H
]
i
i
5
5

Prépublications du Département de Mathématiques

Université de La Rochelle
Avenue Michel Crépeau
17042 La Rochelle Cedex 1
http://www.univ-Ir.fr /labo/lmca

On local Poisson-type deviation
inequalities for curved continuous time
Markov chains, with applications to
birth-death processes

Aldéric Joulin

Mars 2006

Classification: 60E15, 60J27, 47D07, 41A25.

Mots clés: continuous time Markov chain, deviation inequality, semigroup,
Wasserstein curvature, I'-curvature, birth-death process, stationary distribution,
M /M /1 queueing process.

2006,/02



On local Poisson-type deviation inequalities for
curved continuous time Markov chains, with
applications to birth-death processes

Aldéric Joulin*

Laboratoire de Mathématiques et Applications
Université de La Rochelle
Avenue Michel Crépeau
17042 La Rochelle Cedex 1
France

Abstract

In this paper, we present new local Poisson-type deviation inequalities for
continuous time Markov chains whose Wasserstein curvature or I'-curvature is
bounded below. Although these two curvatures are equivalent for Brownian
motion on Riemannian manifolds, they are not comparable in discrete settings
and yield deviation bounds involving different Lipschitz seminorms. In the
case of birth-death process, we provide some conditions on the rates of the
associated generator for such discrete curvatures to be bounded below, and we
extend to this framework the local deviation inequalities of [2] established for
continuous time random walks on graphs, seen as models in null curvature. By a
limiting argument, deviation bounds are derived for the stationary distribution
of birth-death process in the finite state space case and we recover the optimal
Gaussian deviation for Ornstein-Uhlenbeck processes constructed as fluid limits
of rescaled continuous time Ehrenfest chains. Finally, an extension of these
local deviation inequalities to sample vectors of the M /M /1 queueing process
completes this work.
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1 Introduction

In recent years, the area of concentration of measure has been deeply investigated in
the context of discrete time Markov chains, using mass transportation and functional
inequalities related to the convergence to stationarity. For instance, in the contract-
ing case, Gaussian concentration of measure was put forward by K. Marton [16], via
Pinsker-type inequalities derived from information theory. It has been then extended
by P.M. Samson [18] to a large class of Markov chains, among them Doeblin recurrent
Markov chains, whereas H. Djellout, A. Guillin and L. Wu [9], and lately G. Blower
and F. Bolley [4], established similar deviation bounds under assumptions of trans-
portation inequalities. On the other hand, C. Houdré and P. Tetali [13] in the case of
reversible Markov chains, and C. Ané and M. Ledoux [2] for continuous time random
walks on graphs corresponding to null curvature models, obtained Poisson-type tail
estimates using modified logarithmic Sobolev inequalities and the Herbst method.
The purpose of the present paper is to give new local Poisson-type deviation bounds
for continuous time Markov chains, which extend and sharpen in the case of curved
birth-death processes the tail inequalities of [2] mentioned above. Our approach is
based on semigroup analysis and uses the notion of curvature for Markov processes on
general metric measure spaces recently investigated in [20], in the context of continu-
ous time Markov chains: the Wasserstein curvature involving the Lipschitz seminorm
of the Markov semigroup, and the I'-curvature related to a commutation relation be-
tween the semigroup and the “carré du champ” operator I'.

In the case of Brownian motion on smooth Riemannian manifolds, Theorem 2 to-
gether with Corollary 1 in [20] state that the following assertions are equivalent for

any K € R:
(i) the Brownian Wasserstein curvature is bounded below by K,
(i) the Brownian I'-curvature is bounded below by K,
(iii) the Ricci curvature of the manifold is bounded below by K.

Therefore, such an equivalence gives a characterization of uniform lower bounds of
the Ricci curvature of the manifold in terms of gradient estimates of heat kernels.
However, the equivalence between (i) and (ii) does not hold in the framework of
continuous time Markov chains since discrete gradients do not satisfy the chain rule

formula. Thus, it is natural to study the role played by each type of discrete curvature



in the concentration of measure phenomenon. Actually, the constants in the deviation
inequalities we establish in this paper turn out to be different when one or the other
discrete curvature above is bounded below. For instance, let (X;);>¢ be a regular
continuous time Markov chain on a discrete metric space E, with jumps bounded
by some positive b. Let f : E — R be a Lipschitz function and denote g(u) =
(14 w)log(l4+u) —u, u> 0. If (X;);>0 has Wasserstein curvature bounded below by
p > 0 and angle bracket bounded by some positive V2, we show via Theorem 3.1 the
tail probability:

(1 —e 212 2pby
g (100 B0 20 < o (5 ()

y 2pby ))
< exp|—"—1og |1+ ,
P ( Wl ( (1= eV fllLip

whereas if the I'-curvature is bounded below by the same p and if ||I'f]|. < 400, we

get the estimate:

supP, (F(Xy) — B, [f(X)] > y) < exp <_(1_e—2pt)||Ff||oog<( pbyl| f1lLip ))

vl PO fIIEsp 1 —e2)|[Tflloo

y Pyl f1|Lip ))
< exp| —=——7—log |1+ ,
p( 26][ I g( (1= 20T f]lae

cf. Corollary 4.4. Although the exponential decays above are somewhat similar, we

note that a lower bound on the I'-curvature entails more general inequalities involving

the mixed Lipschitz seminorms || - ||Li, and f — ||T chlx/f, whereas a lower bound on
the Wasserstein curvature leads to deviation results including the sole || - || and

enforces the angle bracket of the chain to be bounded.

The paper is organized as follows. In Section 2, some basic material on con-
tinuous time Markov chains is recalled and we introduce two notions of curvatures of
Markov chains, namely the Wasserstein curvature and the I'-curvature. In Section 3,
Theorem 3.1, a local Poisson-type deviation inequality is established for continuous
time Markov chain with Wasserstein curvature bounded below, and we analyze the
influence of the sign of such a lower bound in large deviation inequalities. In Section 4,
a general estimate is derived in Theorem 4.2 under the hypothesis of a lower bound on
the I'-curvature, and with further assumptions on the chain, these upper bounds are
computed to yield local Poisson tail probabilities involving the mixed Lipschitz semi-
norms || - ||Lip and f— [|T'f Hclx/f The case of irreducible birth-death process on N or

{0,1,...,n} is investigated in Section 5, in which we give some conditions on the rates
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of the associated generator for such discrete curvatures to be bounded below. As a
result, we extend to birth-death processes the deviation inequalities of [2] established
for continuous time random walks on graphs, seen as models in null curvature. By
a limiting argument, deviation bounds are derived for the stationary distribution of
birth-death process on the finite state space {0,1,...,n} and we recover the optimal
Gaussian concentration for Ornstein-Uhlenbeck processes constructed as fluid limits
of rescaled continuous time Ehrenfest chains. Finally, these local Poisson-type devia-
tion inequalities are extended to sample vectors of the M/M/1 queueing process by
using a tensorization procedure of the Laplace transform together with an integration

by parts formula satisfied by the underlying semigroup.

