D1,p(IRN ) \ {0}

)
×D1,p(IRN )

_
{

|π′
1(u)(ϕ)| 6 ||ϕ||,

||π′
2(u)(ϕ)|| 6 2 ||ϕ||

||u|| .

� ê�5OCSn ï³/(ð ¾ 9E0365O3</G7\@BPQC47/Å9O/2143vD6CS.07�9O@S.f9
C
7I0D8E©9OE0@c9

t(un, λ) > C, ∀ n ∈ N.

ñ,E�36. ijCS5�361S3R5�å
ϕ ∈ D1,p(IRN )

¾ 9OE�365O3±@S53
ϕ1

n ∈ IR
@S.0;

ϕ2
n ∈

ñ
un

S
7I0D8EK9OE0@c9

|ϕ1
n| 6 ||ϕ||

¾
||ϕ2

n|| 6

2
C ||ϕ||

@X.m;

J ′
λ(t(un, λ)un)(ϕ) = ∂tJ̃λ(t(un, λ), un)(ϕ1

n) + ∂uJ̃λ(t(un, λ), un)(ϕ2
n),

= ∂uJ̃λ(t(un, λ), un)(ϕ2
n),

= J ′
λ(un)(ϕ2

n).

ñ,E�365O3ÄijC453 ¾

J ′
λ(t(un, λ)un)(ϕ) 6

1

n
||ϕ2

n||

6
2

nC
||ϕ||.

��3<3h@S7/2FÎå©D6CS.0D6F2I0;�3�9OE0@c9
lim

n→∞
J ′

λ(Un) = 0
/G.

D−1,p′

(IRN ),
b\E�/LD8E @4D8E�/G361S3h7N9E�3<P�5OC�CXi�d

♦

H 7$@BDÄC4.073 ó I�36.mDÄ3�CXi�ñ,E036CS5O36n Y ï§7�3R3 �x^=@Sn[P�F23 ¼ b\/29E
ρ = ρ1 = 1 = K, pc = p∗ =

Np

N − p

ð ¾
CS.�3<Em@S7v_

T6Y



�~����� ²�� � ���
λ ∈ (0, λ1)

	�)B�
(Un) ⊂ D1,p(IRN ) � �ô	Û�^	�� 	��(��;:�"#	�� �@������î*��)����&����� Jλ

��î*��%ì�,%*	��
Un ⇀ U

�,)
D1,p(IRN )

.7�B%���) � í*	V�����,)��@� �n)B�
��������	���-7���@	#��î � ������î*��)B��� � �~�&�´���

∇Un −→ ∇U
	/.,�F.&�,)

IRN .
ï TcU ð

�~����� ²�� � ���
λ ∈ (0, λ1)

	�)B�
(Un) ⊂ D1,p(IRN ) � ��	 = � : > c ������î*��)����~����� Jλ

. C �

0 < c <
1

N
S

N
p

ï T ¿´ð

�,%*��)������ � � ��" = �� >�%*	V�½	 )B��)!�P���,+F��	��x�����·î>�P����)�.

(n¡c¹�¹���� � ê�5OCSn�9E�3RCS5O36n Y0¾
Jλ

7O@c9O/G7�ã03R7\9E�3 " @SFG@S/G7�e�Æ=n[@SF23?D6CS.0;�/Å9O/2C4.07\/2i
0 < c <

1

N
S

N
p
d�ñ,E�I07 ¾ @X.'å

bN3h@�à FG/GnB/29
U
CXi

Un
/G.

D1,p(IRN )
7@X9/L7]ãm3R7�9E036.

J ′
λ(U) = 0, Jλ(U) = c > 0

d�MNCS.073 ó I�3R.f9FÎå ¾ U
/G7

.�CS.f9O5/G1�/G@SF�DÄ5O/Å9O/GDR@XFzPQCS/G.49\CSi
Jλ
d

♦

�~����� ²�� �����½��+�����-
λ ∈ (0, λ1)

�~�n%�	�+V�
0 < α(λ) < 1

N S
N
p
.

(n¡c¹�¹���� >)3Ä9

Ψε(x) :=

(
NεN−p

p−1

)N−p

p2

(
ε + |x|

p
p−1

)N−p
p

, x ∈ IRN , ε > 0.

ßg9$/G7$bN3RF2Fxà�.�Ccb\.�9E0@X9
||∇Ψε||

p
p = ||Ψε||

p∗

p∗ = SN/p.

