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∂tĨλ(t, u) = tq−1Hλ(t, u),
b\E0365O3

Hλ(t, u) = tp−qP (u) − λQ(u) − tp
∗−qP ∗(u).
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p − q
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P ∗(u)

) 1
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Hλ(t(u), u) > 0

¢ 53h7�P)d
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Hλ(t(u), u) = 0)
@X.m;KE0@S7t.�C)�63R5Cª/2i

Hλ(t(u), u) < 0
d�"�. 9E�3BCX9OE�365tE0@X.m; Æ @¬;=/G53hDk9<D�C4nBP0I=9O@X9/GCS.
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Hλ(t(u), u) =
p∗ − p

p − q

(
p − q

p∗ − q

P (u)

P ∗(u)

) p∗
−q

p∗
−p

P ∗(u) − λQ(u).
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¢ 53h7�P)d
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λ < λ(u)

¢ 53h7�P�d
λ > λ(u)

£ @S.0;
Hλ(u)(t(u), u) =

0
Æ b\E�3R53

λ(u) = Θ
P

p∗
−q

p∗
−p (u)

Q(u) P ∗
p−q

p∗
−p (u)

,
¢ Y!£

b\/ 9OE

Θ =
p∗ − p

p − q

(
p − q

p∗ − q

) p∗
−q
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−p
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∂tĨλ(., u)
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t1(u, λ)
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t2(u, λ)

Æ 14365O/ i9¡�/G.G§
0 < t1(u, λ) < t(u) < t2(u, λ)

d
%�/G.0D�3 Æ

Hλ(t1(u, λ), u) = Hλ(t2(u, λ), u) = 0
Æ
∂tHλ(t, u) > 0

ijC45
t < t(u)

@S.0;
∂tHλ(t, u) < 0

ijC45

t > t(u)
Æ /29\ijCSFGF2Ccb$7�9OE0@c9

∂ttĨλ(t1(u, λ), u) > 0
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t = t1(u, λ)
¢ 5O3R7P�d

t = t2(u, λ)
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3R1S365[¡
u ∈ W

1,p
Γ (Ω) \ {0}

@S.0;
λ ∈ (0, λ(u))

Æ
t1(u, λ)u

@X.m;
t2(u, λ)u
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NIλ
:= {u ∈ W

1,p
Γ (Ω) \ {0} : I ′

λ(u)u = 0}.

¥ Ccb Æ b�3�/2.f95OC=;=I0D63
λ∗

1 := inf
{

λ(u) : u ∈ W
1,p
Γ (Ω) \ {0}

}
.
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Γ (Ω) ⊂ Lq(Ω)

¢ 5O3R7P�d
W

1,p
Γ (Ω) ⊂ Lp∗

(Ω)
£kÆ 9OE�36.

λ∗
1 ≥ ĈS

q/p
Γ,q SΓ

N
p

(1−q/p) > 0.

%�/G.0D�3
∂tĨλ(t1(u, λ), u) = 0

¢ 5O3R7P�d
∂tĨλ(t2(u, λ), u) = 0

£ ijCS5,3R1S365[¡
u ∈ W

1,p
Γ (Ω) \ {0}

Æ /29\ijCSFGFGCcb$7�9OE0@c9
9E�3,ijI0.0Dk9O/2C4.0@XF

u 7−→ Ĩλ(t1(u, λ), u)
¢ 5O3R7P�d

u 7−→ Ĩλ(t2(u, λ), u)
£ /G7¯lQCSI0.0;=3R;¹lQ36FGCcbqCS.
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Γ (Ω)\{0}

d
¦,E�I07 Æ ijC45\3614365[¡

λ ∈ (0, λ∗
1)
Æ bN3<;=3 � .�3

α1(λ) = inf
{
Ĩλ(t1(u, λ), u) : u ∈ W

1,p
Γ (Ω) \ {0}

}
,

¢ Å £

α2(λ) = inf
{
Ĩλ(t2(u, λ), u) : u ∈ W

1,p
Γ (Ω) \ {0}

}
.
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Ĩλ

(
γt,

u

γ

)
= Ĩλ(t, u),

∂tĨλ

(
γt,

u

γ

)
=

1

γ
∂tĨλ(t, u),

∂ttĨλ

(
γt,

u

γ

)
=

1

γ2
∂ttĨλ(t, u),
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t1(u, λ) =
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γ
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u