2 Notation and preliminaries

Throughout the paper, E is a countable set endowed with a non-trivial metric d,
F(F) is the collection of all real-valued functions on E, #(F) C .7 (F) is the space
of all real-valued bounded functions on E equipped with the supremum norm || f||. =
sup,cp | f(x)], and Lip(F) is the subspace of . (F) consisting of Lipschitz functions
on F, ie.

Hf”Lip .= sup
TFY

2.1 Basic material on continuous time Markov chains

On a probability space (2, .%#,P), consider an E-valued continuous time Markov chain
(X¢)t>0 with its natural filtration (.#;):>0 and homogeneous semigroup (FP;)¢>o acting
on Dom (P,)>0 :={f € Z(F) : P.f exists for anyt > 0} D H(F) as follows:
Pof(x) =B [f(X)] = ) f(y)Pi(w,y), = €E.
yerR
We assume through the paper that the cadlag chain (X;);>¢ is regular, i.e. the number

of its discontinuities is finite on each compact time interval. Define

T 1—Pt($,$) T Pt(%@/)
Qx—lgfglfe[(lﬁw], Q(I,y)—ltlfgl ;

and denote Q(z,x) = —Q,, v € E. By Theorem 2.2 page 337 in [6], the regularity

€ [0,+00), y#uw,

assumption implies that (X;);>o is stable and conservative, i.e. for any z € E, Q, <
+00, and >~ Q(z,y) = 0, respectively. The generator £ of the chain is given by
L) = (fy) — f(2))Qz,y), z€E,

yer



where f € Dom.Z = {f € Z(F) : ZLfexists} D Dom(P;);>o. In addition, if
SUp,cp @ < 400, then £ is bounded and the chain admits a uniform version, i.e.
there exists A > 0 and a transition matrix P such that . = A\(P —1), where I denotes
the identity on .#(E). The version of the chain with A = sup,.p @, is called minimal.
In the remainder of the paper, the chains we consider are implicitly assumed to be
non-explosive. In other words, if (7),),en denotes the sequence of jump times of the
chain (X¢)i>0, i.e. Ty = 0 and 1,1 = inf{t > T, : X; # X1, }, n € N, then for any
initial state z € E, we have P, (lim,, .. T,, = +00) = 1.

Given f € B(E), the process M/ = (Mtf)tzo defined by

M = F(X0) — [(Xo) - / LF(X)ds, t20,

is a (P,, #;)-martingale for any x € F, which has the representation:
t
M= Y [0 = F) L (Ve ) ds),
y,2€E

where (N, ). er is a family of independent Poisson processes on R with respective
intensity o, (dt) = Q(z,y)dt.

If (X¢)i>0 is square-integrable, then the angle bracket process exists and is given by

(X = Y de) [ 1maQ)ds, £20

y,2€FE 0

If there exists V' > 0 such that szeE d(-7y)2Q(-,y)H < V2, then (X, X), < V%
and we say that (X;);>o has angle bracket bounded by V2.

Finally, we say that the chain (X;);>o has jumps bounded by some positive b if
SUp;~o d(Xp—, Xt) <.

2.2 Curved continuous time Markov chains
Wasserstein curvature of regular Markov chains
Let us introduce the notion of curved Markov chain in the Wasserstein sense.

Definition 2.1 The Wasserstein curvature at time t > 0 of a reqular Markov chain

with semigroup (Py)i>o is defined by

K, := —% sup {log (%) : f € Dom (P;)s>0 N Lip(E), f # COHSt} € [—o0, +00).
Lip

It is said to be bounded below by K € R if inf;wg K; > K.
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Remark 2.2 We call this curvature the Wasserstein curvature since it is connected
with the so-called Wasserstein distances. Indeed, if P(E) denotes the space of prob-
ability measures on the subsets of E equipped with the weak topology and P (FE) is

the subset of P(F) consisting of all x such that Y _.d(x,y)u(y) < 4+oo for some (or

yerR
equivalently for any) x € E, then given pu,v € Pi(FE), define the Wasserstein distance

W between p and v by
i, V mf Z d(z,y)m(x,y),
ryck
where the infimum runs over all 7 € P (E x E) with marginals p and v, making P;(E)

a Polish space, see for instance [21]. The Kantorovich-Rubinstein duality theorem

states that the Wasserstein distance rewrites as

> f@)(ulz) = v(x))

zelR

W, v) = sup {

Il < 1} :

Thus, if a Markov kernel P(x,-) € P;(E) for some x € E and any positive ¢, then the

following assertions are equivalent:
(i) inf;~0 K; > K
(i1) | P f lLip < €% flLip, for any f € Dom (P,);>o N Lip(E) and any ¢ > 0;
(iii) W (Py(x, ), Pi(y,-)) < e Kld(x,y) for any z,y € E and any t > 0.

Hence, these assertions characterize lower bounds on the Wasserstein curvature in

terms of contraction properties of the semigroup in the Wasserstein metric W.

Remark 2.3 By the Kantorovich-Rubinstein duality theorem together with [8, Theo-
rem 5.23], any chain with Wasserstein curvature bounded below by some positive con-
stant K is positive recurrent and thus has a unique stationary distribution 7 € P;(E).

Therefore, according to the Kantorovich-Rubinstein duality theorem, we have:

W(P(z,-),m) = sup > f(y)(Pla,y) —7(y))

Hf”LipSl yeE

= sup Z fW) (P, y) — Pz, y))m(2)

Hf”Llp<1 Y, zel

< sup Y [Pf(x) = Bi2)ln(2)

‘f”Llp_ 2€E

e Kt Z d(x,z)m(z2)

zeE

IA



which goes to 0 as t tends to infinity. Hence, the positive number K describes the speed
of convergence of the Markov chain to stationarity with respect to the Wasserstein

metric W.

['-curvature of regular Markov chains

Recall that the “carré du champ” operator I is the symmetric bilinear mapping defined
on Dom.Z x Dom.Z by

M(f0)) = 5 (LU0~ [0 Zg(e) — g() 25 ()
= ()~ F@) (9ly) — 9(2) Q).

yeE

Welet I'f = I'(f, f) and introduce the notion of curved Markov chains in the I'-sense:

Definition 2.4 The I'-curvature at time t > 0 of a reqular Markov chain with semi-

group (Py)i>o is defined by

1/2
Py = —%sup {log (%) : f € Dom (P;)i>0, f # const, x € E} € [—o0, +0).

