
���������
	��
���������������������������������! "�!���#�$�&%'����($�) *������+,�$�)�

-$.0/21436587�/29
:<;=3?>!@BA$C�D8E036FGF23
H 1436.�I�3<JK/LD8E�36F�MN5O:6PQ3R@SI

TVUXWXY�Z >)@[A\C=D8E�3RF2FG3]MN3R;=36^ T
E49
9
P�_a`S`cb\b\b<d I0.�/21fegF25hd ij5k`cFG@SlmC=`VFGn[DR@f`

oqp!rts�ufvxwys{ztv}|�~N�
��s�z���p���v��f�=p)zt��p�~{|K�<~N�=v��=v��Np���~N���
��v�~�z��q�=~�s����
s��=��~{|

� ��s{�=v
��v�z�p!s�u���uf~�����p)w��

�B���Q�������Q�� �¡x¢�£�¤¥�§¦Q¨f©ª¨4«¬¤®­N�¯�m���g�m°²±?�$³®�Q´q�����
µ4I�/2. ZSWSW4¶

·¹¸»º�¼h¼R½»¾�¿4º=ÀR½§ÁmÂNÃ,Ä ¶ µfÅ W0Æ Ä ¶ µ ZS¶�Æ Ä ¶ µfÅ ¶ d
Ç ÁmÀR¼[¿S¸§Èf¼4Ã

ZSWSWf¶ ` Wf¶



���������
	��
����	�������������������	��! !�"��#$�%���'&��"�(	� �	�)��*�+���-,$ �	.���/�' 0�1�2#��3�$�4�5�"��6�,��$�7	8�9	8���/���
&��:�<;������%�

=?>�@A>�BDC EGF0H
∗ IKJML BN>PO�C�Q IKRAS�LTS

UWV(X:Y[Z�\!]
Y
^8_?`ba!c�d�e!fge+h[ikjlhnm0c�do`bh:_0p:h�fg_4qsr<t!uv`bc�e!u�c�p:cv`8w�ibh[dxt!uv`bd/`byP`ba!h"z{ygu�u�yk|"c�_!}?_0y
_0u�c�_0hkf�i�h[u�u�c�e0`bc�p�hk~�t4f�`bc�yg_

−∆pu = λ|u|q−2
u + |u|p

∗
−2

u, u > 0
c�_

Ω ⊂ R
N

,

`by
}
hn`ba!h[i<|"c�`ba�rscvm�hkq���cvibc�p�a!u�h[`x����h:t0r�fg_0_�ygi���h:t0r�fg_0_��+y
t0_4q!f�ixw�p[y
_4q�cv`bc�yg_!d:j/f�ibh�h:do`�fg�0u�c�dxa0hkqM�
��h[ibh
j

∆pu
q0h:_0yg`bh:d�`ba!h�e��-�7fge0u�fgp:c�fg_�y
e+hni�f�`bygikj

1 < q < p < N
j
p∗

=
Np

N−p

f�_4q
λ
c�dPf�e+y
dxcv`bc���h

ibhkfguGe4f�i�fgrsh[`bhnik�$��a!h�do`bt!q�w�c�d��4f�dxhkq�y
_�`ba!h�h[ml`xi�f�p[`bc�y
_�ygz���f�u�fgc�do�8��r�fgu�hPdxhk~�t0h:_!p:h[d�c�_W`ba!h���h:a!f�ibc
r�fg_!cvz�y
u�qM�

� �(�W�$�/�N�����"�T�����

 }.¥9
E�/L7\P0@SPm3R5 Æ b�3<;=3R@SF�b\/ 9OE®9OE�3<3�^=/L7�9O36.0D63�CXi�n]I�F29
/GP�FG3?7�C4F2I=9O/2C4.07�9
CB9OE�3<lmC4I�.0;�@S5n¡¬1V@SF2I03tP05
C4l�F23Rnx7




−∆pu = λ|u|q−2u + |u|p
∗−2u

/2.
Ω,

u = 0
C4.