γ
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)
,
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t2(u, λ) =
1

γ
t2

(
u

γ
, λ

)
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l J AD?LA ^ =_?LA H α1(λ)
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α2(λ)
VP@S	�Ah?LA c ?GM IdI ADS PEN ^ =_ZYZ = c N

α1(λ) = inf
u∈S

Ĩλ(t1(u, λ), u),
¢ ThW0£

α2(λ) = inf
u∈S

Ĩλ(t2(u, λ), u),
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Un := t1(un, λ)un¢ 5O3R7P�d
Vn := t2(un, λ)un

£+kfl J A�S

(i) lim sup
n→+∞

||Un|| < +∞ (resp. lim sup
n→+∞

||Vn|| < +∞),

(ii) lim inf
n→+∞

||Un|| > 0 (resp. lim inf
n→+∞

||Vn|| > 0).
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||Un||
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lim
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||Un||qq =
C

n

(
||Un||

p∗

p∗

) Æ @X.0;
D�C4.07�3'fI�36.f9F�¡

||Un||
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W
1,p
0 (Ω)

9C0§S3�9OE�365¹b\/ 9OE�9OE�3
MNE�365O5O/23R5+$ 7�/2.�3'fI0@XFG/ 9b¡4d� }.®9OE�3

W 1,p(Ω)
DR@S73 Æ b�3<D6@X.¥5O3�ij365,9OE�3<5O3R@S;�365�9C�
 Th¶ ��l4¡¥JK3R;=3R/25OC47Rd
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 A I {un}
�A#P c AP	�_Z\FmV=@S�C@AD? �bADS I NDAT�Q�ADS'VA MYS W

1,p
Γ (Ω) c M IKJ�c AP
�oZ\M�oM I u H P_S']XNGQ�V JiIKJ P I��

i) ‖∇un‖
p
p → µ c AP	�_Z\F ��#MYS IYJ AsNDADS NDAo= ^ �mApP@NGQ�?LA H

ii) ‖un‖
p∗

p∗ → ν c AP	�_Z\F ��#MYS IYJ A�NDADS NDAX= ^ �mApP@NGQ�?LA k
l J ADS H ^ =_?sN�= �fA�� SuM I AXMYS']bALaiNDA I I c A J P@C@A �





1) ν = ‖u‖p∗

p∗ +
∑

j∈I νjδxj
, νj > 0,

2) µ ≥ ‖∇u‖p
p +

∑
j∈I µjδxj

, µj > 0,

3) if xj ∈ Ω then Sν
p

p∗

j ≤ µj ,

4) if xj ∈ Σ then S

2
p
N

ν
p

p∗

j ≤ µj .
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{un} ⊂ W

1,p
Γ (Ω)

MONiP � P@Z P_MON ��� �fP_Z A �nATDQ�A�SnVpA I = Iλ c M IYJ un ⇀ u
MYS

W
1,p
Γ (Ω) H IKJ ADS

IYJ A�NDA I I∗ = {i; xi ∈ Ω} ⊂ I
�_MYC@A�S MYS 
 A � �mP��mMON �5S�M I AX=@?XA � e I FiP@S'] ^ =@?�ND= �fAhNGQ �GNDAT�Q�ADS'VA

∇un(x) → ∇u(x) a.e. in Ω.

¥ Ccb Æ b�3®3h7�98@Xl�FG/L7�E�9OE0@c9B9E03)�{I0F23R5¹ijI0.0Dk9O/2C4.0@XF
Iλ

7O@c9/L7 � 3R7]9E�3 �¯@XFL@X/L7�e&%�nx@XFG3¬D6CS.0;=/29/GCS.qI�.0;=3R5[7CSn[3
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3547686 º�� l J A�?LAoALabMON I N#PmV=@S N I P@S I K ] A e ADS']_MYS �i=_S�Z\F�=_S
p H q H N P@Sn]

Ω
NGQ�V J`IYJ P I ^ =_?sADC@A�?GF λ > 0 H

IYJ A ^ Q�SnV I MU=@SnP@Z Iλ
NDP I MON ��A�N IYJ A � P@Z P_MON ��� �fP_Z AfV=@S']_M I MU=_S MYS IYJ A�MYS I AD?GCEP_Z (−∞, 1