It is said to be bounded below by p € R if infy~o pr > p.

Remark 2.5 By definition, the I'-curvature is bounded below by p € R if and only
if for any f € Dom (P;)s>o,

(TR (x) < e P (D)) (2), z€E, t>0, (1)

which is the analogue in discrete settings of the classical commutation relation between
local gradient and heat kernel on Riemannian manifolds with Ricci curvature bounded

below, see [3].

Main differences between discrete curvatures

As already mentioned in the introduction, both curvatures are essentially equivalent
for Brownian motions on Riemannian manifolds, see [20, Theorem 2|. This is no
longer the case in discrete settings since discrete gradients do not satisfy the chain
rule formula, and the discrete curvatures defined above are not directly comparable.
However, note that the inequality (1) is a pointwise commutation relation between the

semigroup and a discrete gradient induced by the operator I', whereas a lower bound



on the Wasserstein curvature entails via the item (ii) of Remark 2.2 an inequality
between Lipschitz seminorms and where the semigroup is dropped in its right-hand-
side. Hence, the assumption (ii) is weaker than (1) in some sense and we expect that
a lower bound K on the Wasserstein curvature entails weaker deviation results than

that established under the assumption of the same lower bound K on the I'-curvature.

Preliminary comments on tail estimates

Let us make some comments on the deviation inequalities we will establish in the
remainder of this paper:

e Our estimates are said to be local since they are given with respect to the
probability measures P,(x,-), ¢ > 0, uniformly in the initial state x € E. Moreover,
we give in general two estimates for each result, to emphasize the good order of
magnitude of the exponential decays in the deviation bounds. The second one is easily
deduced from the first one by using the elementary inequality (1+u)log(1+u) —u >
ulog(l+w)/2, u > 0.

e For the sake of simplicity, our results are concerned with right tail esti-
mates of type P, (f(X;) — E, [f(X})] > y), where the level of deviation y is positive.
However, replacing in the corresponding inequalities f by —f, two-side tail estimates
P, (|f(X:) —E, [f(Xy)]| > y) can be obtained.

e Similarly to the paper [11] for infinitely divisible random vectors with com-
pactly supported Lévy measures, the boundedness assumption on the jumps of the
chain allows us to derive explicit Poisson like inequalities, see for instance Theorem 3.1
or Corollary 4.4, whereas the general case yields the formal tail estimate (4) of Theo-
rem 4.2. Moreover, all our results are still available when replacing the upper bound
on the jumps b > sup,.( d(X;—, X;) by the deterministic time-dependent upper bound
by > supg o< d(Xs—, Xs), t > 0.

e We do not investigate in this paper the case of independent product Markov
chains, since our results would be sub-optimal with respect to the dimension. Indeed,
our proofs are based on the tensorization of the Laplace transform with respect to the
¢'-metric, which is not well-adapted to handle dimension-free concentration results,
see for instance the discussion in [15, Section 1.6].

e Denote log, () = max(log(z),0), + > 0. A classical consequence of our

Poisson-type deviation inequalities is the following exponential integrability property:



for any f € Lip(F), any positive ¢ and sufficiently small A > 0, we have:

sup B, [N (X0 -EalFC00]] log. 1£06) B[] < 4 oo,
zeFE
3 Deviation bounds for curved Markov chains in
the Wassersteiln sense

In this part, we present Poisson-type deviation results under the assumption of a lower

bound on the Wasserstein curvature.

Theorem 3.1 Let (Xi)i>0 be a regular Markov chain on E with jumps and angle
bracket bounded respectively by b > 0 and V? > 0. Assume moreover that its Wasser-
stein curvature is bounded below by K € R. Let f € Lip(E) and define for any t > 0
the positive numbers Cy ¢ = supgc,<; € 7% and My jo = (1—e 1) /(2K) (Myx =t
if K =0). Then for any initial state x € E, any y > 0 and any t > 0, we have the

local Poisson-type deviation inequality:

Mt V2 th
P, (f(Xt) —E, [f(Xt)] = y) = o <_ 52’5521{ I (MtKV;ﬁ?”LiP)) (2)

exp (_—y log (1 + —bct’Ky ))
26C4 s || f |luip My gV fllup /) )’

where g(u) = (1 4+ u)log (1 +u) —u, u> 0.

Proof. Fix x € E, t > 0, and assume first that f is bounded. The process (Zsf>0<s<t
given by

Zg = Pt—sf(Xs) - Ptf(XO)

is a real P,-martingale with respect to the truncated filtration (% 5)o<s<; and we have

by 1t6’s formula:

72 = % / (P f () — Prrf(2) Ly (Ney — 02 (dT).

y,2€E
Since the Wasserstein curvature is bounded below, the jumps of (Z A ) o< s<; ar€ bounded
for any s € [0, ¢]:
Zi =z = |Pof (X)) = Py f(X,0)]
< d( X, X[ flILipC e
< Ol fllipCrxe,
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as its angle bracket:

225, = Y /O (P f(g) = P f(2) L,y 0y (d7)

y,2€F

< 1R, Y / KD Pk Qe y)dr

y,2€F
< ”f||%ith,Kv2‘
By [14, Lemma 23.19], for any positive A, the process (}/s()\))ogsgt given by

YV = exp (AZ] = N9 flluipCr) (27, Z7),)

is a P,-supermartingale with respect to (F,)o<s<t, where ¥(z) = 272 (e* — z — 1),

z > 0. Thus, we get for any A > 0:

E, kA(f(X»—Ez[f(Xt)])} — E, [exztf]

IN

exp (V1 MV 6B o)) Ex [110]
exp (N[ f1E5, M V29 0 f[13Cr )

M, V? .
exp (ﬁ (e)\b“f”LlpCt,K _ >\b||f”LipOt,K _ 1)) )

IA

Finally, using the exponential Chebychev’s inequality and optimizing in A > 0 in the
exponential estimate above, the deviation inequality (2) is established in the bounded
case.