Γ,
∂u
∂ν = 0

C4.
Σ,

¢ T
£





−∆pu = λ|u|q−2u + |u|p
∗−2u

/G.
Ω,

|∇u|p−2 ∂u
∂ν = −a(x)|u|p−2u

CS.
∂Ω,

¢ Z�£

b\/ 9OE®5O3R7
PQ3RDk9,9OC¹9OE�3�5
3h@XF�P0@S5O@SnB369
3R5
λ
d"¤$3R5
3 Æ

Ω
/L7\@]lQCSI�.m;=3R; ;=C4n[@S/2.®/2.

R
N b\/29
EK7�n[C�CX9OE¬lQCSI�.m;�@X5[¡

∂Ω = Γ∪Σ
Æ b\E�3R5
3

Γ, Σ
@X5O3�7
n[CfCS9
E ¢�¥ e T�£ e};=/2n[3R.07�/GCS.m@XF�7�I�l0n[@S.�/2ijCSFL;�7�CXi

∂Ω
b\/29
E¥PQC47
/ 9O/2143�n[3R@47�I05
3h7

7�ImD8E�9OE0@c9
Γ ∩ Σ = ∅

Æ
∆p

/G7�9OE�3ªP=e}>)@SP�FL@SD�/L@X. Æ ∂
∂ν

/L7<9
E03ªCSI=9O365?.0CS5On[@SF{;=365O/G1V@X9
/G1S3 Æ @S.0;
p∗ = Np

N−p

d
¦,E�5OCSIG§4E�CSI=9\9OE�/L7
P0@SPm3R5 Æ 9
E�3]ijI�.0D�9
/GCS.

a
/G7�@S7O7�I0nB3h;¥9
CªlQ3]/G.

L∞(∂Ω)
Æ
a(s) ≥ a0 > 0

@SF2n[Cf7�9
3R1S3R5n¡fe
b\E�365O3�CS. @[7�I�lm7�369$CXi

∂Ω
b\/ 9OE¥PQC47
/29
/G1S3�n[3R@S7
I�5O3Sd

∗ ¨$©bª-©n«:¬�­o®�¯g°�±�±l²k¬9³8©b´�µ�¶"·?¸v¹v¹v©bº�º
¸v°�»�¼3º�ª-³-¸ ³-°
³8©�½�²k¬!³-®�©K¾/¹v²kµ�«:¹g¿K´
À:«:º�­b©�»P©bº�³+²:½lÁ(¬-«:Âb¸v¹v¸�«:º�·s«[³-®�©b»Ã«[³-¸v­�ª0Ä0¼9·�Ä{¿/¾/¼9·sÁ

Z



 }.x@�5
3hD�36.f9¯P0@SPm3R5 Æ�� dXµ0d���5OCcb\.����¹d	�QE0@X.M§�
 Å��0Em@V1S3\7�9OI0;=/G3R;x@�7
I�lQD65
/29
/LD6@SF07
36n[/2FG/G.�3R@S5¯36FGF2/GP=9
/LD
3�
fI0@X9
/GCS. b\/ 9OE @x7�/�§S.�egD8E0@S.G§S/G.G§[b�36/�§SEf9,ijI�.0Dk9O/2C4. @X.m;¥@[l0/ ijI�58D6@X9
/GCS. 5O3R@XF)P0@X58@Xn[3�9O365\/G. 9
E�3¹D6@S7
3

p = 2
@X.0;���/G5
/LD8E�FG3�9�lQCSI0.0;�@X5[¡ D�CS.m;=/ 9O/2C4.07Rd��¯^=P�F2C4/ 9O/2.M§x9
E�3¹5
3RFG@X9
/GCS.07
E�/GPKlm369�bN3R36. 9OE�3 ¥ 36E0@S5
/!n[@S.�/2ijCSFL; @X.0;
� lQ365O/2.G§¥nx@XP07 ¢ /§d 3Sd Æ nx@XPm7�CSi�9OE�3BijCS5On