JKCS5O36Cc14365 ¾

Jλ(t(Ψε, λ)Ψε) :=

(
1

p
−

1

p∗

)(
||∇Ψε||pp − λ||Ψε||pa,p

||Ψε||
p
p∗

) p∗

p∗
−p

<
1

N
SN/p.

ñ,E�36. ¾ I07/2.�ä�ï T ½´ð�b�3vCSl=98@X/G.

0 < α(λ) <
1

N
SN/p.

♦

��� � ¹!¡ ��� � �����½��+�����-
λ ∈ (0, λ1) � �i��� � � ��" = �� >	/��"��,�P��	�� � ��	V���i��)���í������,�P�,+��½�����·î>�N����)�.

(n¡c¹�¹���� ê05C4n 9E�3vP�5O3RD63R;=/G.�äBF23Rn[n[@47 ¾ /29$/G7,D6F23h@X5�9E0@X9 "x5C4l�FG36n ï T ¼ ð�PQC47O7�3h773R7�@[7�C4F2I=9O/2C4.
u
b\E�/LD8E�/L7

.�CS.f9O5/G1�/G@SF ¾ 7/G.0DÄ3
α(λ) 6= 0

dNÆ�/G.0D63
Jλ

/G7$361S3R. /2.
u
¾ 9E0@X9

u ∈ D1,p(IRN )
/2n[P�FG/23h7\9OE0@c9

|u| ∈ D1,p(IRN )@X.0;
t(u, λ) = t(|u|, λ)

¾ bN3?D6CS.0D6F2I0;�3<9E0@X9 "x5OCSl�FG36n ï T ¼ ð�E0@47$@Ã.�C4.f95O/21�/L@XFz.�C4.�.�3�äf@c9O/2143?7�C4F2I=9O/2C4.�diñ,E�3
nÃ@c^=/2n±I�n�P05/G.0DÄ/GP�FG3<@SD8E�/G36143R7N9E�3<P05C�CXi�d

♦

��� � � 3\�� *����� � �

Æ�/GnB/GFL@X5©36^�@Xn[P�FG3R7ÃC4.�bN3R/ ä4E49O3R; 7P0@SD63R7ÇDR@X. lm3�nÃ@S;=34d >)3Ä9
ρ, ρ1

lQ3K9�bNC .0CS.�.�3aä4@X9/G1S3 DÄC4.f9/G.fI0CSI07
ijI�.0DÄ9/GCS.07!CS.

IRN @X.0;<@477I�n[3 9Em@c9�9OE�3ND6F2Cf7�3h;<7�369
F =

{
x ∈ IRN : ρ(x) = 0

}
∪
{

x ∈ IRN : ρ1(x) = 0
}

Th®



/G7$CXi!n[3h@S7I�53nçR365OC0d���3<73Ä9
Ω = IRN\F.ê�C45\361S3R5�å

1 < p < +∞
¾ bN3<;=3�ã0.�3

Y := D1,p(IRN , ρ) =
{
u ∈ L

p
loc(Ω) :

∫

IRN

|∇u|p ρ(x)dx < +∞
}
.

>�369
pc > p

7�CB9Em@c9

Sρ = Inf
Y \{0}

{∫

IRN

|∇u|p ρ(x)dx
/(∫

IRN

|u|pc ρ1(x)dx

) p

pc

}
> 0.

��3?73Ä9 1

Nc
=

1

p
−

1

pc

@X.0;�FG3Ä9

a ∈ L
Nc
p

+ (IRN , ρ1) =
{
f > 0 :

∫

IRN

f(x)
Nc
p ρ1(x)dx < +∞

}
,

@X.0;�9OE�3��xI�FG365eg>!@�ä45O@S.�äS3\ijI0.0Dk9O/2C4.0@XF);�3�ã0.�3h;�CS.
Y
l�å

Iρ(u) =

∫

IRN

|∇u|p ρ(x)dx −
λ

p

∫

IRN

|u|p a(x)ρ1(x)dx −
1

pc

∫

IRN

K(x) |u|pc ρ1(x)dx,

b\E�365O3
K
/G7$@BPQC47/Å9O/2143�ijI�.0Dk9O/2C4. /2.

L∞(IRN )
d H 7\P�5O361�/GCSI07FÎå ¾ b�3�Em@V1S3

λ1ρ = inf

(∫

IRN

|∇u|p ρ(x)
/
|u|p a(x)ρ1(x)dx

)
> 0,

ï³73635"x5OCSPQC47/29/GCS. T ðkd

��� � ¹!¡ ��� �

� ���
λ < λ1ρ � 	�)�� (um) � ��	��^	�� 	��(��;:�"#	�� ��������î*��)����½��� Iρ

��	��N�(�,��-��,)'�

= 	�>
Iρ(um) → bρ �

= � > I ′p(um) → 0 in Y ′ .