2N S
N
p − Kλ

p∗

p∗
−q )

k

qsr Á�Áutpv >�369
{un} ⊂ W

1,p
Γ (Ω)

lQ3¥@ �¯@XFL@X/L7�e&%�nx@XFG3¬73�fI�36.mD�3ªijC45
Iλ
d�-
7/2.G§ 7�9O@X.m;�@X58;�@X5[§SI0nB3R.f9O7?/29

ijCSFGF2Ccb$7�9E0@X9)9E03N73�fI�36.mD�3
{un}

/L7)lQCSI0.0;=3R;�dT¦,E�I07 Æ ij5OCSn�9E03N@XlQCc1S3¯FG36n[nx@S7�9E�3R53N3�^=/L7�987)@$7I�l073�fI�3R.0D�3
7�9O/2FGF�;=36.�CS93h;Kl4¡

{un}
@X.0;K@ªijI�.0Dk9O/2C4.

u ∈ W
1,p
Γ (Ω)

7I0D8EK9OE0@c9
un ⇀ u

d
-
7/2.M§ª9E03¹7O@Xn[3¹@S5n§4I�n[36.f9O7
3�^=P�FGCS5O3R;®/2. H FG1S3h7(
 Ä � Æ 9E�3R53�/L7$@[D�CS.m7�98@X.f9

K
;�36PQ36.0;=/G.G§xC4.�F.¡¬CS.

p
Æ
q
Æ
N
@X.0;

Ω
7�I0D8E®9Em@c9

Iλ(u) ≥ −Kλ
p∗

p∗
−q .

>�369
vn = un − u

d�¦,E�36. l4¡ ��5O: �6/L7�� >)/23Rl 
 ¶ � Æ b�3�E0@V1S3

‖vn‖
p = ‖un‖

p − ‖u‖p + on(1),

‖vn‖
p∗

p∗ = ‖un‖
p∗

p∗ − ‖u‖p∗

p∗ + on(1),

@X.0;®l4¡ %�C4lmC4F23R1ª36n¹lm3h;�;=/G.G§
∫

Ω

|un|
qdx →

∫

Ω

|u|qdx.

¦,E�3?@XlQCc1S3tFG/2n[/29O7\/Gn[P�F.¡
‖vn‖

p − ‖vn‖
p∗

p∗ = on(1)

@X.0;
1

p
‖vn‖

p −
1

p∗
‖vn‖

p∗

p∗ = c − Iλ(u) + on(1).

%�/G.0D�3�9OE�3?7�3'fI�36.0D63
(vn)n

/L7,lmC4I�.0;=3h; /2.
W

1,p
Γ (Ω)

Æ 9OE�365O3�3�^=/G7�9
l ≥ 0

@S.0;®@[7I�l073�fI�3R.0D�3 Æ 7�9O/2FGF);=3R.�CX9O3
l4¡

{vn}
Æ 1S365O/2i9¡f/G.G§

‖vn‖
p → l.

¤$3R.0D�3 Æ
‖vn‖

p∗

p∗ → l.
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-
7/2.M§ªMNE0365O5/G365j$ 7�/G.�3�fI0@SF2/29b¡¬@S.0;¥P0@S7O7�/G.G§¹9CB9E03<F2/Gn[/ 9
n → ∞

Æ bN3<C4l=9O@S/2.

[ S

2
p
N

− τ
]
l

p

p∗ ≤ l ∀τ > 0,

9E0@X9$/G7 Æ
S

2
p
N

l
p

p∗ ≤ l.

¥ Ccb Æ b�3<D�FL@X/Gn�9Em@c9
l = 0

d/ }.m;=363h;®/G. CS.�3�E0@S.0; Æ /2i
l > 0

9E�3<FL@S7�9\/2.�3'fI0@XFG/ 9b¡¬/2n[P�FG/23h7

l ≥
S

N
p

2
.