t 7→ Jλ(tu)
b\E�365O3

Jλ
/L7�9
E�3��{I�FG365�ijI0.0Dk9O/2C4. @47
7
C=D�/L@c9O3R;Kb\/29
E

9
E�3®3�
fI0@X9
/GCS. £�Æ 9OE�3�¡5§f@V1S3ª@X.�/G.f9
3R5
3h7�9O/2.G§ 3�^=P�FL@X.0@X9
/GCS.�CXi
@ bN3RF2F��f.0Ccb\.�l�/ ijI05ODR@c9
/GCS.�5O3R7
I�F29RdA }.�i»@SDk9 Æ
9
E�3¬.0@c9OI�5
3xCSiN9OE�3 ¥ 36E0@S5
/{nx@S.�/ ijC4FG; D8E0@S.G§S3h7<@S7�9OE�3ªP0@S5O@Sn[3�9
3R5

λ
D65
Cf7
7
3R7�9
E03ªl�/2ijI�5ODR@c9O/2C4.�1c@SF2I�34d� }.

¦!@S5O@S.f9
36FGFGC�
 T Å�� Æ I07
/2.M§x9
E�3B7
@Sn[3<9b¡�Pm3¹CXi{@XP�P05
Cf@SD8E¥9
E�3BD�5O/ 9O/GDR@XF)DR@S7
3?E0@47$lQ3636.�7�9OI0;=/G3R; @SFG7
Cª@S7O7�I0nB/G.G§
p = 2

Æ
q = 2

@S.0; ¥ 36I�nx@S.�. lmC4I�.0;�@S5n¡¬D6CS.0;�/ 9O/2C4.076d
 }.¥9
E�/L7\b�CS5�� Æ b�3�3�^=P�FGCS/29
7�/Gn[/2FL@X5,i»@4Dk987,9
Cª7
E�Ccb²9OE�3<3�^=/L7�9O36.0D63<CXi�n]I�F29
/GP�FG3<.�CS.f9O5
/G1�/G@SF�PmCf7�/29
/G1S3

7�C4F2I�9
/GCS.07�9
C ¢ T
£ @X.m; ¢ Z�£ dN¦,E�3x/L;=3h@®CSiNC4I�5<@XP�P�5OC4@4D8E�DR@X.�lm3x7
I�n[n[@S5
/��63h;�@47tijCSFGF2Ccb$7R_�>�3�9
Iλ

¢ 5O3R7
P�d
Jλ
£ 9
E�3��{I0F23R5,ijI�.0Dk9O/2C4.0@XF!@S7O7�C=D�/L@c9O3R;ª9
C��{5OCSl�FG36n ¢ T
£ ¢ 5
3h7�P�d��{5OCSl0F23Rn ¢ Z0£�£ ;=3 � .�3R;¥C4.

W
1,p
Γ (Ω)

¢ 5O3R7
P�d
CS.

W 1,p(Ω))
Æ b\E0365O3

W
1,p
Γ (Ω) = {u ∈ W 1,p(Ω); u|Γ = 0}

/G7�9OE�3$D�FGC47
I�5O3NCSi
C1

0 (Ω∪Γ)
b\/29
E[5O3R7
Pm3hDk9�9
Ct9OE�3,.�CS5On CXi

W 1,p(Ω)
¢ bN3,5O3�ij3R5�9
E�3,5O3R@S;�365�9
Ct9
E03\3�^�D�3RF2FG36.f9

P0@XPQ365\l4¡¥MNC4F2C45O@4;=C�����3658@XF�
 ����ijC45$@BD6CSn[P�FG3�9O3?7�9OI0;+¡ª/G.¥9
E�3?DR@S7
3
p = 2

£ d
 �C45{3R@4D8E

u ∈ W
1,p
Γ (Ω)\{0}

¢ 5O3R7
P�d
W 1,p(Ω)\{0}

£
λ > 0

Æ bN3$;�3�9
3R5
n[/G.�3\9OE�3$5O3R@XF=1c@SF2I�3h7¯CXi
t
¢ /G.[9
3R5
nx7

CXi
u
@X.0;

