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−∆pu = λ|u|p1−2u+ (α+ 1)u|u|α−1|v|β+1,

−∆qv = µ|v|q−2v + (β + 1)|u|α+1|v|β−1v,
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Ĩ
/L7 3R1S36.�/G.

s
@X.0;

t
¼
bN3�F2/Gn[/ 9�CSI�5�7�9OI0;�·#ijCS5

s > 0
¼
t > 0

@S.0; ijCS5

(u, v) ∈ (W 1,p
Γ1

(Ω) \ {0})× (W 1,q
Γ2

(Ω) \ {0})
d

Y



������� «��	� ��
 ��

��
�

(u, v) ∈ (W 1,p

Γ1
(Ω) \ {0}) × (W 1,q

Γ2
(Ω) \ {0}) ��� ��
 � � ����� � � ��� 	��������

λ(u, v) > 0����� ����� � ����� ��
 ��� � � 

� �����! #"!� 	�� � � ��	 (s, t) ∈ (0,+∞)2 7→ Ĩ(s, u, t, v) � ��� � � � � � ��
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Ĩ(s, u, t, v) =
sp

p
P (u) −

λ

p1
sp1P1(u) +

tq

q
(Q(v) − µQ1(v)) − sα+1tβ+1R(u, v).

H ;=/G5
3hDk9$D�C4nBP0I=9O@X9
/GCS.�»S/G1S3R7
∂tĨ(s, u, t, v) = 0

/2i�@S.0; C4.�F3· /2i

t = t(s) =

[
(β + 1)

R(u, v)

Q(v) − µQ1(v)

] 1
q−(β+1)

s
α+1

q−(β+1) ,
¹ · º

@X.0;

Ĩ(s, u, t(s), v) =
sp

p
P (u) −

λ

p1
sp1P1(u) −

sr

r
A(u, v),

b\E�365O3

A(u, v) = (α+ 1)(β + 1)
α+1

q−(β+1)
R(u, v)

q

q−(β+1)

(Q(v) − µQ1(v))
β+1

q−(β+1)

@X.0;
r = (α+1)q

q−(β+1)

d%¶g9{/L7ª3h@S7@· 9
C�1S3R5
/2i · 9
E0@X9
r > p

d º Ccb|D6CS.07
/L;=365ª9
E�3�ijI�.mDk9
/GCS.
s ∈ (0,+∞) 7→

Ĩ(s, u, t(s), v)
@X.m; FG3�9$I07$b\5
/29
3

∂sĨ(s, u, t(s), v) := sp1−1Fλ,µ(s, u, v).

b\E�365O3
Fλ,µ(s, u, v) := P (u)sp−p1−λP1(u)−A(u, v)sr−p1

d �,E�3NijI�.0Dk9O/2C4.
s ∈ (0,+∞) 7→ Fλ,µ(s, u, v)

/G7B/G.0D�5O3R@47�/G.r»�CS.
(0, sµ(u, v))

¼N;=3hD�5O3R@47�/G.r» C4.
(sµ(u, v),+∞)

@S.0;t@X9�9O@S/2.m7ª/29O7BI�.0/3¸fI�3 n{@c^=/Gn]I�n ijC45

s = sµ(u, v)
¼�b\E�365O3

sµ(u, v) =

[
p− p1

r − p1

P (u)

A(u, v)

] 1
r−p

.
¹ Ucº

Â�C0¼�9OE�3 ijI�.mDk9
/GCS.
s ∈ (0,+∞) 7→ Fλ,µ(s, u, v)

E0@S7]9�b�CKPmCf7�/29
/G1S3 � 365OC47 ¹ 5O3R7
P�d CS.03 PmCf7�/29
/G1S3 � 365OC º / i

Fλ,µ(sµ(u, v), u, v) > 0
¹ 5O3R7
P�d

Fλ,µ(sµ(u, v), u, v) = 0
º @X.m; E0@47�.0C � 365OC /2i Fλ,µ(sµ(u, v), u, v) < 0

d
� . 9OE�3<CX9OE�365\Em@X.0;»¼m@B;�/25O3RD�9\D6CSn[P�I=98@c9O/2C4.�FG3R@4;�7N9
C

Fλ,µ(sµ(u, v), u, v) =
r − p

r − p1

[
p− p1

r − p1

P (u)

A(u, v)

]p−p1
r−p1

P (u) − λP1(u).

�,E�36.)¼
Fλ,µ(sµ(u, v), u, v) > 0

¹ 5O3R7
P�d
Fλ,µ(sµ(u, v), u, v) < 0

º /2i
λ < λ(u, v)

¹ 5
3h7�P�d
λ > λ(u, v)

º @X.0;

Fλ(u,v),µ(sµ(u, v), u, v) = 0
¼=b\E0365O3

λ(u, v) = ĉ
P (u)

r−p1
r−p

P1(u)A(u, v)
p−p1
r−p

and ĉ =
r − p

r − p1

[
p− p1

r − p1

] p−p1
r−p

.
¹.: º

§



�,E�365O3�ijC45
34¼�/ i
λ ∈ (0, λ(u, v))

¼�9
E�3ªijI�.0D�9
/GCS.
s ∈ (0,+∞) 7→ ∂sĨ(s, u, t(s), v)

E0@47
9�b�C�PmCf7�/29
/G1S3 � 3R5
Cf7
;=36.0CX9
3h; lU·

s1(u, v, λ, µ)
@X.0;

s2(u, v, λ, µ)
1S365O/2i ·f/G.r»

0 < s1(u, v, λ, µ) < sµ(u, v) < s2(u, v, λ, µ)
d

Â�/G.0D�3
Fλ,µ(s1(u, v, λ, µ), u, v) = Fλ,µ(s2(u, v, λ, µ), u, v) = 0

¼
∂sFλ,µ(s, u, v) > 0

ijCS5
0 < s < sµ(u, v)

@X.0;
∂sFλ,µ(s, u, v) < 0

ijCS5
s > sµ(u, v)

/ 9\ijC4F2FGCcb$7N9
E0@X9

∂ssĨ(s1(u, v, λ, µ), u, t(s1(u, v, λ, µ)), v) > 0,
¹ � º

∂ssĨ(s2(u, v, λ, µ), u, t(s2(u, v, λ, µ)), v) < 0.
¹ TRW#º

�,E�/L7�/Gn[P�FG/23h7
9OE0@c9v9OE�3ª5O3R@SF eg1c@XFGI�3R;KijI�.0Dk9O/2C4.
s ∈ (0,+∞) 7→ Ĩ(s, u, t(s), v)

@SD8E�/G36143R7�/ 987�I�.�/ ¸4I03ªFGC=D6@XF
n[/2.�/Gn]I0n @X9

s = s1(u, v, λ, µ)
@S.0;K/29O7$I0.�/3¸fI�3ªF2C=DR@XF)n{@X^�/Gn]I0n @X9

s = s2(u, v, λ, µ)
¼�b\E�/LD8EK36.0;07$9OE�3

P�5OCfCSi�d
�

�$3R5
3h@ci 9
3R5R¼
bN3 b\/GFGFv;�36.�CS9
3
ti(u, v, λ, µ) := t(si(u, v, λ, µ))

¼
i = 1, 2

d H 9�9
E�/L7�7�98@c»S34¼$b�3
/2.f9O5
C=;=I0D63�9
E�3?D8E0@S5O@4Dk9O365O/G7�9
/LD
1c@SF2I�3

λ̂(µ) := inf{λ(u, v), (u, v) ∈ (W 1,p
Γ1

(Ω) \ {0}) × (W 1,q
Γ2

(Ω) \ {0}) }.