�B%���)

� .
(um)

����)*�{	��,)��½	 �~�
	 ���-@����)*+����P�´��)*�~��î � ������î*��)����Ä���@	^��î>)����N����) u ∈ Y
��	��N�(����-��,)��

I ′ρ(u) = 0.

� .Û�B%>�(�Y��î � ������î*��)����Y�(�n���N����)'���·-����)*+����P����)*�~�,) Y
í��
��+F���/���@�,%*	��

0 < bρ < b∗ρ =
1

Nc
S

Nc
p

ρ |K|−
Nc−p

p

∞ .

��3nãm5O7�9$.�363h;Ç9OE�3vijCSFGFGCcb\/2.�ä

(n¡c¹���¹Q´hµj¸Rµ§¹mº �
�I)B�/���Y�,%*��	 � ��+V�#	��
��î>"�í��N����)*� � � � (um)m

�(�5�~��	 ��·-@����)!+V���P����)!�~�{�
u
�,)

Y
��%���)

lim
m

∫

IRN

a(x) |um − u|p ρ1(x)dx = 0.

T ½



(n¡c¹�¹��
Æ�/G.0DÄ3 ∫

IRN

|um|pc ρ1(x)dx
/L7�lmC4I�.0;=3h;©I0.�/ÅijC45n[FÎåÃb\/Å9OE�5O3R7PQ3RDk9�9C

m
¾ 9E�3R.©ijC45N3R1S365
åÃ7�I0l07�369

A
CXi

IRN

∫

A

a(x) |um − u|p ρ1(x) dx 6 c

(∫

A

a(x)
Nc
p ρ1(x)dx

) p

Nc

< +∞.

æ�I=9
Y ⊂ W

1,p
loc (Ω)

@X.0;©9E036.
Y
/G7\D6CSn[P0@4Dk9FÎåÇ3Rn]lQ3R;�;=3h;�/2.

L
p
loc(Ω)

d
ñ,E�I07\I07/2.*ä±9OE�3 �
/29O@SF2/Në 7�9E�3RCS5O36ntC4.�3<E0@S7 ¾ ijCS5\3R1S3R5�åÃlQCSI�.m;=3R; 73Ä9

ω
/G.

IRN ¾

lim
m→+∞

∫

ω

a(x) |um − u|p ρ1(x)dx = 0.

ï³A\3hD6@SF2Fz9OE0@c9
Ω = IRN\F

@X.0;
meas (F ) = 0

ðÄd�MNCSn±l�/2.0/2.�äB9OE�3<9�b�CB5O36FL@c9O/2C4.07,@X.0;�9OE�3</2.f9O3�äS58@Xl0/2FG/Å9]å©CXi
a
¾ bN3<D6CS.0D6F2I0;�3

lim
m

∫

IRN

a(x) |um − u|p ρ1(x)dx = 0.

♦è$CS9/LDÄ3v9Em@c9\9E03<P�53R1�/2C4I07�P�5C4PmCf7�/29/GCS.�/2n[P�FG/G3R7,9OE0@c9
λ1ρ > 0

d
ñ,E�3<P�5OC�CXi!CSi�ñ,E�3RCS5O36n Y /L7$7/2n[/GFG@S5N9OC[9E0@X9$CXi�ñ,E�36C453Rn Z=¾ b�3<7�à43Ä9OD8E�/29
@S7�9E03vijCSFGF2Ccb\/G.�ä0_
*.@ � ¸R· � ¹ �,¸ � � ��¡V¹)¹��\¹ � ��� � ¹*¡ ��� �

Æ�3Ä99/G.�ä
‖um‖p

Y =

∫

IRN

|∇um|p ρ(x)dx
¾ /Å9\ijC4F2FGCcb$7�9Em@c9

‖um‖p
Y

(
1 −

λ

λ1ρ

)
1

Nc
6 Iρ(um) −

1

pc
< I ′ρ(um), um > .