"�.¬9OE�3<CX9OE�365\Em@X.0; Æ
1

N
l = c − Iλ(u),

@X.0;¬9E036.

c ≥
1

2N
S

N
p − Kλ

p∗

p∗
−q ,

b\E�/LD8E¥D6CS.f958@S;=/LDk987�9E�3<E4¡�PQCX9E03R7/G7Rd�¦,E�365O3�ijC453 Æ
l = 0

@X.0;®bN3<D6CS.0D6F2I0;�3�9OE0@c9

un → u
/G.

W
1,p
Γ (Ω).

�
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 A I β := p∗

p∗−q

kfl J A�?LA Apa MON I v ∈ W
1,p
Γ (Ω)

P_S']
λ∗

2 > 0
NGQ�V J�IKJ P I ^ =@? λ ∈ (0, λ∗

2) H c A J P@C@A

sup
t≥0

Iλ(tv) <
1

2N
S

N
p − Kλβ.

�GSfe�P@? I MUVDQ�Z P@? H
α2(λ) <

1

2N
S

N
p − Kλβ ,

c>J AD?LA K
MON IYJ AXV=@S�N I P_S I ^ =_Q�S']iMYS 
 A � �fP�� k

qsr Á�Áutpv >�369$I07\;=36.0CX93<l4¡
{wε}

9E�3�i»@SnB/GF�¡ªCXi�ijI�.0D�9/GCS.07P§4/21436.®l!¡

wε(x) = CNε
N−p

p2

(
ε + |x|

p
p−1

)p−N
p

b\E�/LD8E¥@X9�9O@S/2.m7,9E�3<lQ3R7�9
D�C4.07�9O@X.f9
S
CXi)9OE�3 %�C4lmC4F23R1ª36n¹lm3h;�;=/G.G§

D1,p(IRN ) ↪→ Lp∗

(IRN ).

(�/ 9OE�CSI�9$F2Cf77,CSiT§S3R.�3658@XFG/29b¡ Æ bN3?DR@X. D�C4.07�/L;=3R5N9OE0@c9
0 ∈ Σ

d{JKCS5O36Cc14365 Æ 9OE�3?73�9
∂Ω

7@X9/L7 � 3R7�9E03
ijCSFGF2Ccb\/G.G§BP�5OCSPQ3659b¡ ¢ 7363�n[CS5O3<;=3�98@X/GFG7,/G. H ;=/2n¹I�59E�/ Æ �¯@SD636FGFG@[@X.m; ��@4;�@V1c@)
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¦,E�365O3 36^=/G7�9
δ > 0

Æ @X. CSPQ36. .�3R/.§4E�lmC45E�C�C=;
V

CXi
0

@X.0; @ ;=/��Q3RCSn[CS5OP�E�/L7�n

Ψ : Bδ(0) −→ V
b\E0/GD8E E0@S7[@i��@SD�C4l�/L@X.q;=3693R5n[/G.0@X.f9x3�fI0@SF�9OC�C4.�3 @c9 W�Æ b\/29E

Ψ(B+
δ ) = V ∩ Ω

Æ
b\E�365O3

B+
δ = Bδ(0) ∩ {x ∈ RN : xN > 0}

d

>�369
φ ∈ C∞

0 (RN )
7I0D8E 9E0@X9

φ(x) = 1
/2. @[.036/�§SE�lmC45E0CfC=;¥CXi�9E03]CS5O/�§S/G.�d5(�3];=3 � .�3

uε(x) =

φ(x)wε(x)
d�¦�@+��/G.G§

vε = uε

‖uε‖p∗

@S.0;¬Im7�/G.G§¹9E�3<7O@Xn[3t9b¡fPQ3�CXi�@X5[§SI�n[36.f987�;�361S3RF2C4Pm3h;ª/G.¥J 3R;=3R/25OC47 
 Th¶ � Æ
bN3 §S369 9E03 ijC4F2FGCcb\/2.M§ 3R7�9/Gnx@c9O3R7
¢ 7363s¦�@X58@X.f93RF2FGC)
 T Å �!@X.0;`( @X.G§�
 T ����ijC45,9E�3?DR@S73

p = 2
£

‖∇vε‖
p
p =





S

2
p
N

− Cε
p−1

p + o(ε
p−1

p ) + O
(
ε

N−p

p

)
if N ≥ p2

S

2
p
N

− Cε
N−p

p f(ε) + O
(
ε

N−p

p

)
if N < p2

b\E�365O3
C
/L7\@[PQC47/ 9O/2143�D6CS.07�9O@S.f9,@S.0;

limε→0 f(ε) = +∞
d{>�369

δ2 > 0
lQ3?7�I0D8E®9Em@c9

1

2N
S

N
p − Kλβ > 0, ∀λ ∈ (0, δ2).