��3ªD�FL@X/Gn�9
Em@c9
λ̂(µ)

/L7J»45
3h@c9\9
Em@X.K@{PQC47
/ 9O/2143?D�CS.m7�98@X.f9\b\E�/GD8E ;�36PQ36.0;�7
CS.�F3· C4.
µ
¼
p
¼
p1
¼
q
¼
α
¼
β
@X.0;

Ω
d�¶À.0;=3R3R;»¼�Im7�/G.r»B9
E�3����SFL;=365\/G.�3^¸4Im@XFG/ 9�·4¼=bN3�»S369

R(u, v) ≤ |Ω|δ ||u||α+1
p∗ ||v||β+1

q∗ ,

b\E�365O3
δ > 1

/L7,7�ImD8E 9OE0@c9 1
p∗

+ 1
q∗

+ 1
δ

= 1
d�-
7
/2.1»ª9OE�3<D�C4.49O/2.�I�C4I07�36nªlm3h;�;=/G.r»

W 1,q
Γ2

(Ω) ⊂ Lq∗

(Ω)
b�3

»S369

A(u, v) ≤ c1
P∗(u)

r
p∗

(µ1 − µ)
β+1

q−(β+1)

,

b\E�365O3
P∗(u) = ||u||p

∗

p∗

@S.0;
c1 = c1(p, p1, q, α, β,Ω)

d -�7�/G.r»�@c»f@X/G. 9OE�3tD6CS.f9
/G.�I�CSI07 3Rn]lQ3R;�;�/2.r»f7

W 1,p
Γ1

(Ω) ⊂ Lp1(Ω)
@X.0;

W 1,p
Γ1

(Ω) ⊂ Lp∗

(Ω)
bN3<C4l=9O@S/2.

λ(u, v) ≥ c2(µ1 − µ)
β+1

q−(β+1)

p−p1
r−p ,

b\E�365O3
c2 = c2(p, p1, q, α, β,Ω)

@S.0;¡9
E�3R.

λ̂(µ) ≥ c2(µ1 − µ)
β+1

q−(β+1)

p−p1
r−p ,

b\E�/LD8E�@4D8E�/23R1S3h7�9OE�3?D�FL@X/Gn d º Ccb�F2369$I07,/2.f9O5
C=;=I0D63

D := {(λ, µ) ∈ (0,+∞) × (−∞, µ1) : λ < λ̂(µ)}.

"�C45�3614365e·
(λ, µ) ∈ D

¼h9
E�3xijI�.0Dk9O/2C4.0@XFL7
(u, v) ∈ (W 1,p

Γ1
(Ω)\{0})×(W 1,q

Γ2
(Ω)\{0}) 7→ Ĩ(si(u, v, λ, µ), u, ti(u, v, λ, µ), v)

i = 1
¼
2
¼Q@X5O3�b�36FGF!;�3��0.�3h;K@X.0;�C4.�3]D6@S.K7�E�Ccb 3R@47�/GF3· 9
Em@c9$9OE�3�· @X5O3vlmC4I�.0;=3h; lm3RF2Ccb<d��$3R.0D�34¼�ijCS5�3614365e·

·



(λ, µ) ∈ D
¼�b�3?;=3��m.�3

α1(λ, µ) := inf{Ĩ(s1(u, v, λ, µ), u, t1(u, v, λ, µ), v), (u, v) ∈ W̃}
¹ T4T^º

α2(λ, µ) := inf{Ĩ(s2(u, v, λ, µ), u, t2(u, v, λ, µ), v), (u, v) ∈ W̃}
¹ TVZ�º

b\E�365O3

W̃ := (W 1,p
Γ1

(Ω) \ {0}) × (W 1,q
Γ2

(Ω) \ {0}).

� I�5<@X/Gn�/2.�9
E03[7
3�¸fI�3RF�/G7�9
C 7
E�Ccb&9
Em@c9
α1(λ, µ)

@X.m;
α2(λ, µ)

@S5
3ª/2.�i¬@SD�9?D�5O/ 9O/GDR@XF�1V@SF2I03R7�CXi
9
E�3<½�I�F23R5�eÀ>)@�»S58@X.r»43$ijI�.mDk9
/GCS.m@XF

I
ijC45\361S3R5@·

(λ, µ) ∈ D
d ��3?7�9O@S5�9\b\/29
E�9
E�3vijC4F2FGCcb\/G.r»

������� «���� � � (un, vn) ∈ W̃ � � ���#� 	7���#�	��� 	�
 ���!������	���� � " (
��� + ( 
 ���%& ) � " (
��� +9+ ��	* � � � (U1
n, V

1
n ) :=

(s1(un, vn, λ, µ)un, t1(un, vn, λ, µ)vn)( 
 ���%&')
(U2

n, V
2
n ) := (s2(un, vn, λ, µ)un, t2(un, vn, λ, µ)vn))

) / � ��	 � � � � �, ����

(i) lim sup
n→+∞

||(U1
n, V

1
n )|| <∞ (resp. lim sup

n→+∞
||(U2

n, V
2
n )|| <∞).

(ii) lim inf
n→+∞

||(U1
n, V

1
n )|| > 0 (resp. lim inf

n→+∞
||(U2

n, V
2
n )|| > 0).

354 ²�²7698 ��3K7
E�Ccb�9OE�3K@S7O7�3R5�9O/2C4. ¹ / º ¼�FG3�9
(un, vn) ∈ W̃

lQ3 @�n[/G.�/2n[/ � /G.r» 7�3^¸fI�36.0D63 CXi ¹ TSTaº d�Â�/2.mD�3

∂sĨ(s1(un, vn, λ, µ), un, t1(un, vn, λ, µ), vn) = 0
@S.0;

∂tĨ(s1(un, vn, λ, µ), un, t1(un, vn, λ, µ), vn) = 0
¼=/ 9\ijC4F2FGCcb$7N9
E0@X9

P (U1
n) − λP1(U

1
n) − (α+ 1)R(U1

n, V
1
n ) = 0,

¹ T µ º

Q(V 1
n ) − µQ1(V

1
n ) − (β + 1)R(U1

n, V
1
n ) = 0.

¹ TRY#º

Â�I�P�PQC47
3v9
Em@c9,9
E�3R5
3</L7\@[7�I0l07�3^¸fI�36.0D63S¼�7�9
/GF2F!;=36.�CS9
3h;¡lU·
(U1

n, V
1
n )
¼07
I0D8E�9
E0@X9

limn→+∞ ||(U1
n, V

1
n )|| = ∞

d ��3<b\/2FGF);=/L7�9O/2.1»SI�/L7�E¡9
E05
3R3?D6@S7
3R7R_
� �2��� � + limn→+∞ ||∇U1

n||p = ∞
@X.m;

||∇V 1
n ||q

/L7xlQCSI�.0;�3R;»d ��· ¹ T6YUº b�3J»S3�9�9
E0@X9
R(U1

n, V
1
n )

/G7BlQCSI�.m;=3R;»d � .t9OE�3 CX9OE�365[E0@S.0;»¼xI07
/G.r»�9
E�3 D�C4.49O/2.�I�C4I07B36nªlm3h;�;=/G.r»
W 1,p

Γ1
(Ω) ⊂ Lp1(Ω)

¼�b�3 E0@V1S3

P1(U
1
n) = on

(
P (U1

n)
)
,
@S7
n
»4Cf3h7,9
C

+∞
d ��· ¹ T µ º b�3�»S369

R(U1
n, V

1
n ) = 1

α+1 (1 + on(1))P (U1
n)
@S7
n

»SC�3R7�9OC
+∞

@S.0;�E�36.mD�3
limn→+∞R(U1

n, V
1
n ) = +∞

¼=b\E0/GD8EKD6@S.�.�CS9,E0CSFL; 9O5
I�34d

� �2��� � + limn→+∞ ||∇V 1
n ||q = ∞

@X.0;
||∇U1

n||p
/L7BlmC4I�.0;=3h;»d ��· ¹ T µ º bN3-»S3�9

R(U1
n, V

1
n )

lmC4I�.0;=3h;»d�¶gi
0 < µ < µ1

¼mI07�/G.r»[9OE�3ªÂ�C4lmC4F23R1�@S.0;��xCSI�.r» /2.�3^¸fI0@XFG/ 9O/23h76¼�ijCS5$3R1S365e·
ε ∈ (0, 1)

¼�9OE�365O3</G7�@
PmCf7�/29
/G1S3<D6CS.07�9O@S.49

Cε

7�I0D8E�9OE0@c9

||V 1
n ||

q
q ≤

ε

µ
||∇V 1

n ||
q
q + Cε,

U



b\E�/LD8E½»S/G1S3R7
(β + 1)R(U1

n, V
1
n ) + µCε ≥ (1 − ε)Q(V 1

n )
d �,E�3R.

limn→+∞R(U1
n, V

1
n ) = +∞

¼0b\E�/LD8E /G7
/2n[PQC47O7�/Gl�FG3Sd,¶gi

µ < 0
¼h9
E�3R.