To remove the boundedness assumption, let f € Lip(E) and consider the bounded
function f,, = max{—n, min{f,n}}, n € N. We have the pointwise convergence f,, T f
and by a classical argument, see for instance the proof of Proposition 10 in [5], (f5)nen
is uniformly integrable with respect to the probability measure P;(x, -), which implies
the convergence of E,[f,(X;)] to E,[f(X:)]. Since ||fullLip < ||fllLip and that g is

non-decreasing on R, , we finally have by Fatou’s lemma:

Po (f(Xe) = Bo[f(X)] 2 9) < liminf Py (fu(Xe) — Eo[fu(X0)] 2 v)

n—-4oo

2
< liminf exp —Mt’KQV g( bCQ’Ky )
im inf vz \ SVl

< exp _Mt,KV29 ( bCy kY )
B 02CF i 7 \ Mg V2| f|Lip

Theorem 3.1 is established in full generality. ]
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Remark 3.2 If K = 0, then Theorem 3.1 recovers the tail inequalities of [11, 19]
established for Lévy processes, since the independence of the increments implies that
the Wasserstein curvature is bounded below by 0. If K < 0, then the decay in

Kt whereas if K > 0, the chain is

(2) is slower, due to the exponential factor e~
positive recurrent and such estimates can be extended to the stationary distribution,

as illustrated below and in Section 5.2.

Large deviation bounds

Let us now analyze the influence of the sign of the lower bound K of the Wasserstein
curvature on some large deviation inequalities which are direct applications of (2).
Fix the initial state x € E and the deviation level y > 0. Under the assumptions of

Theorem 3.1, we have the following behaviors:

(i) If ¢ tends to 0, then we have the estimate independent of K:

_ )
bl fllLip

The speed of convergence is —1/log(t), which is sharp in the case of continuous

) 1
111?_?0111) —@ log P, (f(Xy) —E. [f(Xy)] > y) <

time Markov chains whose rate functions of the generator are bounded, see [1].

One deduces that the sign of K has no influence in small time in (2).

(ii) If t tends to infinity, then the sign of K is crucial in (2). Indeed, if K is
positive, then the existence of a unique stationary distribution 7 is assured by
positive recurrence, as noted in Remark 2.3. The positivity of K achieves the
best deviation inequality and as t tends to infinity, (2) entails an inequality for

the stationary distribution m:

y y V2 20Ky
=20 <o (i = (o, + ) o (0 o))

where E.[f] denotes the expectation of f with respect to m. See Section 5.2

for a more careful analysis of deviation estimates for stationary distributions of
curved birth-death processes on finite state spaces. On the other hand, if K < 0,
then the worst deviation inequality is realized and the limiting argument above
is no longer available in (2), since C; x and M; g (which strongly depend on K)

are not bounded uniformly in time.

To conclude this section, note that Theorem 3.1 allows us to consider neither Markov

chains with unbounded angle bracket nor another Lipschitz seminorms than || - ||Lip-
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To overcome this difficulty, one has to require some assumptions on another curvature

of the chain, namely the ['-curvature.

4 Estimates for curved Markov chains in the -
sense

In this section, we adapt to the Markovian case the covariance method of the papers
[11, 12] to derive local deviation inequalities for curved Markov chains in the I'-sense.
Although Wasserstein and I'-curvatures are not comparable in discrete spaces, the

results we give in this part are more general than that in Section 3.

4.1 A general bound

Given (X¢)t>0 a regular Markov chain on £ and two functions f, g € #(F), we define
the local covariance of f(X;) and g(X;) by

Cov, [f(Xe), g(Xo)] = B [(f(Xe) = Ee [f(X0)]) (9(Xe) —Ee [9(Xy)])], z € E.

Before turning to Theorem 4.2 below, let us establish the following

Lemma 4.1 Let (X;)i>o be a regular Markov chain on E with I'-curvature bounded
below by p € R. Let g1,90 € B(E) with |I'g1|lc < +00 and define Ly, = (1 —
e ")/ (2p) if p #0, and L, , =t otherwise. Then for any initial state x € E and any
time t > 0, we have the local covariance inequality:

Covy [91(X), g2(X0)] < 2L [Tl B [(Tg2) (X)), ¢ > 0.

Proof. Fix x € E and t > 0. As in the proof of Theorem 3.1, we have for i = 1, 2:

gi(Xt) gz Xt Z / Pt sgz — P sgz( )) 1{X57=Z}(Nz7y - UZ,y)(dS)'

y,2€E

By Cauchy-Schwarz inequality,

Covy [g1(X1), g2(Xy)]
= E,[(g1(Xe) — E; [01(X0)]) (92(X:) — Ex [g2(X0)])]
= 2F, {/o L'(Pi—sg1, Pi—sg2)(Xs) ds

— 2/0 P, (D(Pi—sg1, Pi—sg2)) (7) ds

13



t
< 9 / P, (TPsg))"? (TPyga)"?) (x) ds
0
t
< 2 / 9P, (P,_(Tg))"2 Pr_y(Tg2)2) () ds, (3)
0

where in (3) we used the assumption of a lower bound p on the I'-curvature. Since

(P})i>0 is a contraction operator on A(FE), we have:

t
Cove [91(X3), g2(Xe)] < 2||F91||ié2/ ¢TI P (Pres(Dge)V?) () ds
0

= 2Lty |[Porl| Eq [(Tg2)'(X0)] -

Now, we are able to state Theorem 4.2 which presents a general deviation bound for

curved Markov chains in the ['-sense:

Theorem 4.2 Let (Xy)i>o0 be a reqular Markov chain on E with I'-curvature bounded
below by p € R. Let f € Lip(E) with ||I'f||cc < +o00, and define the function s :
(0,400) — R U{o0} by

M lipdly) _ 1 2

> 00— 10 () @6

yeE

Ure(A) = V2L, |IDFI1 , >0,

where Ly, is defined in Lemma 4.1. Then for any initial state v € E, any deviation

level y > 0 and any t > 0, we get the local tail probability:

A
P () B [f(X0 2 ) <exp _inf [ —myan @)

where My = sup{A > 0: ¢, (\) < +o00}.

Remark 4.3 Note that 1, is bijective from (0, My,) to (0,+00), so that the term

in the exponential is negative and the inequality (4) makes sense.