-
7/2.M§¹9OE�3?;=3 � .�/29/GCS. CXi
Iλ
Æ b�3?§S369

Iλ(tvε) ≤
tp

p
‖∇vε‖

p
p −

tp
∗

p∗
, ∀ t ≥ 0,

b\E�/LD8E®/Gn[P�F2/G3R7\9E0@X9\9E�3R53�3�^=/L7�987
t0 ∈ (0, 1)

7@X9/L7�i9¡�/G.G§

sup
0≤t≤t0

Iλ(tvε) <
1

2N
S

N
p − Kλβ , ∀λ ∈ (0, δ2).

H .0@SF.¡ �R/2.G§B9OE�3?D6@47�3
N ≥ p2 Æ b�3�E0@V1S3

Iλ(tvε) ≤
1

2N
S

N
p − Cε

p−1

p + o(ε
p−1

p ) + O
(
ε

N−p
p

)
−

λtq

q

∫
vq

ε , ∀ t > 0.

¦,E�365O3�ijC453 Æ
sup
t≥t0

Iλ(tvε) ≤
1

2N
S

N
p − Cε

p−1

p + o(ε
p−1

p ) + O(ε
N−p

p ) −
λt

q
0

q

∫
vq

ε .

¤$3R.0D�3 Æ

sup
t≥t0

Iλ(tvε) <
1

2N
S

N
p − Cε

p−1

p + o(ε
p−1

p ) + O
(
ε

N−p

p

)
− Kλβ , ∀λ ∈ (0, δ3),

b\E�365O3

δ3 =

(
t
q
0

∫
vq

ε

2Kq

) 1
β−1

.

(�3 � ^
ε > 0

7I0D8E®9E0@X9

−Cε
p−1

p + o(ε
p−1

p ) + O
(
ε

N−p

p

)
< 0,

ThZ



9E�/L7\/L7,PmCf77/Gl�F23<7/2.mD�3 N−p
p − p−1

p ≥ (p−1)2

p > 0
d� gi�bN3<73�9

λ∗
2 = min{δ2, δ3}

Æ b�3�CSl=98@X/G.

sup
t≥0

Iλ(tvε) <
1

2N
S

N
p − Kλβ, ∀λ ∈ (0, λ∗

2),

@X.0; � .0@SF2F�¡
α2(λ) <

1

2N
S

N
p − Kλβ , ∀λ ∈ (0, λ∗

2).

¦,E�3?D6@47�3
N < p2 ijCSFGF2Ccb$7,b\/29E¥9E03?7@SnB3t9b¡�PQ3<CXi�@S5n§4I�n[36.f9O7Rd

�

��� 4 Á r@476 9 
 A I 1 < q < p
P@Sn]

λ̂ = min{λ∗
1, λ

∗
2}.

l J ADS ^ =@? λ ∈ (0, λ̂) H e'?L= ��Z A ������� J PEN�P I Z AP@N I Idc =
S'=_S�S'A � P I MYCEAhND=@Z\Q I MU=@S�N k

qsr Á�Áutpv -
7/2.G§]9E�3�@XlQCc1S3\FG36n[nx@S7 Æ 9E�3R53�3�^=/G7�9�9�b�C]73�fI�3R.0D�3h7�CSi�PmCf7�/29/G1S3\ijI0.0Dk9O/2C4.07
{Un}

@S.0;
{Vn}

/2.

W
1,p
Γ (Ω)

7I0D8E¥9E0@X9

Iλ(Un) → α1(λ), ||I
′

λ(Un)||∗ → 0
@S7

n → +∞

@X.0;

Iλ(Vn) → α2(λ), ||I
′

λ(Vn)||∗ → 0
@S7

n → +∞.