Q(V 1
n )−µQ1(V

1
n ) = (β+1)R(U1

n, V
1
n ) ≥ Q(V 1

n )
7
C

limn→+∞R(U1
n, V

1
n ) =

+∞
¼=b\E�/LD8E /G7\@SFG7
C[/2n[PQC47O7�/Gl�FG3Sd

� �2��� � + limn→+∞ ||∇U1
n||p = limn→+∞ ||∇V 1

n ||q = ∞
d H 7,/2.�9
E03��05O7�9
D6@47�34¼�bN3<E0@V143

R(U1
n, V

1
n ) =

1

α+ 1
(1 + on(1))P (U1

n), as n goes to + ∞.

�,E�36.
I(U1

n, V
1
n ) = 1

α+1

(
α+1

p
+ β+1

q
− 1 + on(1)

)
P (U1

n)
@S7
n
»4Cf3h7�9
C

+∞
d �$36.mD�3S¼�I07
/2.1» 9
E�3{EU·fe

PmCS9
E�3h7�3 ¹ §�º ¼
limn→+∞ I(U1

n, V
1
n ) = +∞

¼Rb\E�/LD8Ev/G7�/2n[PQC47O7�/Gl�FG3Sd�MNC4.07
3�¸fI�36.f9OF�·4¼
lim supn→+∞ ||(U1

n, V
1
n )|| <

∞
d ��3?7
E�Ccb /G. 9OE�3?7O@Xn[3vb�@a·{9OE0@c9

lim supn→+∞ ||(U2
n, V

2
n )|| <∞

d

º Ccb<¼$b�3�7
E�Ccb 9
E03�@47
7
365
9
/GCS. ¹ /G/ º ¼�F2369
(un, vn) ∈ W̃

lm3�@�n[/G.�/2n[/ � /G.r» 7�3^¸4I036.0D63 CXi ¹ TSTaº d
Â�I�P�PQC47
3�9
E0@X9!9OE�365O3,/G7�@�7�I0l07�3^¸fI�36.0D63S¼X7�9
/GF2F�;�36.�CS9
3R;ªlU·

(U1
n, V

1
n )
¼f7�ImD8E?9
Em@c9

limn→+∞ ||(U1
n, V

1
n )|| = 0

d
��· ¹ T µ º b�3n»43�9

limn→+∞ I(U1
n, V

1
n ) = 0

@X.m;]9OE�/L7�D6@S.{.�CX9NE�CSFL;ª9
5OI�3$lQ3RD6@SI07
3
I(U1

n, V
1
n ) < 0

ijC45�3614365e·

n
d

Â�/GnB/GFL@X5OF�·4¼xF2369
(un, vn) ∈ W̃

lQ3 @ n[/G.�/2n[/ � /G.r» 7�3^¸4I036.0D63 CXi ¹ ThZ º dtÂ�I0P�PmCf7�3¡9
Em@c9B9
E�3R5
3�/G7[@
7�I0l07�3^¸fI�36.0D63S¼�7�9
/GF2F!;=36.�CS9
3h; lU·

(U2
n, V

2
n )
¼07
I0D8E¡9
E0@X9

limn→+∞ ||(U2
n, V

2
n )|| = 0

d�¶gi
p > α+ 1

¼=lU· ¹ ThW º ¼=b�3<E0@V1S3

∂ssI(U
2
n, V

2
n ) = (p− 1)P (U2

n) − λ(p1 − 1)P1(U
2
n) − α(α+ 1)R(U2

n, V
2
n ) < 0

�,E�36.
(p−1)P (U2

n)−λ(p−1)P1(U
2
n)−αpR(U2

n, V
2
n ) < 0

¼cb\E�/LD8E?/GnBP0F2/G3R7)9
E0@X9
(p−(α+1))R(U2

n, V
2
n ) <

0
@X.0; 9
E�/L7v/L7</2n[PQC47O7�/Gl�FG3Sd "�/2.0@SF2F3·S¼!/ i

p ≤ α + 1
¼»9
E036.

(p − p1)P (U2
n) < (α + 1)2R(U2

n, V
2
n )
d Â�/2.mD�3

α+1
p∗

+ β+1
q∗

< 1
@X.0; α+1

p
+ β+1

q
> 1

¼49OE�36.¡9
E0365O3
3�^=/L7�9
p̃
@S.0;

q̃
7O@c9O/G7�i ·�/2.1»

p < p̃ < p∗
¼
q < q̃ < q∗

@X.0;

α+ 1

p̃
+
β + 1

q̃
= 1.

¹ TV§�º

�,E�365O3�ijC45
34¼

R(U2
n, V

2
n ) ≤ c(Ω, p, q)||U2

n||
α+1
p̃ ||V 2

n ||
β+1
q̃

≤ c′(Ω, p, q)||∇U2
n||

α+1
p ||∇V 2

n ||β+1
q

@X.0; D6CS.07
3�¸fI�3R.49OF�·4¼
(p− p1) ≤ c′(Ω, p, q)(α + 1)2||∇U2

n||
α+1−p
p ||∇V 2

n ||
β+1
q

b\E�/LD8E D6CS.�1S3R5@»43R7�9
C
0
@S7
n

»SC�3R7�9OC
+∞

d �,E�/L7\D�C4.49O5O@4;=/LDk9O7N9OE�3vi¬@SD�9
p > p1

¼�b\E�/LD8E 36.0;07�9
E�3<P�5OC�CXi�d
�

:



� 	 � � ��µ ������� � � 
 ��
�� ³�
J®�´ 

� µ�® ¯���

	 
�����°(µ�� ��®-µ�
�± �g²

¶g9$/G7,/G.f9
3R5
3h7�9O/2.r»B9OC{.�CX9O/GD63�9OE0@c9\ijC45\3614365e·
γ > 0

¼
δ > 0

¼�/ 9$E0CSFL;�7

Ĩ

(
γs,

u

γ
, δt,

v

δ

)
= Ĩ(s, u, t, v),

∂tĨ

(
γs,

u

γ
, δt,

v

δ

)
=

1

δ
∂tĨ(s, u, t, v),

∂sĨ

(
γs,

u

γ
, δt,

v

δ

)
=

1

γ
∂sĨ(s, u, t, v),

∂ssĨ

(
γs,

u

γ
, δt,

v

δ

)
=

1

γ2
∂ssĨ(s, u, t, v).

�,E�/L7,/2n[P�FG/23h7,9
Em@c9

s1(u, v, λ, µ) =
1

γ
s1

(
u

γ
,
v

δ
, λ, µ

)
, ∀ δ > 0,

¹ T · º

s2(u, v, λ, µ) =
1

γ
s2

(
u

γ
,
v

δ
, λ, µ

)
, ∀ δ > 0,

¹ TcUcº

t1(u, v, λ, µ) =
1

δ
t1

(
u

γ
,
v

δ
, λ, µ

)
, ∀ γ > 0,

¹ T : º

t2(u, v, λ, µ) =
1

δ
t2

(
u

γ
,
v

δ
, λ, µ

)
, ∀ γ > 0.