Proof. Fix x € F and t > 0. Proceeding as in the end of the proof of Theorem 3.1,
it is sufficient to establish the result for bounded Lipschitz function f. Applying
Lemma 4.1 with gy = f — E,[f(X,)] and go = exp (A(f — Eo[f(X,)])), A € (0, M),

we have:

E, [(f(X;) — B [f(X;)]) X O-Ealf (X))
= Cov, [f(Xt) — E.[f(Xy)], eA(f(Xt)—IEI[f(Xt)D]

14



_ 1/2
< 2Ly ISR I, [(Re) ()

1/2
= V2L, |ITf|L2E, |AVO0-Elrxa) <Z <€>\(f(y)—f(z)) — 1)21{Xt:Z}Q(z,y)>

y,2€F

< V2L, |0
1/2

Al lipdyz) 1\ 2
% Em 6)\(f(Xt)—Ez[f(Xt)D (Z (f(y) i f(Z))2 1{Xt:2} ( ) ) Q(Z, y)> :

y,2€E HfHLlpd(ya <

where in the last inequality we used the elementary |e* —1| < el*l -1, z € R, together

with the increase of the function z — (e¢* — 1)/z on (0,4+00). Thus, we obtain:
E, [(f(Xt) — E.[f(X))]) 6A(f(Xt)—Ez[f(Xt)D} < i NE, [ek(f(Xt)—Ez[f(Xt)D} )

Letting Hyy () = E, [e’\(f(Xt)—]Ew[f(Xt)})] , the latter inequality rewrites as

dHyt ()

d\ < d]f,t()\)Hf,t@()\),

and integrating the above differential inequality yields:
Em [eA(f(Xt)—Ez[f(Xt)])} S efoA wf,t(T)dT, )\ c (07 Mft)

Finally, using the exponential Chebychev’s inequality, Theorem 4.2 is established. =

4.2 Some explicit tail estimates

Since the estimate (4) is very general, let us make further assumptions on the chain
to get more explicit inequalities. Denote in the sequel L; , = (1 —e~2")/(2p) if p # 0,
and L;, =t otherwise, and denote the function g(u) = (1 4+ u)log(1 +u) —u, u > 0.

Using the notation of Theorem 4.2, we have the

Corollary 4.4 Under the hypothesis of Theorem 4.2, suppose moreover that (X¢)e>o
has jumps bounded by b > 0. Then for any initial state x € E, any y > 0 and any

t > 0, we get the local Poisson-type deviation inequality:

P, (f(X) ~E.[f(X)] 2y) < exp (_ZLt,pHFfHoog( byl i )) 5

PR, 7 \2LaplIT flloo

Yy by”fHLip ))
< ex —710 1 —|— D — .
= p( 26][ £l g( 2L, [T flls
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Proof.  Under the notation of Theorem 4.2, the boundedness of the jumps implies
My, = +o00,t > 0, and ¢4, is bounded by

el f i — 1
bl f llvip

Using then Theorem 4.2 and optimizing in A > 0, the proof is achieved. [ ]

Vy(A) < 2L, [T f oo . A>0.

Note that (5) is more general than (2), since the finiteness assumption on ||I'f||«
allows us to consider Markov chains with non necessarily bounded angle bracket.
Thus, when the angle bracket of the process is bounded, the next corollary exhibits

an estimate comparable to that of Theorem 3.1:

Corollary 4.5 Let (X;)i>0 be a reqular Markov chain on E with jumps and angle
bracket bounded respectively by b > 0 and V? > 0. Assume moreover that its I'-
curvature is bounded below by p € R, and let f € Lip(E). Then for any initial state
xeFE, anyy >0 and any t > 0, we get the local Poisson tail probability:

P00~ B 100 20) < e (-2 () ©)

y by
< exp (—7log (1 + —)) .
26 flip Lio V2| fllip
Proof. By the boundedness of the jumps and of the angle bracket, the function v,

in Theorem 4.2 is bounded by

el fllin —

A .
; , >0

Vre(A) < LV flluin

Finally, applying Theorem 4.2 yields the result. ]

Remark 4.6 Asin Section 3, a similar discussion about large deviation bounds under
the assumption of I'-curvature bounded below can be derived from the estimates (5)

and (6), so we omit it.

5 Deviation probabilities for curved irreducible birth-
death processes

Among the main results of the paper [2], some local deviation inequalities are estab-
lished for continuous time random walks on graphs. Actually, such processes may be
seen as models in null curvature, since the rates of the associated generator do not

depend on the space-variable.
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By using the general results of Sections 3 and 4, the purpose of this section is to
extend and sharpen these local tail estimates to birth-death processes whose dis-
crete curvatures are bounded below. Let us introduce now some basic material
about birth-death processes. Let (X¢);>o be a birth-death process on the state space
E=Nor E={0,1,...,n}. It is a regular Markov chain with generator defined on
Dom.Z = .7 (F) (recall that .#(E) is the collection of real-valued functions on E) by

ZLf(x) =X (fx+1) = f(z)) +va (f(x = 1) = f(z)), z€E, (7)

where the function rates A and v are respectively called the birth and death rates of
the chain. The chain (X})¢>0 is irreducible on E if and only if the rates A and v are
positive with 0 as reflecting state, i.e. v =0 (if £ = {0, 1,...,n}, the state n is also
reflecting, i.e. A, = 0), and we assume irreducibility in the remainder of the paper.

The transition probabilities of the associated semigroup (F;):>o are given for any

r € E by
Aot + 0(2) ify=z+1,
) it +o(t) ify=z—1,
P(z,y) = 1— (e +va)t+o(t) ify=uz,

where the function o is defined in a neighborhood of 0 and is such that o(t)/t converges

to 0 as t tends to 0. The chain is positive recurrent if and only if
S W
I < 4o,
Yy
x€E\{0} y=1

and in this case, the unique stationary distribution 7 is given for any x € E by

-1

m(z) = 7(0) H , with 7(0)=[1+ Z H )\y;l (8)

z€E\{0} y=1 v

By Reuter’s criterion, any irreducible birth-death process on £ = N is non-explosive

in finite time if and only if

f i + Vo + + e h ) 400
)\m )\m>\x—1 >\x e >\1>\0 B 7

r=1

see for instance Theorem 4.5 page 352 in [6].

Remark 5.1 If the birth rate A is bounded, then Reuter’s criterion immediately
applies.
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Before stating the main results of this section, let us give some criteria on the rates of
the generator of an irreducible birth-death process on E which ensure that its discrete
curvatures are bounded below.

First, we deal with the Wasserstein curvature.

Proposition 5.2 Let (X;)i>0 be an irreducible birth-death process on E with genera-
tor £ given by (7). Assume that there exists a real number K such that

inf Noq— ANy +v,—v, > K. 9)
zeE\{0}

Then the Wasserstein curvature of the chain is bounded below by K.

Remark 5.3 If £ = N and the rates of the generator are bounded and satisfy the

assumptions of Proposition 5.2, then necessarily K < 0.