λ
£ 7�I0D8E¥9OE0@c9

tu
lQ36FGCS.G§f7�9
CB9
E03 ¥ 36Em@X5O/�n[@S.�/2ijCSFL;�_

NIλ
=

{
v ∈ W

1,p
Γ (Ω) \ {0} : I ′

λ(v)(v) = 0
}

¢ 5
3h7�P�d
NJλ

=
{
v ∈ W 1,p(Ω) \ {0} : J ′

λ(v)(v) = 0
} £

.

¦,E�36. Æ 9
E�3<1c@X5O/L@Xl�FG3
t
/G7
7�I�lm7�9O/ 9OI=9
3h;®l4¡x9OE�3R7
3<7�PQ3RD6/G@SF�1c@XFGI�3R7N9
CxC4l=9O@S/2.®.�36b!�{I�FG365,ijI0.0Dk9O/2C4.0@XFL7\;=3 � .�3R;

CS. 9OE�3 ¥ 3RE0@X5O/)nx@S.�/ ijC4FG;�d#"�. 7�E�Ccb$7$3R@S7
/GF.¡¬9
E0@X9
9
E03R7
3<ijI�.0D�9
/GCS.0@SFG7�@X5O3<lmC4I�.0;=3h; lm3RF2Ccb Æ b\E�/LD8E @XFGF2Ccb$7
9
C � .0;�PQC47O7
/2l�FG3®D65
/29
/LD6@SFNPQCS/G.f9O7Bl4¡ nB/G.�/Gn[/$�h@c9
/GCS.)d J CS5O36Cc1S3R5 Æ 9
E0/G7B@XP�P05
Cf@SD8E�@XFGFGCcb$7<9
E03¥7
/2n¹I�F29O@X.03�e
CSI07�D�C4.07�9O5
ImDk9
/GCS.KCSi���@SFG@S/G7�e&%�nx@XFG3?7�3'
4I036.0D63R7 Æ /G. 9
E�3 ¥ 3RE0@X5O/)nx@X.0/ ijC4FG; Æ §S/G1�/2.M§¬;=/G5
3hDk9
F�¡¥3�^=/G7�9
3R.0D�3B@X.0;
n]I�F29
/GP�FG/GD6/ 9b¡®5
3h7�I0F 987(
 ThW ��d

>�369$I07,n[36.f9
/GCS.®9
E0@X9$/2.¥9OE�3?D6@47�3
p = 2

@X.m;¬b\/29
EK@[7�I0lQD65
/29
/LD6@SF�D�CS.mD6@V1S36egD6CS.�1S36^¹.�C4.�FG/2.�3h@X5O/ 9b¡ Æ
9
E�/L7<P�5OCSl0F23Rn b�@47<7�9OI0;=/G3R;�5O3RD�3R.f9
F�¡ l4¡ MNCSFGCS58@S;�C)�*��3R5O@SF�
 �+��d�¦,E03[@SI=9
E0CS587<7�E�Ccb�3R; 9
Em@c9<9
E0365O3B/L7?@
7�PQ3RD6/G@SF¯1c@XFGI�3

Λ
CXi�9
E�3xP0@S5O@Sn[3�9
3R5

λ
7�I0D8E�9
Em@c9,�{5OCSl�FG36n ¢ T
£ @4;=n[/ 987<@c9?FG3R@47�9�9�b�C®PQC47
/ 9O/2143x7�C4F2I=9O/2C4.07

ijCS5
λ ∈ (0, Λ)

Æ @S;=n[/29O7�@c9$FG3R@S7�9
C4.�3?PQC47
/ 9O/2143?7�C4F2I=9O/2C4. ijCS5
λ = Λ

@X.0;K@4;=n[/ 987$.�CªPQC47
/29
/G1S3?7
CSFGI=9
/GCS. ijC45

λ > Λ
d� }.¬C4I�5NC4P�/G.�/2C4. Æ @X.¬/G.f9
3R5
3h7�9O/2.G§-
4I03R7�9
/GCS.¬b\E0/GD8Eª/L7�.�CX9N9
5O3R@X9
3R;ª/2.®CSI�5�P0@XPQ365 Æ /G7�9
C[D8E0@S5O@4Dk9
3R5
/��63