¹ T � º

¶g9\ijCSFGF2Ccb$7N9OE0@c9

α1(λ, µ) = inf
(u,v)∈Sp×Sq

{Ĩ(s1(u, v, λ, µ), u, t1(u, v, λ, µ), v)},
¹ ZXW#º

α2(λ, µ) = inf
(u,v)∈Sp×Sq

{Ĩ(s2(u, v, λ, µ), u, t2(u, v, λ, µ), v)},
¹ Z=Taº

b\E�365O3
Sp

@S.0;
Sq

@S5
3 9
E�3¡I�.�/29[7
P�E�3R5
3h7?CXi
W 1,p

Γ1
(Ω)

@S.0;
W 1,q

Γ2
(Ω)

5
3h7�PQ3RD�9
/G1S36F3·Sd�J @X¾43 P�5O3RD�/L7
3{9
E0@X9

Sp × Sq

/G7\@
2
eÀD�C=;=/GnB3R.07
/2C4.0@XF�@X.0;¡D�C4nBP0F2369
3v7�I�l0n[@S.�/2ijCSFL; CXi

W
¼=b�3
b\/GFGF�;=36.�CS9
3�/ 9,/G. 9OE�3�7
3�¸fI�3RF�l#·

S
d

������� «�� � � � (λ, µ) ∈ D
��	* � � � (un, vn) ∈ S � � � � � 	���� �	��� 	�
 ���!������	���� � " ( ��� + ( 
 ���%& ) � " ( ��� +!+ )/ � ��	 (s1(un, vn, λ, µ)un, t1(un, vn, λ, µ)vn) �( 
 ���%&')

(s2(un, vn, λ, µ)un, t2(un, vn, λ, µ)vn) + ��� ��� � � �-��� ��� � � � �#���!������	�����"���
 ��� � "!� 	�� � � ��	���� I )

354 ²�²7698 >�369
(λ, µ) ∈ D

@S.0; D�C4.07�/L;=3R5,@Bn[/G.�/2n[/ � /G.r» 7
3�¸fI�36.mD�3 (un, vn) ∈ S
CXi ¹ ZSW º d�>)3�9$I07\7
3�9

Un = s1(un, vn, λ, µ)un,

Vn = t1(un, vn, λ, µ)vn.

�,E�3\7�3^¸fI�36.0D63
(Un, Vn)

/L7�D�FG3R@X5OF3·�lQCSI0.0;=3R;ª/G.
W
d � .?9OE�3,CX9
E0365�E0@X.m;»¼c9
E�3�»45O@4;=/23R.f9 ¹ 5
3h7�P�d)9
E�3 �
3R7O7�/L@X.

;=3�9O365On[/2.0@S.f9 º CXi
Ĩ
b\/29
E 5
3h7�PQ3RD�9v9
C

s
@X.m;

t
@c9

(s, t) = (s1(un, vn, λ, µ), t1(un, vn, λ, µ))
/L7v3�¸fI0@XFx9
C

�



� 3R5
C ¹ 5
3h7�P�d�/L7�7�9
5O/GD�9
F3·ª.03�»4@X9
/G1S3 º d�Â�C0¼49
E�3�/2n[P�FG/LD�/29�ijI�.0D�9
/GCS.{9OE�36C45
3Rn"/Gn[P�FG/23h7x9OE0@c9N9
E0@X9
s1(un, vn, λ, µ)

@X.0;
t1(un, vn, λ, µ)

@S5
3
C1 b\/29
E 5O3R7
Pm3hDk9,9
C (u, v)

¼m7�/G.0D�3
Ĩ
/G7Rd

��3</G.f9
5OC=;=I0D�3v.�Ccb 9
E�3vijI0.0Dk9O/2C4.0@XF
I
;=3��0.�3h; C4.

S
lU·

I(u, v) = Ĩ(s1(u, v, λ, µ), u, t1(u, v, λ, µ), v),

9
E�3R.

α1(λ, µ) = inf
(u,v)∈S

I(u, v) = lim
n→+∞

I(un, vn).

H P�P0F�·�/G.r»{9
E03<½x¾S3RFG@S.0;�1V@S5
/L@c9O/2C4.0@XF»P05
/G.0D�/GP�FG3?CS.�9OE�3]D�C4n[P�F2369
3<n{@X.0/ ijC4FG;
(S, || . ||)

9
C{9OE�3vijI�.0D�9
/GCS.0@SF
I

bN3�»43�9

I ′(un, vn)(ϕn, ψn) ≤
1

n
||(ϕn, ψn)||, ∀(ϕn, ψn) ∈ T(un,vn)S,

b\E�365O3
T(un,vn)S

;=3R.�CX9O3R7ª9
E�3 98@X.r»436.f9{7�P0@4D�3¡9
C
S
@c9B9
E�3KPQCS/G.f9

(un, vn)
d�A\3hD6@SF2F�9
Em@c9

T(un,vn)S =

Tun
Sp × Tvn

Sq

¼»b\E�3R5
3
Tun

Sp

¹ 5
3h7�P)d
Tvn

Sq
º /L7$9OE�3B9O@X.1»S36.f9v7�P0@4D�3]9
C

Sp

¹ 5O3R7
P�d
Sq

º @c9�9
E�3[PQCS/G.49
un¹ 5O3R7
P�d

vn
º d
Â�3�9

An := (un, vn, λ, µ), and Bn := (s1(un, vn, λ, µ), un, t1(un, vn, λ, µ), vn).

"�C45\361S3R5@·
(ϕn, ψn) ∈ Tun

Sp × Tvn
Sq

¼0CS.�3vE0@47

I ′(un, vn)(ϕn, ψn) = D1Ĩ(Bn)(ϕn) +D2Ĩ(Bn)(ψn)

b\E�365O3

D1Ĩ(Bn)(ϕn) = ∂us1(An)(ϕn)∂sĨ(Bn) + ∂uĨ(Bn)(ϕn) + ∂ut1(An)(ϕn)∂tĨ(Bn)

= ∂uĨ(Bn)(ϕn).

Â�/GnB/GFL@X5OF�·4¼=CS.�3vE0@47

D2Ĩ(Bn)(ψn) = ∂v Ĩ(Bn)(ψn).

"�I�5
9
E0365OnBC45
34¼=D�CS.m7�/L;=365,9OE�3 ���mlm3R5 �
n{@XP07

π : W 1,p
Γ1

(Ω) \ {0} −→ R × Sp

u 7−→
(
||∇u||p,

u
||∇u||p

)
:= (π1(u), π2(u)),

π̃ : W 1,q
Γ2

(Ω) \ {0} −→ R × Sq

v 7−→
(
||∇v||q ,

v
||∇v||q

)
:= (π̃1(v), π̃2(v)).

TRW



H P�P0F�·�/G.r»[9
E�3����SFL;=365\/G.�3^¸4Im@XFG/ 9�· b�3�»S369R¼=ijC45\361S3R5@·
(u, ϕ) ∈ (W 1,p

Γ1
(Ω) \ {0})×W 1,p

Γ1
(Ω)

@X.m;
(v, ψ) ∈

(W 1,q
Γ2

(Ω) \ {0})×W 1,q
Γ2

(Ω)
¼�9OE�3vijCSFGF2Ccb\/G.r»B3R7�9
/Gn{@c9
3h7

|π′
1(u)(ϕ)| ≤ ||∇ϕ||p, |π′

2(u)(ϕ)| ≤ 2
||∇ϕ||p
||∇u||p

,

|π̃′
1(v)(ψ)| ≤ ||∇ψ||q , |π̃′

2(v)(ψ)| ≤ 2
||∇ψ||q
||∇v||q

.

� .{CS.�3\Em@X.0;»¼4ij5OCSn >�36n[n{@ ¹ Z º ¼49
E�3R5
3
/G7N@vPmCf7�/29
/G1S3
D6CS.07�9O@S.f9
K
7�I0D8E[9OE0@c9

s1(An) ≥ K
@S.0;

t1(An) ≥

K
¼�ijC45\361S3R5@·{/G.f9
3�»S365

n
d � .¡9
E03<CX9
E0365\E0@S.0;»¼=ijC45\361S3R5@·

(ϕ, ψ) ∈W
¼

D1I(Un, Vn)(ϕ) = ϕ1
n∂sĨ(Bn) + ∂uĨ(Bn)(ϕ2

n) + ϕ1
n∂tĨ(Bn)

= ∂uĨ(Bn)(ϕ2
n).

b\E�365O3
ϕ1

n = π′
1(un)(ϕ)

@S.0;
ϕ2

n = π′
2(un)(ϕ)

d �,E�36.?9
E�3NijCSFGF2Ccb\/G.r»$3h7�9O/2n{@X9
3R7!E�C4FG;v9O5
I03S_
|ϕ1

n| ≤ ||∇ϕ||p
@X.0;

||∇ϕ2
n||p ≤ 2

K
||∇ϕ||p

d�¶À.�9
E�3?7O@Xn[3vn{@X.�.�3R5R¼=b�3�»S369

D2I(Un, Vn)(ψ) = ψ1
n∂sĨ(Bn) + ∂v Ĩ(Bn)(ψ2

n) + ψ1
n∂tĨ(Bn)

= ∂v Ĩ(Bn)(ψ2
n).

b\E�365O3
ψ1

n = π̃′
1(vn)(ψ)

@X.m;
ψ2

n = π̃′
2(vn)(ψ)

¼�b\/ 9OE 9
E�3¡3R7�9
/Gn{@c9
3h7
|ψ1

n| ≤ ||∇ψ||q
@S.0;

||∇ψ2
n||q ≤

2
K
||∇ψ||q

d �,E�365O3�ijC45
3

|D1I(Un, Vn)(ϕ)| ≤
1

n
||∇ϕ2

n||p

≤
2

nK
||∇ϕ||p

@X.0;

|D2I(Un, Vn)(ψ)| ≤
1

n
||∇ψ2

n||q

≤
2

nK
||∇ψ||q .