Proof.  Let us establish the result via coupling methods. Consider (X7):>o and
(X?)i>0 two independent copies of (X;);>o, starting respectively from x and y. Then
the two-dimensional process (X, X{');>0, which is an independent coupling of (X;);>0,
see for instance [8, Chapter 5], is an irreducible birth-death process on E x E starting
from (x,y) and with generator given for any f € ZF(Ex E) by Zf = LQI+1® %,

where we recall that I is the identity on .% (F). In other words, 2 rewrites as
Lf(zw) = (LfCw)E) + (Lf(z))w), 2w e b,

Denote by d the classical distance on E, i.e. d(z,w) = |z—w|, z,w € E. Since the rates
of the generator satisfy the inequality (9), we have immediately the bound .Zd(z, z +
1) < —K, z € E, which is equivalent to the inequality ,éﬂd(z, w) < —Kd(z,w) for any
z,w € E. Therefore, letting the semigroup act in both sides and integrating the latter
inequality yield the estimate E, ) [d(X}, X/)] < e ®'d(z,y) which in turn implies

the following inequality in terms of Wasserstein distance:
W(‘Pt('ru ')7 Pt(y7 )) < B_th(l’, y)
Finally, by the equivalence between (ii) and (iii) of Remark 2.2, the Wasserstein

curvature of (X;);>o is bounded below by K. u

In order to establish modified logarithmic Sobolev inequalities for continuous time
random walks on Z, the authors in [2] used a suitable I'y-calculus to give a criterion

under which the I'-curvature is bounded below by 0. Actually, this criterion can be
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generalized to any real lower bound on the I'-curvature via Lemma 5.4 below. As in

the diffusion case [3], define the I's-operator on .#(E) by
1
Daf(2) = 5 (LTf() - 20(f, Zf)(2)), w€E.
By adapting the proof in [2] mentioned above, we get the

Lemma 5.4 Let (X;)i>0 be an irreducible birth-death process on E with generator &
given by (7). Assume that there exists p € R such that the inequality

Tof(x) =T (T)Y* (@) > pTf(2), z€E, (10)
is satisfied for any f € F(E). Then (Xi)i>0 has I'-curvature bounded below by p.

Proposition 5.5 Let (X;)i>o be an irreducible birth-death process on E with gen-
erator £ given by (7). Assume that N\ and v are respectively non-increasing and

non-decreasing and that there exists some non-negative number p such that

inf A1 — Ay Vot — s} > . 11
mGE\}[{)l,supE} mln{ ! Vot Y } =P ( )

Then the I'-curvature is bounded below by p.

Remark 5.6 If £ = N and the rates of the generator satisfy the assumptions of

Proposition 5.5, then necessarily p = 0.

Proof. By Lemma 5.4, the result holds true if the I';-inequality (10) above is
satisfied, that we prove now. Letting the forward and backward gradients be defined

asd"f=f(-+1)—fandd f = f(-—1) — f, we have for any = € E:
20, f(x) — 2T (T f)"? (2) =
Aot — v2) (A7 F(2))° 4+ vaPus — A) (A7 F(2))* + I(2) + J(2),
where:

I(z) := Mo d” fz+ DAY f(x+ 1) + A\red” f(z+ DAY f(z — 1)
e (e (@ F 4 D) 4w (@ F@)°) " (e (@ 5@) 40 (@7 @)7)

and

J(x) = v, 1 dT f(x —1)d” fx — 1) + Avpd” f(z+ 1)dT f(z — 1)
2 2\ 1/2 2 2
o (At (@ f @ = 1) v (A fl@ = 1)*) 7 (A (@ @) + v (4 F(2)?)
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Since the rates A and v are respectively non-increasing and non-decreasing and satisfy

furthermore the inequality (11), we get:
9T, f(z) — 2T (D)2 (2) > 2oL f () + I(z) + J ().

Proving in the same way that J > 0, it is sufficient to establish that I is non-negative.

Lettinga =d~ f(x + 1), b=d" f(x — 1) and ¢ = d* f(z + 1), we obtain:

I(x) = X\ ()\m+102 + Vx+1a2)l/2 ()\xaz + Vmb2)1/2 + A Azprac + A\vzab
> A ()\I_HCQ + I/I+1CL2)1/2 ()\xaQ + 1/:,;62)1/2 — AeAag1lac] — Agv|ab)
= A (Li(z) — L(2)),
where

Li(x) := ()\x+1c2 + Vm+1a2)l/2 ()\za2 + 1/3062)1/2 and Ir(z) := A\py1|ac| + v, |abl.

Using again the monotonic assumptions on the rates of the generator, we have:

(1(2))* = (Io())?
= Xor1(Ae — Aoq 1)@ + Vo (Vg1 — 1)@ 0 + Aplpgra® + Ay 100> — 20, Mg 10%be

> v Apy1(a? —be)? > 0.

The proof is complete. [ ]

5.1 The case £ =N

An estimate for bounded generators

In order to apply the deviation inequalities of Theorem 3.1, one has to require that
regular Markov chain has Wasserstein curvature bounded below and bounded angle
bracket. In the case of an irreducible birth-death process on N, the latter assumption

is equivalent to assume that the rates of the generator are bounded.

Theorem 5.7 Let (Xi)i>0 be an irreducible birth-death process on N with generator
Z given by (7), where \,v € B(N). Assume that there exists K < 0 such that
infyen\ 0y Aem1 — As + vz — Vo1 > K, and let f € Lip(N). Then for any initial state
x € N, any deviation level y > 0 and any t > 0, we have the local Poisson-type tail

estimate:

P, (f(Xt) —E, [f(Xt)] >y) (12)
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< oxp [ SIREEIA + v]lo yk
o [ —
S eXp K etK g sinh(K)[|A + v ool| f|Lip

<e ( ye_tK lo <1+ vk ))
X - " )
=P T sinh(tK)[|A + v o[ f|Lip

where g(u) = (1 +u)log(l1+u) —u, u> 0. If K =0, then replace (12) by its limit as
K — 0.

Proof. By Proposition 5.2, the Wasserstein curvature is bounded below by K. Since
A is bounded, the chain is non-explosive in finite time, and the use of Theorem 3.1

achieves the proof. [ ]

An inequality for non necessarily bounded generators

In this part, no particular boundedness assumption is made on the generator of birth-

death process.

Theorem 5.8 Let (X;)i>0 be an irreducible birth-death process on N with genera-
tor £ given by (7). Assume that A and v are respectively non-increasing and non-
decreasing. Let f € Lip(N) with furthermore |I'f|loc < +00. Then for any initial

state x € N, any y > 0 and any t > 0, we have the local deviation estimate:

exp | 20 Mo < Yl i )
1A = N 2Tl

Y ?/||fHLip ))
< ex - lo 14+ =— ,
p< 21 f heip g( 2t[|T f |

where g(u) = (1 4+ u)log(1l 4+ u) —u, u > 0.