Λ
@S7¹@ l�/2ijI�5ODR@c9O/2C4.�1c@SF2I�3¬1f/L@¥9
E03¬;+¡�.0@Xn[/LDxCXi�9
E03 ¥ 3RE0@X5O/{nx@X.0/ ijC4FG;�b\/29
E�5O3R7
Pm3hDk9<9OCK9
E�3¬P0@X58@Xn[3�9O365

λ
¢ 7�3R3.
 Å�� £ d/%�CSn[3 5O3R7
I�F29O7x/G.�1SC4F21�/G.G§ 9
E�3�P=e}>)@XP0FG@4D�/L@X.#CSPQ3658@c9
C45 Æ D�C4.0D6@V143�e}D�C4.f143�^�.�C4.�FG/2.�3h@X5O/ 9b¡#@X.0;

Ä



�
/G5O/GD8E�FG3�9tlmC4I�.0;�@S5n¡KD6CS.0;=/29
/GCS.m7
D6@S. lQ3]ijC4I�.0;K/G. 9OE�3]P0@SPm3R5O7�CXi���@S5OD6/G@ H �6C45
3R5
C � ��3R5O@SF H F2C4.07�C 
 T4T �
@X.0; H n¹l�5OC47
3�9�9O/ Æ ��@X58D�/L@ H �6CS5O365OC�����3658@XF H F2C4.07�C 
 Y �gd

¦,E�/L7�Pm@XPQ365�/G7tC45n§f@X.�/��63h;K@S7
ijCSFGF2Ccb$7R_#%�3hDk9
/GCS. Z /L7�;=3614CX9O3R; 9OC)�{5OCSl0F23Rn ¢ T
£ @X.m; %�3hDk9
/GCS. Ä /L7
9
E�3?7
I�l���3hDk9$CSi �{5OCSl�FG36n ¢ Z0£ d

� ���	��
 �
���P��� �k�������	�����������P��
��������2��������� 
 !7�#"

 g9®/L7¬b�36FGF ��.�Ccb\.²9
E0@X9®b�3R@+�#7�C4F2I�9
/GCS.07¬CXi ¢ T�£ D6CS5O5
3h7�PQCS.0; 9OC D�5O/29
/LD6@XF�PmC4/2.f987¬CSi<9
E�3
C1 ijI�.0D�9
/GCS.0@SF

Iλ : W
1,p
Γ (Ω) −→ R

Æ §S/G1S3R.®l4¡

Iλ(u) =
1

p
P (u) −

λ

q
Q(u) −

1

p∗
P ∗(u),

b\E�365O3

P (u) =

∫

Ω

|∇u|pdx, Q(u) =

∫

Ω

|u|qdx
@S.0;

P ∗(u) =

∫

Ω

|u|p
∗

dx.

-
7
/2.M§¹9OE�3ti»@SD�9�9OE0@c9
Γ
E0@47,7�9O5
/LDk9OF.¡ªPQC47
/29
/G1S3tnB3h@S7
I�5O3 Æ 9
E�3���C4/2.0DR@X5O:
/G.�3�
fI0@SF2/29b¡ª/L7\7�9O/2FGF�@V1c@X/GFG@Sl�FG3�/G.¬9OE�3

7�Pm@SD�3
W

1,p
Γ (Ω)