��3?D6CS.0D6F2Im;=3v3R@S7
/GF�·{9OE0@c9

lim
n→+∞

||I ′(Un, Vn)||∗ = 0,

b\E�365O3
I ′(Un, Vn)(ϕ, ψ) = D1I(Un, Vn)(ϕ)+D2I(Un, Vn)(ψ)

@S.0;
|| ||∗

/L7�9
E03\.�CS5On CS.ª9
E03
;=I0@SF�7�P0@4D�3
CXi
W
d

�,E�3 @S5@»4I�n[36.f9O7<@S5
3 7
/2n[/GFG@S5?/2i
(un, vn) ∈ S

/G7ª@ nB/G.�/GnB/ � /G.r» 7
3�¸fI�3R.0D�3{CSi ¹ Z=Taº d �$3R.0D�34¼)9OE�3
F23Rn[n[@B/L7\P�5OCc1S3h;»d

�

TST



����� « 4�� 8 "0CS5]3R1S3R5@·
(u, v) ∈ W̃

@X.0;
(λ, µ) ∈ D

¼�C4.�3 E0@47
Ĩ(s, u, t, v) = Ĩ(s, |u|, t, |v|)

¼

si(|u|, |v|, λ, µ) = si(u, v, λ, µ)
¼
i ∈ {1, 2}

@S.0;vD�C4.07�3^¸fI�36.f9
F3·
ti(|u|, |v|, λ, µ) = ti(u, v, λ, µ)

¼
i ∈ {1, 2}

d
�,E�365O3�ijC45
34¼)3R1S365e· n[/G.�/GnB/ � /G.r» 7
3�¸fI�3R.0D�3 (un, vn) ∈ Sp × Sq

CXi ¹ ZXW º CS5 ¹ Z=T^º DR@X. lQ3 D�C4.07
/G;=3R5
3h; @S7?@
7�3^¸fI�36.0D63<7
@X9
/L7�i ·�/G.r»

un ≥ 0
@X.0;

vn ≥ 0
/G.

Ω
d

� 	 ± �0µp¯,µ�� 
 �0± �g³�¯,µg±;®�� ��®-² ¯���
�� 
�������µ�±�³�° ± 
�¯���
Jµ`° 
J®�
�°
	 �

�
� � ² 4���� � � � � (λ, µ) ∈ D
) / � ��	 � 
 � � � ��� (
� +0� ��� � � � ����� � �%$ ��	���	 � 
�� 
 � ��� ��� ��� � � �
	�� (U i, V i) �

i ∈ {1, 2} � ����� � ��� � � U i ≥ 0
�
	  

V i ≥ 0
� 	

Ω
�
	  

U i 6= 0 � V i 6= 0 � "���
 i ∈ {1, 2}
)

354 ²�²7698 ��3<b\/2FGF)Im7�3v9OE�3<.�CX98@c9O/2C4.07\CXi�9
E03<P�5
3R1�/2C4I07,F23Rn[n[@476dN>�3�9
(λ, µ) ∈ D

@X.m;�D6CS.07
/L;=365$@B.�C4.�.�3�»Se
@c9O/2143�n[/G.�/GnB/ � /G.r» 7
3�¸fI�3R.0D�3 (un, vn) ∈ S

CXi ¹ ZSW º d�¶g9$/L7,¾�.�Ccb\. ij5OCSn >�36n[n{@ ¹ µ º 9
E0@X9

lim
n→+∞

I(Un, Vn) = α1(λ, µ),

lim
n→+∞

||I ′(Un, Vn)||∗ = 0

@X.0;ª9OE0@c9
(Un, Vn)

/L7xlQCSI0.0;=3R;B/G.
W
d�Á�@47
7
/G.r»v/ i».�3hD�3R7O7O@X5e·<9
C?@<7
I�l07
3�¸fI�36.mD�3S¼S9
E�3R5
3$@S5
3

U1 ∈ W 1,p
Γ1

(Ω)
@X.0;

V 1 ∈W 1,q
Γ2

(Ω)
7
I0D8E¡9
E0@X9

Un ⇀ U1 /2.
W 1,p

Γ1
(Ω),

Un → U1 /G.
Lp1(Ω)

@X.0;
Lp̃(Ω),

Vn ⇀ V 1 /G.
W 1,q

Γ2
(Ω),

Vn → V 1 /G.
Lq1(Ω)

@S.0;
Lq̃(Ω),

b\E�365O3
p̃
@X.m;

q̃
@X5O3\7�PQ3RD6/ �m3R;[/G. ¹ Th§ º d H 9x9
E0/G7N7�98@c»S34¼Sb�3\I07
3,9
E�3$b�36FGF0¾�.�Ccb\.[/G.�3�¸fI0@SF2/29
/G3R7R_

∀(x, y) ∈ R
N

|x− y|γ ≤ C
(
|x|γ−2x− |y|γ−2y

)
· (x− y), if γ ≥ 2,

|x− y|2 ≤ C(|x| − |y|)2−γ
(
|x|γ−2x− |y|γ−2y

)
· (x− y), if γ < 2.

b\E�365O3
·
;=3R.�CX9O3R7�9
E03?7
DR@XFL@X5,P�5OC�;�I0Dk9\/G.

R
N
d

ThZ



¶À.�9
E�3?DR@S7
3
p ≥ 2

¼=b�3�C4l=9O@S/2.

P (Un − U1) ≤ C

∫

Ω

(
|∇Un|

p−2∇Un − |∇Vn|
p−2∇Vn

)
· (∇Un −∇Vn)

= C(D1I(Un, Vn)(Un − U1) −D1I(U
1, V 1)(Un − U1) +

Cλ

∫

Ω

(
|Un|

p1−2Un − |U1|p1−2U
)
(Un − U1) +

C(α + 1)

∫

Ω

(
Un|Un|

α−1|Vn|
β+1 − U1|U1|α−1|V 1|β+1

)
(Un − U1).

Â�/G.0D�3
limn→+∞ ||I ′(Un, Vn)||∗ = 0

¼
(Vn)

/G7�lQCSI�.0;�3R;»¼)@S.0;KI07
/G.r» 9OE�3ªi¬@SDk9�9
Em@c9
Un → U1 /G. Lp1(Ω)

@X.0; /2.
Lp̃(Ω)

¼
Vn → V 1 /G. /G. Lq̃(Ω)

¼=bN3�D�CS.mD�FGI0;=3S¼�lU·[9
E03 ���SFL;=365,/G.�3�¸fI0@SF2/29�·S¼f9
Em@c9
P (Un −U1) → 0

¼
@S7
n
»SC�3R7�9OC

+∞
¼�b\E�/LD8E¡n[3h@X.07�9OE0@c9

Un −→ U1 /G.
W 1,p

Γ1
(Ω).

¶À.�9
E�3?DR@S7
3
p < 2

¼�@[;=/G5
3hDk9
D�C4n[P�I=9O@X9
/GCS.�»S/G1S3h7

||∇Un −∇U1||2p ≤ C
(
||∇Un||

2−p
p + ||∇U1||2−p

p

)
×

∫

Ω

(
|∇Un|

p−2∇Un − |∇U1|p−2∇U1
)
· (∇Un −∇U1).

Â�/G.0D�3
||∇Un−∇U1||p

/G7)lmC4I�.0;=3h;»¼R9
E�3�7O@Xn[3x@S5@»4I�n[36.f9O7�I07
3R;<@SlmCc143�7�E�Ccb 9
E0@X9
Un → U1 /2.