¥ CS9/LD�3�9Em@c9,ijCS5\3R1S365[¡
λ ∈ (0, λ̂)

Æ CS.�3�E0@47

α1(λ) ≤ α2(λ) <
1

2N
S

N
p − Kλβ .

¦,E�36. Æ 9E�3R53�36^�/L7�9\9�bNCB.�CS.0.�3�§f@c9/G1S3�ijI�.0D�9/GCS.07
Uλ, Vλ ∈ W

1,p
Γ (Ω)

14365O/ i9¡�/G.G§

Un −→ Uλ
/G.

W
1,p
Γ (Ω)

@47
n → ∞

@X.0;

Vn −→ Vλ
/G.

W
1,p
Γ (Ω)

@47
n → ∞.

 �/2.0@SF2F�¡ Æ 9E�3<7CSFGI=9/GCS.07
{Uλ}

@X.0;
{Vλ}

7O@c9O/G7�i9¡x9OE�3</2.03�fI0@XFG/29/G3R7

∂ttĨλ(1, Uλ) > 0
@X.m;

∂ttĨλ(1, Vλ) < 0,

b\E�/LD8E�/2n[P�F�¡�9E0@X9
Uλ 6= Vλ

d  �/2.m@XFGF.¡ Æ @SP�P�F�¡�/2.G§ 9E�3�¤�@X5O.0@SD �n$ 7</G.�3�fI0@SF2/29b¡ ¢ 7�3R3�¦!5I0;�/2.G§4365 
 TVU � £�Æ bN3
D�C4.0D�FGI0;=3t9Em@c9

{Uλ}
@S.0;

{Vλ}
@X5O3�PmCf7�/29/G1S3�/G.

Ω
d"¦,E�/L7$@4D8E�/23R1S3h7�9OE�3<P�5OC�CXi�d

�
d
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−∆pu = λ|u|q−2u + |u|p
∗−2u

/2.
Ω,

|∇u|p−2 ∂u
∂ν = −a(x)|u|p−2u

C4.
∂Ω.

>�369NI07N53hD6@SF2Fm9E0@X9�9OE�3
ijI0.0Dk9O/2C4.
a
/G7�@S7O7�I0nB3h;B9C¹lm3t/2.

L∞(∂Ω)
Æ
a(s) ≥ a0 > 0

@XFGn[C47�9�3614365[¡fb\E0365O3$CS.
CS. @[7�I�lm7�369$CXi

∂Ω
b\/ 9OE¥PQC47/29/G1S3�n[3R@S7I�5O3Sd

¦,E�3��{I�FG365,ijI0.0Dk9O/2C4.0@XF
Jλ : W 1,p(Ω) −→ R

5O36FL@c9O3R;¬9CB9E03?@XlQCc1S3tP�5C4l�FG36n�/L7P§S/G1S3R.®l4¡

Jλ(u) =
1

p

∫

Ω

|∇u|p +
1

p

∫

∂Ω

a(x)|u|p −
λ

q

∫

Ω

|u|q −
1

p∗

∫

Ω

|u|p
∗

.

H 7t/G. 9OE�3¹P053R1f/GCSIm7�73RD�9/GCS. Æ ijC45�7CSFGI=9O/2C4.07
CSi ¢ Z0£ bN3¹I�.0;=3R5O7�9O@S.0; D65/29/LD6@SF�PQCS/G.f9O7tCXi�9E�3
C1(W 1,p(Ω))

ijI�.0D�9/GCS.0@SF
Jλ
d"¤$365O3R@Xi 93R5 Æ b�3�b\/2FGF);=3R.�CX9O3tl4¡

‖ ‖
9E03�ijCSFGF2Ccb\/G.G§B.�CS5On

‖u‖ =
(∫

Ω

|∇u|p +

∫

∂Ω

a(x)|u|p
) 1

p

CS.
W 1,p(Ω)

d H 7\/G.®9E�3<P�5O361�/GCSI07\73RD�9/GCS. Æ
P Q

@X.0;
P ∗ 7�9O@S.0;ªijC45,9E�3�ijC4F2FGCcb\/G.G§BijI�.0Dk9O/2C4.0@XFL7

P (u) = ‖u‖p, Q(u) =

∫

Ω

|u|qdx
@X.0;

P ∗(u) =

∫

Ω

|u|p
∗

dx.
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