Æ E�3R.0D�3</29
D6@S.®3R.0;=Ccb�3R;®b\/ 9OE¥9
E�3�ijC4F2FGCcb\/2.M§¹.�C45
n

‖u‖ =
{ ∫

Ω

|∇u|pdx
} 1

p

,

¢ 7
363<7
CSn[3<D�CSn[n[36.f98@X5O/23h7N/G. � 3R7O@V1c@X.%$ 7�lmC�C�� 
 TVZ�Æ P0@�§S3 ThZ4¶ � Æ ijC45,9
E�3?DR@S7
3�P'& Z�£ d
 }.K9
E03B7
3�
fI�3RF Æ

|| ||
Æ
|| ||q

@X.0;
|| ||p∗

b\/GF2F¯;=3R.�CX9O3?9OE�3].�C45
nx7�CS.
W

1,p
Γ (Ω)

Æ
Lq(Ω)

@X.0;
Lp∗

(Ω)
5
3h7�PQ3RD�9
/G1S3RF.¡4d)(�3\/2.f9
5OC=;=I0D63N9OE�3,n[C�;�/ � 3h;¹ijI�.0Dk9O/2C4.0@XF

Ĩλ
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∂ttĨλ(t, u) = (q − 1)tq−2Hλ(t, u) + tq−1∂tHλ(t, u),

E�CSFL;�7�9O5
I�3 Æ b\/29
E

∂tHλ(t, u) = tp−q−1
{
(p − q)P (u) − (p∗ − q)tp

∗−pP ∗(u)
}

.

¦,E�3B5
3h@XF�1V@SF2I03R;KijI0.0Dk9O/2C4.
Hλ(., u)

/L7
/G.0D�5O3R@47�/G.G§®CS.
(0, t(u))

Æ ;=3hD�5O3R@S7
/G.G§ªCS.
(t(u), +∞)

@X.0;�@c9
9O@X/G.07
/ 987\I�.�/ 
fI�3�nx@c^=/2n¹I�n�ijC45

t = t(u)
Æ b\E�3R5
3

t(u) =

(
p − q

p∗ − q

P (u)

P ∗(u)

) 1
p∗

−p

.
¢ Ä £

¦,E�I07 Æ 9
E�3,ijI0.0Dk9O/2C4.
Hλ(., u)

E0@S7�9�b�C�PmCf7�/29
/G1S3��R365OC47 ¢ 5O3R7
P�d�CS.�3\PQC47
/29
/G1S3 �63R5
C £ /2i
Hλ(t(u), u) > 0

¢ 5
3h7�P)d
/ i

Hλ(t(u), u) = 0)
@X.m;KE0@S7t.�C)�63R5
Cª/2i

Hλ(t(u), u) < 0
d�"�. 9
E�3BCX9OE�365tE0@X.m; Æ @¬;=/G5
3hDk9<D�C4nBP0I=9O@X9
/GCS.

§S/G1S3h7

Hλ(t(u), u) =
p∗ − p

p − q

(
p − q

p∗ − q

P (u)

P ∗(u)

) p∗
−q

p∗
−p

P ∗(u) − λQ(u).

%�/GnB/GFL@X5OF.¡ Æ
Hλ(t(u), u) > 0

¢ 5
3h7�P)d
Hλ(t(u), u) < 0)

/ i
λ < λ(u)

¢ 5
3h7�P�d
λ > λ(u)

£ @S.0;
Hλ(u)(t(u), u) =

0
Æ b\E�3R5
3

λ(u) = Θ
P

p∗
−q

p∗
−p (u)

Q(u) P ∗
p−q

p∗
−p (u)

,
¢ Y!£

b\/ 9OE

Θ =
p∗ − p

p − q

(
p − q

p∗ − q

) p∗
−q

p∗
−p

.

 g9NijC4F2FGCcb$7�9
E0@X9�/2i
λ ∈]0, λ(u)[

Æ 9OE�3�5O3R@SFm1c@SF2I�3h;xijI�.mDk9
/GCS.
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∂tĨλ(t2(u, λ), u) = 0

£ ijCS5,3R1S365[¡
u ∈ W

1,p
Γ (Ω) \ {0}

Æ /29\ijCSFGFGCcb$7�9OE0@c9
9
E�3,ijI0.0Dk9O/2C4.0@XF
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