W 1,p
Γ1

(Ω)
¼

@S7
n
»SC�3R7�9OC

+∞
d�¶À.K@B7
/GnB/GFL@X5\b,@a·{bN3�»S369

Vn → V 1 /G.
W 1,q

Γ2
(Ω)

¼m@S7
n
»SC�3R7�9OC

+∞
d

JKCS5O36Cc14365h¼X/29�/L7ND6F23h@X5N9
E0@X9
(U1, V 1)

/L7N@].�CS.f9O5
/G1�/G@SFm7
CSFGI=9
/GCS. CSi)Áx5OCSl�FG36n ¹ T^º 1S365O/2i ·f/G.r»
U1 ≥ 0

@X.0;
V 1 ≥ 0

/G.
Ω
@X.m;

U1 6= 0
¼
V 1 6= 0

d � .¡9
E03<CX9
E0365$E0@S.0;»¼=9OE�365O3v/G7
@B7
I�l07
3�¸fI�3R.0D�3<CSi
(un, vn)

¼m7�9O/2FGF
;=36.0CX9
3h;�l#·

(un, vn)
7
I0D8E 9OE0@c9

Un := s1(un, vn, λ, µ)un −→ U1 /2.
W 1,p

Γ1
(Ω),

Vn := t1(un, vn, λ, µ)vn −→ V 1 /2.
W 1,q

Γ2
(Ω).

H D6D6CS58;=/2.1»]9OC >�36n[n{@ ¹ Z º ¼�FG3�9
(s1, t1) ∈ (0,+∞)2

7
I0D8E�9
Em@c9




s1(un, vn, λ, µ) −→ s1
/2.

R,

t1(un, vn, λ, µ) −→ t1
/G.

R,

un −→ u1 = U1

s1

/G.
W 1,p

Γ1
(Ω),

vn −→ v1 = V 1

t1

/G.
W 1,q

Γ2
(Ω),

b\/ 9OE
u1 = U1

s1 ∈ Sp

¼
v1 = V 1

t1
∈ Sq

¼
s1 = s1(u

1, v1, λ, µ)
@X.0;

t1 = t1(u
1, v1, λ, µ)

d �,E�3R5
36ijCS5O3S¼

∂ssĨ(s1(u
1, v1, λ, µ), u1, t1(u

1, v1, λ, µ), v1) > 0
d

T µ



Áx5OC�D6363h;=/2.1»¡/G. 9OE�3{7
@SnB3Bn{@X.�.0365�b\/ 9OE�@¡.�CS.0.�3�»f@c9
/G1S3ªn[/2.�/Gn[/ � /2.1» 7
3�¸fI�3R.0D�3 (ũn, ṽn) ∈ S
CXi

¹ Z�T^º ¼�b�3�C4l=9O@S/2. @B7�3hD�CS.m; .�C4.49O5
/G1�/G@SFQ7
CSFGI=9O/2C4.
(U2, V 2)

CXi ¹ T^º 14365O/ i ·�/G.r»
U2 ≥ 0

@S.0;
V 2 ≥ 0

/G.
Ω
@X.0;

U2 6= 0
¼
V 2 6= 0

d

º Ccb<¼=b�3vE0@V1S3�9
C{7
E�Ccb 9OE0@c9
(U1, V 1) 6= (U2, V 2)

dx>�369
(s2, t2) ∈ (0,+∞)2

7
I0D8E 9OE0@c9




s2(ũn, ṽn, λ, µ) −→ s2
/2.

R,

t2(ũn, ṽn, λ, µ) −→ t2
/G.

R,

ũn −→ u2 = U2

s2

/G.
W 1,p

Γ1
(Ω),

ṽn −→ v2 = V 2

t2

/G.
W 1,q

Γ2
(Ω),

b\/ 9OE
u2 = U2

s2 ∈ Sp

¼
v2 = V 2

t2
∈ Sq

¼
s2 = s2(u

2, v2, λ, µ)
@X.0;

t2 = t2(u
2, v2, λ, µ)

d �,E�3R5
36ijCS5O3S¼

∂ssĨ(s2(u
2, v2, λ, µ), u2, t2(u

2, v2, λ, µ), v2) < 0
d �$3R.0D�3

(U1, V 1) 6= (U2, V 2)
¼0b\E�/GD8E 3R.0;�7,9OE�3?P�5OC�CXi�d

�

¶À.K9
E03ª7
3�¸fI�36F�¼mijCS5
3R1S3R5@·
(λ, µ) ∈ D

¼m9OE�3?ijI0.0Dk9O/2C4.07
(u1, v1)

@X.0;
(u2, v2)

b\/GF2F�lm3B;=36.0CX9
3h;KlU·

(u1(λ, µ), v1(λ, µ))
@S.0;

(u2(λ, µ), v2(λ, µ))
5O3R7
Pm3hDk9O/21436F3·Sd�Â=/2n[/GFG@S5
F3·S¼V9OE�3$7�C4F2I�9
/GCS.07

(U i, V i)
¼
i ∈ {1, 2}

¼
b\/2FGF�lQ3?;=36.0CX9
3h; lU·

(U i(λ, µ), V i(λ, µ))
¼
i ∈ {1, 2}

d

�
� � ² 4���� ��� � � (λ, µ) ∈ D
) / � ��	

(i) I(U1, V 1) < 0
"���


λ ∈]0, λ̂(µ)[,

(ii)

{
I(U2, V 2) > 0

"���

λ ∈ ]0, λ0(µ)[,

I(U2, V 2) < 0
"���


λ ∈ ]λ0(µ), λ̂(µ)[,

$ � ��
 �
λ0(µ) :=

p1

r

(
r

p

) r−p1
r−p

λ̂(µ).

354 ²�²7698 ¶À. 9
E0/G7]P�5
C�CSi�¼
µ
b\/GF2FNlm3 ��^=3R; /G.

(−∞, µ1)
¼�7
CKbN3 b\/GFGFNC4nB/29?9OE�3¡;=3RPm3R.0;=3R.0D�3 C4.

µ
/2. 9OE�3

3�^=P�5O3R7O7�/GCS.m7�b\E0/GD8E�b\/2FGF�ijC4F2FGCcb<d �$Ccb�361S3R5R¼Q9OE�3 ;=36PQ36.m;=3RD63{CS.
λ
b\/2FGFxlQ3 7�PQ3RD6/ �m3R;»dH¶À. P0@S5�9O/GD6I�FG@S5R¼�9OE�3

½xI�FG365
eg>!@c»45O@S.r»S3
ijI�.0Dk9O/2C4.0@XF
I
b\/2FGF�lQ3?;=36.�CS9
3h; lU·

Iλ
d

¹ /G/ º >�369
(u, v)

lm3?@S.�@S5
l�/29
58@X5e·[36FG36n[36.f9$CSi
W̃
d ��3?;=36.0CX9
3

Ĩλ(s, u, t(s), v) =
sp

p
P (u) −

λ

p1
sp1P1(u) −

sr

r
A(u, v),

@X.0;¡b\5O/ 9O3

Ĩλ(s, u, t(s), v) = sp1G̃λ(s, u, v),

T6Y



b\E�365O3

G̃λ(s, u, v) = sp−p1
P (u)

p
− λ

P1(u)

p1
− sr−p1

A(u, v)

r
.

¶g9\ijCSFGF2Ccb$7N9OE0@c9

∂sĨλ(s, u, t(s), v) = p1s
p1−1G̃λ(s, u, v) + sp1∂sG̃λ(s, u, v),

b\/ 9OE

∂sG̃λ(s, u, v) = sp−p1−1

{
p− p1

p
P (u) −

r − p1

r
sr−pA(u, v)

}
.

�,E�3\5O3R@XF01V@SF2I03R;ªijI�.0D�9
/GCS.
s 7−→ G̃λ(s, u, v)

/G7x/2.0D65
3h@S7
/2.1»�C4.
]0, s0(u, v)[

¼f;=3RD65
3h@S7
/2.r»vC4.
]s0(u, v),+∞[

@X.0;�@c9
9O@S/2.07$/ 987,I�.�/ ¸4I03<n[@X^=/2nªI�n ijCS5
s = s0(u, v)

¼�b\E�3R5
3

s0(u, v) =

(
r

p

) 1
r−p

sµ(u, v),
¹ Z4Z�º

@X.0;
sµ(u, v)

/G7\;=3��0.�3h;¡/G. ¹ U�º d � .¡9
E�3<CS9
E�3R5\E0@X.0;�¼0@[;=/25O3RD�9$D�CSn[P�I�9O@c9O/2C4.-»4/2143R7

G̃λ(s0(u, v), u, v) =

(
p− p1

r − p1

P (u)

A(u, v)

) r−p1
r−p

R(u, v) − λP1(u).