P, (f(X:) —E; [f(Xy)] > v)

IN

Proof. By Proposition 5.5, the ['-curvature is bounded below by 0. Since the birth
rate A is bounded above by )y, the chain is non-explosive, and applying Corollary 4.4
with the lower bound p = 0 yields the result. ]

Remark 5.9 As claimed above, Theorem 5.8 is available for birth-death processes
with non necessarily bounded generator, in contrast to Theorem 5.7. However, the
price to pay in the unbounded case is to require that f is bounded, since the unbound-
edness of the death rate v together with the finiteness assumption of ||I'f||o imply

that f is a convergent sequence, hence bounded.
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5.2 The case F ={0,1,...,n}

If © denotes the stationary distribution of an irreducible Markov chain on a finite state
space, then it satisfies a logarithmic Sobolev inequality, see [17], which in turn implies
via the Herbst method that Lipschitz functions have Gaussian tails under 7. However,
it is sometimes interesting to weaken the upper bound in terms of the deviation level
to have a better control of the tail with respect to some parameters, see for instance
the discussion in [5] about concentration for Bernoulli distributions and penalties.

In this way, the purpose of this part is to refine Theorem 5.7 and Theorem 5.8 when
the state space is finite, in order to establish by a limiting argument Poisson-type
deviation estimates for stationary distributions of birth-death processes. To do so,
the crucial point is to obtain positive lower bounds on discrete curvatures.

Our estimates below may be compared to that of [13, Proposition 4] established under

reversibility assumptions and without notion of discrete curvatures.

Theorem 5.10 Let (X¢)i>0 be an irreducible birth-death process on {0,1,...,n} with
generator £ given by (7) and stationary distribution w. Assume that there exists
K > 0 such that mingeq,. py Aam1— Ao+ Ve —vao1 > K, and let f € Lip({0,1,...,n}).
Then for any initial state x € {0,1,...,n}, any deviation level y > 0 and any t > 0,

we have:

P, (f(X¢) — E; [f(Xe)] > 9)

. ( (1= e 2N\ + vl ( 2Ky ))
X - )
=P 2K INA =K+ vl i

where g(u) = (1 4+ u)log (1 +u) —u, u> 0.

In particular, letting t going to infinity in the above local inequality yields the deviation
estimate under :

) vy HHVHOO) ( 2Ky ))
w0 Bl o) <o (i (gt P e (1 ) )

Proof. By Proposition 5.2, the Wasserstein curvature is bounded below by K.

Therefore, it remains to apply Theorem 3.1 to get the result. [ ]

Under different assumptions on the rates of the generator, we get a somewhat similar

estimate:

Theorem 5.11 Let (X;)i>0 be an irreducible birth-death process on {0,1, ..., n} with

generator £ given by (7) and stationary distribution w. Assume that the rates A and
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v are respectively non-increasing and non-decreasing and that there exists p > 0 such
that minge(r, p—1y Min{A\;_1 — Ay, Vaq1 — Vo } > p. Let f € Lip({0,1,...,n}). Then
for any initial state x € {0,1,...,n}, any deviation level y > 0 and any t > 0, we

have:

P, (f(Xt) - E, [f(Xt)] > y)
(L= ) (Ao + va) 20y
= oxp < 2 g ((1 — e ) (N + un>||fump)) !

where g(u) = (1 4+ u)log (1 +u) —u, u> 0.

In particular, letting t going to infinity in the above local inequality entails the following

tail probability under the stationary distribution :

Y Y Ao+ Uy 2py
W(f—Ew[f]Zy)SeXp( —( + )log(H ))
[ 1lip NI i 2p (Ao + ) [ flLip
Proof. By Proposition 5.5, the I'-curvature is bounded below by p. Hence, applying

Corollary 4.5 achieves the proof. |

Remark 5.12 In order to obtain deviation bounds for stationary distributions, the
positivity of lower bounds of discrete curvatures is crucial and thus does not allow us
to extend such estimates to birth-death processes on the infinite state space £ = N,
see the Remark 5.3 and Remark 5.6.

In particular, it excludes the M /M /1 and M /M /oo queueing processes recently inves-
tigated by D. Chafai [7]. The stationary distributions for these queues are respectively
the Poisson and geometric distributions on N, which deviation is of Poisson-type, see
[11]. Therefore, we expect to recover such estimates by taking the limit as ¢ — 400
in some appropriate local deviation inequalities satisfied by the queueing processes
above, and such an interesting problem will be addressed in a forthcoming research.

Note also that while both Theorem 5.7 and Theorem 5.8 apply for the M /M /1 queue,
cf. Section 5.4 below, the sole Theorem 5.8 with p = 0 is available for the M /M /oo
queueing process, and such a result does not reflect the positive exact curvature of

this queue emphasized in [7].

5.3 Ornstein-Uhlenbeck processes as fluid limits of rescaled
Ehrenfest chains

In this part, we recover via Theorem 5.10 the optimal Gaussian concentration for an

Ornstein-Uhlenbeck process constructed as a fluid limit of a rescaled continuous time
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Ehrenfest chain.
Given n € N, let (X[)i>0 be the continuous time Ehrenfest chain on {0,1,...,n}

starting from some z,, € {0, 1,...,n} and with generator given by:

Lnf() =An —z) (f(z+1) = f(2)) +vae (fz = 1) = f(x)), ze€{0,1,...,n},

where 0 < A < v < 1 are such that A + v = 1.

Let y(t) = XN+ (yo — Ne ", ¢ > 0, where yo = lim,, ., X'/n, and define for any
n € N\{0} the process (Z]")i>0 by Z]* = (X' —ny(t))/+/n, t > 0. Assume furthermore
that the sequence of initial states (Z}),en converges to zy (say).