ñ,E�I07
‖um‖Y

53Rn[@S/2.m7,/2.K@BlmC4I�.0;=3h; 7�369$CXi
IR
b\E�/GD8E�/GnBP0F2/G3R7,9OE0@c9

∫

IRN

a(x) |um|p ρ1(x)dx
@S.0; ∫

IRN

|um|pc K(x)ρ1(x)dx

@X5O3 /G. @�lQCSI0.0;=3R;¥7�369�CSi
IR
d ñ,E�I07 ∫

IRN

|um|pc ρ1(x)dx
/L7©lQCSI�.m;=3R; d ��3�;�3R;=I0D63�/G.�P0@S5�9O/GD6I�FL@X5

9E0@X9
(um)

5O36nÃ@X/G.07B/2. @�lmC4I�.0;=3h; 73Ä9[CXi
W

1,p
loc (Ω)

ï³7/2.mDÄ3�ijCS5[3614365
å
ω ⊂⊂ Ω

¾
ρω = infω ρ(x) > 0@X.0;

ρ1ω = infω ρ1(x) > 0
ðkd ��3�nÃ@Våq@XP�PQ3R@SF�9E�3@ã0587�9[7�98@c93Rn[36.f9

(i)
CXi�ñ,E036CS5O36n T _ñ,E�365O3©36^=/G7�9

u ∈ D1,p(IRN , ρ)
@X.m;K@Ç7�I0l07�3 ó I�36.0D63?7�9O/2FGF�;=36.�CS93h; l�å (um)m

7�I0D8E 9OE0@c9
um(x) → u(x)

@0d 34d,/2.
IRN d

JKCS5O36Cc14365\7/2.0D63
Sε(um − uk) ∈ Y

¾ /2i�b�3?73Ä9
â(x, ξ) = ρ(x) |ξ|p−2

ξ
¾ ijCS5�@XFGF

x ∈ Ω
@S.0;

ξ ∈ IRN ¾ 9OE�36.
9E�3 DÄC4.0;=/29/GCS.07@ï³> T ðge�ï³> Y ð]@X5O3©7@X9/L7]ãm3R;zd2ê�I�59E�3R5n[C453 ¾

∀ϕ ∈ C∞
c (Ω)

¾ D8E�C�C47/2.*ä
ω ⊂⊂ Ω

7�ImD8Eq9E0@X9

supp ϕ ⊂ ω
¾

sup
ω

ρ(x)
@X.0;

sup
ω

ρ1(x)
@X5O3�ã0.0/Å9O3 ¾ /29$E�C4FG;�7�9OE�36.)_

∫

Ω

â
(
x,∇um(x)

)
· ∇
(
ϕSε(um − uk)

)
dx 6 c(ϕ)ε +

∥∥I ′ρ(um

∥∥
Y ′

(
‖um‖Y + ‖u‖Y

)
.

MNCS.073 ó I�3R.f9FÎå ¾ 7�9O@X936n[3R.49 (ii)
CXixñ,E�36C453Rn T /G7 @SFG7C<7@X9/L7]ã03h;±7C ¾ b�3\DÄC4.0DÄFGI0;=3�9Em@c9�ï ijC45x@v7�I�lm7�3 ó I036.0D63Fð

∇um(x) → ∇u(x)
@�d 3Sd�C4.

IRN dXê�5OCSn �
/29O@XFG/Në 7,9OE�36C453Rn ¾ bN3<;=3h;=I0DÄ3v9OE0@c9

∀ϕ ∈ D1,p(IRN ) < I ′ρ(u), ϕ >= 0.

ñ)CÇD6CS.0D6F2Im;=3�9E0@X9
‖um − u‖Y → 0

¾ bN3vI073v9E�3Äæ�5O:�çR/G7�eg>)/23Rl©FG36n[nÃ@±9C7äS369
∫

IRN

|∇um −∇u|p ρ(x)dx = −

∫

IRN

|∇u|p ρ(x)dx +

∫

IRN

|∇um|p ρ(x)dx + o(1),

TVU



∫

IRN

|um − u|pc K(x)ρ1(x)dx = −

∫

IRN

|u|pc K(x)ρ1(x)dx

+

∫

IRN

|∇um|pc K(x)ρ1(x)dx + o(1)

Æ�/G.0DÄ3
< I ′ρ(u), u >= 0, < I ′

ρ(um), um >= o(1)
¾ 9OE�3?@XlQCc1S3�3 ó I0@SF2/29/G3R7$/2n[P�FÎåÃ9Em@c9

lim
m→∞

‖um − u‖p
Y = lim

m

∫

IRN

|um − u|pc K(x)ρ1(x)dx =: `0

ïj.�CS9/LDÄ/G.�ä[9Em@c9
lim
m

∫

IRN

a(x) |um − u|p ρ1(x)dx = 0
ï³73635"�5C4PmCf7�/29/GCS. T ð�ðkd

Æ�/G.0DÄ3
K ∈ L∞(IRN )

∫

IRN
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