Â�/GnB/GFL@X5OF�·4¼
G̃λ(s0(u, v), u, v) > 0

¹ 5O3R7
P�d
G̃λ(s0(u, v), u, v) < 0)

/2i
λ < λ0(u, v)

¹ 5
3h7�P�d
λ > λ0(u, v)

º
@X.0;

G̃λ0(u,v)(s0(u, v), u, v) = 0
¼=b\E�3R5
3

λ0(u, v) =
p1

r

(
r

p

) r−p1
r−p

λ(u, v),
¹ Z µ º

b\/ 9OE
λ(u, v)

»S/G1S3R.¡lU· ¹.: º d �,EfIm76¼�b�3�»S369




Ĩλ(s0(u, v), u, t(s0(u, v)), v) > 0
/2i

λ < λ0(u, v),

Ĩλ(s0(u, v), u, t(s0(u, v)), v) = 0
/2i

λ = λ0(u, v),

Ĩλ(s0(u, v), u, t(s0(u, v)), v) < 0
/2i

λ > λ0(u, v).

¹ ZXY#º

"�/2587�9h¼�7�/G.0D63v9
E�3vijI�.mDk9
/GCS.
]0, 1[ −→ R

t 7−→ ln t
1−t/G7,/G.0D65
3h@S7
/2.r»m¼�9
E�3R.�ijCS5\3614365e·{5
3h@XF».�I�nªlm3R5O7

x
¼
y
7�ImD8E 9OE0@c9

0 < x < y < 1
¼=C4.�3vE0@S7

ln

[
1

x

]
>

1 − x

1 − y
ln

[
1

y

]
= ln

[(
1

y

) 1−x
1−y

]
,

@X.0;�D�C4.07
3�¸fI�36.f9OF�·

0 < x

(
1

y

) 1−x
1−y

< 1.

¶À.�9
E�3<P0@S5�9O/GD6I�FL@X5\D6@47�3
x = p1/r

@X.m;
y = p/r

bN3�»43�9

0 <
p1

r

(
r

p

) r−p1
r−p

< 1,

Th§



@X.0; 9
E0365
ijCS5O3
0 < λ0(u, v) < λ(u, v)

d

JKCS5O36Cc14365h¼VijCS5x3R1S3R5@·
(u, v) ∈ W̃

¼fCS.�3
E0@S7
G̃λ0(u,v)(s, u, v) < 0

ijC45
s ∈]0,+∞[\{s0(u, v)}

@X.0;

G̃λ0(u,v)(s0(u, v), u, v) = 0
d �$3R.0D�34¼�9
E�3¡5
3h@XF�1c@SF2I�3h;�ijI�.0D�9
/GCS.

s 7−→ Ĩλ0(u,v)(s, u, t(s), v)
¼
(s > 0)

¼
@c9
9O@X/G.07,/29O7\I0.�/3¸fI�3<n{@X^�/Gn]I0n|@c9

s = s0(u, v)
@X.m; b�3<CSl=98@X/G. 9OE�3vijCSFGFGCcb\/2.r»B/G.49O365O3R7�9
/G.r»[/G;�36.f9
/29�·

s2(u, v, λ0(u, v), µ) = s0(u, v).
¹ Z4§�º

��3<b\/GFGF)7�369

t0(u, v) := t2(u, v, λ0(u, v), µ).

� . 9
E�3]CX9
E0365
Em@X.0;»¼m/ 9�/G7�D�FG3R@X5$9
E0@X9
9
E03<ijI�.0D�9
/GCS.0@SF
λ0(u, v)

/L7$b�3R@S¾fF3· FGCcb�365$7
36n[/ eÀD�C4.f9
/G.fI0CSI07\C4.
W̃
d

�,E�I076¼�9OE�3<1c@XFGI�3

λ̂0 := inf
(u,v)∈fW

λ0(u, v)
¹ Z · º

/G7�@SD8E�/G36143R;�CS.
W̃
d
Â=/2.0D63

λ0(u, v)
/L7

0
e�E�C4n[C�»S3R.�36C4I07,/G.

u
@X.m;

v
¼QbN3]DR@X. @47
7
I�n[3v9
E0@X9
9OE�365O3?/L7
7
CSn[3

(u∗, v∗) ∈ Sp × Sq

7
I0D8E�9
E0@X9
λ̂0 = λ0(u

∗, v∗)
d

º Ccb<¼�FG3�9
λ
lQ3{7�ImD8E 9OE0@c9

0 < λ < λ̂0
d �,E�3R.�¼»ijC45<361S3R5@·

(u, v) ∈ W̃
CS.�3BE0@S7

0 < λ < λ0(u, v)
@X.0;

D�C4.07�3^¸fI�36.f9
F3·
Ĩλ(s0(u, v), u, t(s0(u, v)), v) > 0

E�C4FG;07$ij5OCSn ¹ ZXY#º d �NI�9R¼
s 7−→ Ĩλ(s, u, t(s), v)

¼
(s > 0)

@c9
9O@X/G.07\/29O7
I�.�/ ¸fI�3?n{@c^=/Gn]I�n|ijCS5
s = s2(u, v, λ)

¼mE�36.0D63
Ĩλ(s2(u, v, λ), u, t2(u, v, λ), v) > 0

¼�ijCS5
361S3R5@·

(u, v) ∈ W̃
d�¶À.¡P0@S5�9O/GD6I�FL@X5h¼=bN3vE0@V143

Ĩλ(s2(u
2(λ), v2(λ), λ), u2(λ), t2(u

2(λ), v2(λ), λ), v2(λ)) > 0,

��) � )
Iλ(U2(λ), V 2(λ)) > 0

d

¶gi
λ = λ̂0

¼�9
E�3R.

Ibλ0
(U2(λ̂0), V

2(λ̂0)) = Ĩbλ0
(s2(u

2(λ̂0), v
2(λ̂0), λ̂0), u

2(λ̂0), t2(u
2(λ̂0), v

2(λ̂0), λ̂0), v
2(λ̂0))

= inf
(u,v)∈Sp×Sq

Ĩbλ0
(s2(u, v, λ̂0), u, t2(u, v, λ̂0), v)

≤ Ĩbλ0
(s2(u

∗, v∗), u∗, t2(u
∗, v∗), v∗)

= Ĩλ0(u∗,v∗)(s0(u
∗, v∗), u∗, t0(u

∗, v∗), v∗)

= 0

b\E�/LD8E¡/Gn[P�F2/G3R7\9
E0@X9
Ibλ0

(U2(λ̂0), V
2(λ̂0)) ≤ 0

d�¶À. @S;�;�/ 9O/2C4.�¼�/29$/G7,¾�.�Ccb\.¡ij5
C4n ¹ ZXY#º 9OE0@c9

Ĩbλ0
(s0(u, v), u, t0(u, v), v) ≥ 0,

Ĩbλ0
(s1(u, v, λ̂0), u, t1(u, v, λ̂0), v) < 0,

T ·



ijCS5\3R1S365e·
(u, v) ∈ W̃

d �,E�36.

s0(u, v) > s1(u, v, λ̂0), ∀(u, v) ∈ W̃ .

¶g9\ijCSFGF2Ccb$7N9OE0@c9

Ĩbλ0
(s2(u

2(λ̂0), v
2(λ̂0), λ̂0), u

2(λ̂0), t2(u
2(λ̂0), v

2(λ̂0), λ̂0), v
2(λ̂0)) ≥

Ĩbλ0
(s0(u

1(λ̂0), v
1(λ̂0)), u

1(λ̂0), t0(u
1(λ̂0), v

1(λ̂0)), v
1(λ̂0)) ≥ 0.

�$3R.0D�34¼

Ibλ0
(U2(λ̂0), V

2(λ̂0)) = Ĩbλ0
(s2(u

2(λ̂0), v
2(λ̂0), λ̂0), u

2(λ̂0), t2(u
2(λ̂0), v

2(λ̂0), λ̂0), v
2(λ̂0))

= 0.

"�/2.0@SF2F3·S¼�@47
7
I�n[3{9
Em@c9
λ̂0 < λ < λ̂

d Â�/G.0D�34¼�ijCS5]3R1S3R5@·
s ∈]0,+∞[

@S.0;
(u, v) ∈ W̃

¼�9OE�3 5O3R@SFx1c@XFGI�3R;
ijI�.0D�9
/GCS.

λ 7−→ Ĩλ(s, u, t(s), v)
/L7$;=3hD�5O3R@S7
/G.r»0¼�/29\ijCSFGF2Ccb$7N9
Em@c9

Ĩλ(s, u, t(s), v) < Ĩbλ0
(s, u, t(s), v),

ijC45\361S3R5@·
s > 0

@S.0;
(u, v) ∈ W̃ .

¹ ZfUcº

¶À.K@S;�;=/29
/GCS.)¼=bN3vE0@V143

Ĩλ(s2(u
2(λ), v2(λ), λ), u2(λ), t2(u

2(λ), v2(λ), λ), v2(λ)) =

inf
(u,v)∈Sp×Sq

Ĩλ(s2(u, v, λ), u, t2(u, v, λ), v) ≤

Ĩλ(s2(u
∗, v∗, λ), u∗, t2(u

∗, v∗, λ), v∗) <

Ĩbλ0
(s2(u

∗, v∗, λ), u∗, t2(u
∗, v∗, λ), v∗)

b\E�365O3�9
E03�FG@47�9)/G.�3^¸4Im@XFG/ 9�·\ijC4F2FGCcb$7�ij5OCSn ¹ Z4U�º d)J CS5O36Cc1S3R5R¼89OE�3x5O3R@SFX1c@XFGI�3R;�ijI�.0D�9
/GCS.
s 7−→ Ĩbλ0

(s, u∗, t(s), v∗)
¼

(s > 0)
¼�@SD8E�/G36143R7�/ 987\I�.�/ ¸fI�3<n{@c^=/Gn]I�n|@X9

s = s0(u
∗, v∗)

d �,E�I07R¼

Ĩbλ0
(s2(u

∗, v∗, λ), u∗, t2(u
∗, v∗, λ), v∗) ≤ Ĩbλ0

(s0(u
∗, v∗), u∗, t0(u

∗, v∗), v∗)

= Ĩλ0(u∗,v∗)(s0(u
∗, v∗), u∗, t0(u

∗, v∗), v∗)

= 0.

�$3R.0D�3
Ĩλ(s2(u

2(λ), v2(λ), λ), u2(λ), t2(u
2(λ), v2(λ), λ), v2(λ)) < 0

¼0b\E�/GD8E�36.m;�7,9
E03<P�5
C�CSi�d
�

�,E�3 ijCSFGFGCcb\/2.r» 5O3R7
I�F29{7
E�Ccb$7B9OE�3 7�I0l=9
FG3KF2/G.�¾q3�^=/G7�9
/G.r» lQ3�9�b�363R.q9OE�3 D8E0@S5O@4Dk9
3R5
/L7�9
/LD 1c@XFGI�3
λ̂0

;=3��m.�3R;
lU· ¹ Z · º @X.0;�Áx5OCSl0F23Rn ¹ Taº d

�
� � ² 4���� ��� "
(u, v)

��� �#������� � � ��	 � " ( ��� +#��� ��	 (s0(u, v)u, t0(u, v)v)
��� � ��� ��� � � �
	 � " ��� � ��
2� � � � (
� +

$ � ��	 λ = λ̂0
)

TVU
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(u, v)

lQ3ª@ 7�C4F2I=9O/2C4.KCXi ¹ Z · º dn¶À. CS58;=3R5\9
C 7
/GnBP0F2/2i ·�9
E�3ª.�CX98@c9
/GCS.m76¼mbN3B7�369
U := s0(u, v)u

@X.0;
V := t0(u, v)v

d �,EfIm76¼�ijC45
λ = λ̂0 = λ0(u, v)

bN3vE0@V143S_

Ibλ0,µ
(U, V ) =

s0(u, v)
p

p
P (u) − λ̂0

s0(u, v)
p1

p1
P1(u) −

s0(u, v)
r

r
A(u, v)

@X.0; ijCS5\3R1S3R5@·
ϕ ∈W 1,p

0 (Ω)
_

D1Ibλ0 ,µ
(U, V )(ϕ) =

1

p
P ′(U)(ϕ) −

λ̂0

p1
P ′

1(U)(ϕ) −
1

r
D1A(U, V )(ϕ),

b\E�365O3




P ′(U)(ϕ) = s0(u, v)
p−1P ′(u)(ϕ),

P ′
1(U)(ϕ) = s0(u, v)

p1−1P ′
1(u)(ϕ),

D1A(U, V )(ϕ) = s0(u, v)
r−1D1A(u, v)(ϕ).

��3?DR@XFLD�I�FL@c9O3v.�Ccb<¼

λ̂0P
′
1(U)(ϕ) = λ0(u, v)s0(u, v)

p1−1P ′
1(u)(ϕ)

=
p1

r

(
r

p

) r−p1
r−p

(
p− p1

r − p1

) p−p1
r−p P (u)

P1(u)

(
P (u)

A(u, v)

) p−1
r−p

×
r − p

r − p1

(
r

p

) p1−1

r−p
(
p− p1

r − p1

P (u)

A((u, v)

) p1−1

r−p

P ′
1(u)(ϕ)

=
r − p

r − p1

p1

r

r

p

(
p− p1

r − p1

) p−1
r−p

(
r

p

) p−1
r−p P (u)

P1(u)

P (u)

A(u, v)

p−1
r−p

P ′
1(u)(ϕ)

=
r − p

r − p1

p1

p

P (u)

P1(u)

((
r

p

) 1
r−p

(
p− p1

r − p1

) 1
r−p P (u)

A(u, v)

)p−1

P ′
1(u)(ϕ)

=
p1

p

r − p

r − p1
P (u)s0(u, v)

p−1P
′
1(u)(ϕ)

P1(u)
.

¶À.K@S;�;=/29
/GCS.)¼=CS.�3vE0@47

D1A(U, V )(ϕ) = s0(u, v)
r−1D1(u, v)(ϕ)

=

(
r

p

p− p1

r − p1

P (u)

A(u, v)

) p−1
r−p r

p

p− p1

r − p1

P (u)

A(u, v)
D1A(u, v)(ϕ)

=
r

p

p− p1

r − p1
P (u)s0(u, v)

p−1D1A(u, v)(ϕ)

A(u, v)
.

MNCS.07
3�¸fI�3R.f9
F3·S¼=b�3�C4l=9O@S/2.

D1Ibλ0,µ
(U, V )(ϕ) =

[
P ′(u)(ϕ)

P (u)
−

r − p

r − p1

P ′
1(u)(ϕ)

P1(u)
−
p− p1

r − p1

D1A(u, v)(ϕ)

A(u, v)

]

×
P (u)s0(u, v)

p−1

p

= K

(
r − p1

r − p

P ′(u)(ϕ)

P (u)
−
P ′

1(u)(ϕ)

P1(u)
−
p− p1

r − p

D1A(u, v)(ϕ)

A(u, v)

)
,

T :



b\E�365O3
K := r−p

r−p1

P (u)
p
s0(u, v)

p−1 d � .�9
E�3vCX9OE�365\Em@X.0;»¼m@B;�/25O3RD�9
D�CSn[P�I�9O@c9O/2C4.-»4/2143R7R_

D1λ0(u, v)(ϕ) = λ̂0

(
r − p1

r − p

P ′(u)(ϕ)

P (u)
−
P ′

1(u)(ϕ)

P1(u)
−
p− p1

r − p

D1A(u, v)(ϕ)

A(u, v)

)
,

b\E�/LD8Eq/L7B3�¸fI0@XF,9OC � 365OC�lU·t@47
7
I�n[P=9O/2C4.�d �
36.0D63 D1Ibλ0,µ
(U, V )(ϕ) = 0

7
/G.0D�3 /29[/L7[P�5OCSPQCS5
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