By the central limit theorem in [10, Chapter 11], the sequence of processes (Z]"):>o
converges as n goes to infinity to the process (Z;):>o which is the unique solution of

the equation

t t
7, =2 +/ \/)\ + (v — N)y(s)dBs — / Zdds, t>0,
0 0

where (B;)t>o is a standard Brownian motion.
In particular, if yo = A, then y(t) = X for any t > 0 and (Z;)>0 rewrites as the
Ornstein-Uhlenbeck process (Uy)i>o:

t
U, = zpe b + \/2)\1// e_(t_s)st, t>0.
0

Now, fix n € N\{0} and time ¢ > 0, and let f € Lip(R). If h, denotes the function
hy, = [ o ¢,, where ¢, is defined on {0,1,...,n} by ¢,(x) = (x — n\)/y/n, then
h, € Lip({0,1,...,n}) with constant at most n~1/2||f||Li,. Therefore we can apply
Theorem 5.10 to (X}")s>o and h,, with K = 1, to get for any fixed n € N\{0}, any

deviation level y > 0 and any t > 0, the local deviation estimate:

Beo ((X7) = Exy (7] 2 1)
= or (‘(1 —5 ((1 - eiﬁnfump)) /

where g(u) = (1 +u)log (14 u) — u, u > 0. Finally, letting n going to infinity in the

above inequality yields for any y > 0 and any ¢ > 0 the optimal Gaussian deviation:

]P)zo (f(Ut) - Ezo [f(Ut)] Z y) S exXp <_(1 — 6_22%V||f‘|% ) )

see for instance Theorems 5.1 and 5.3 in [15].
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5.4 A local deviation inequality for sample vectors of the
M/M/1 queue

In this part, we give a local deviation estimate for sample vectors of the M/M/1
queueing process. Recall it is an irreducible birth-death process whose generator is

given by

Lf(x) =Af(e+1) = f(2)) + vigzo (f(e—1) = f(z)), zeN,

where the positive numbers A and v correspond respectively to the input rate and
service rate of the queue: the independent and identically distributed interarrival
times and independent and identically distributed service times of the customers follow
an exponential law with respective parameters A and v. As noticed in Remark 5.12,
we are unable to recover via Theorem 5.7 or Theorem 5.8 the Poisson-type deviation
inequality satisfied by the geometric distribution, cf. [11], which is by (8) the unique
stationary distribution of the M/M /1 queueing process in the positive recurrent case
A < v. However, the existence of an integration by parts formula for the associated
semigroup together with a tensorization procedure of the Laplace transform allow
us to provide with Theorem 5.13 below a local inequality for sample vectors of the
M/M/1 queue.

We say in the sequel that a function f : N¢ — R is ¢'-Lipschitz if

[f(x) = f(W)

| fllLip@ = sup < 400,
PO e =yl
where || - ||; denotes the £*-norm ||z||; = 320, |z], z € N

Now, we can state the following

Theorem 5.13 Let (X;)i>o be the M/M/1 queue with input and service rates A and
v. Let f be ('-Lipschitz on N and consider the sample vector Xg = (X4, . ..  Xt,),
ty1 <---<ty=T. Then for any initial state x € N and any deviation level y > 0, we

have the mulitdimensional local Poisson like deviation inequality:

)
B (00 =B 20) < e (<1000 (i) 9

Y Y
< o[t i ).
2d| flleipa) TdA +v)| fllipa)

where g(u) = (14 u)log(l 4+ u) —u, u > 0.
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Proof. Fix the initial state x € N. If u is a one dimensional Lipschitz function on N
and ¢ > 0, then rewriting the proof of Theorem 4.2 for the M/M/1 queue yields for

any 7 > 0:
E, [e"M] < exp (B [u(Xo)] + A(7, 1, [[ulluip)) (14)

where h is the function defined on (Ry)? by h(r,t,2) = t(A+v) (e™> — 72 — 1) and
| - ||Lip remains for the classical Lipschitz seminorm on N.

To obtain a multidimensional version of (14), the idea is to tensorize it via an inte-
gration by parts formula satisfied by the semigroup (P;):>o of the M/M/1 queucing
process. We sketch now the argument for d = 2. Let 0 < s < t and denote f, the

function fy(2) = f(y,2) and fi(y) = > ,cn f(y, 2)Pi—s(y, 2). By the Markov property
together with (14), we have:

E, lexp (1f (X, X3))]
= Z exp (7 fy(2)) P—s(y, 2) Ps(2, )

y,2€N
<) exp (T D 1) Py, 2) + hir,t =5, ||fy!|mp)) Py(z,y)
yeN z€eN

<exp (b7t =3, | fluipe)) D exp (Tfi(y)) Pol,y)

yeN
< exp {A(7,t = 5, 2| fllLip) + 27, 8, | filluip) + TE[f(Xe, X)T}, - (15)
since the function z +— h(-,-, z) is non-decreasing on [0, +00). Now, let us bound
| fillip by 2] f|lLip(2). To do so, observe that we have the commutation relation £d* =
d*.Z, where d* is the forward gradient d* f(z) = f(z + 1) — f(z), x € N. It implies
P,d*t = d* P, for any non-negative ¢, which in turn entails for any u € #(N) the
integration by parts formula:

Zu(y)Pt(x +1,y) = Zu(y + 1)Pi(z,y), xe€N.

yeN yeN

Thus, we have:

| filllp = suplfily+1) = fi(y)]

yeN

= sup|> fly+1,2)P(y+1,2) =Y fy.2)Ps(y,2)
veN | N zeN

= Sup Z (f(y + 17Z + 1) - f(y72>>Pt—S(y7Z)
yeN z€N

< 2| fllLipe)
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Therefore, plugging this into (15) entails:

E, lexp (7f(Xs, Xy))] < exp {t(A+v) (627””“1’@) — 27| flluwe) — 1) + TEL[f (X, Xo)]} -

In the general case, we show similarly that for any ¢ = 1, ..., d, the function f; defined
on N’ by
filwr, )= D f@n @i @) Py (w0 %041) - Py, (a1, ),

has Lipschitz seminorm (with respect to the i** variable) smaller than (d — i +
D) fLip(a), and thus than d|| f||rip@). Therefore, since h is non-decreasing in its third

variable, we obtain by using recursively (15) (¢ = 0 by convention):
E, [¢7/0%0)]
d
< exp (ﬂEw[f(Xd)] + > h(rti—tid f Hup<d>>>
i=1
= oxp {TE[f(Xa)] + T(A+v) ("W M@ — 74| f|Lipa) — 1)}
Finally, dividing in both sides by e™®«lf(Xa)l and using the exponential Chebychev’s

inequality achieve the proof. [ ]

Remark 5.14 To conclude this work, note that Theorem 5.13 does not allow us to
extend such inequality to functionals on path spaces. Thus, it would be an interesting

project to refine suitably (13) in terms of the increments A; = t; — t;_1, as A; — 0.

References

[1] C. Ané. Grandes déviations en temps petit pour un processus de Markov a espace
d’états dénombrable. C. R. Acad. Sci. Paris Sér. I Math., 325(9):1025-1028,
1997.

[2] C. Ané and M. Ledoux. On logarithmic Sobolev inequalities for continuous time

random walks on graphs. Probab. Theory Related Fields, 116(4):573-602, 2000.

(3] D. Bakry and M. Emery. Diffusions hypercontractives. In Séminaire de prob-
abilités, XIX, 1983/84, volume 1123 of Lecture Notes in Math., pages 177-206.
Springer, Berlin, 1985.

27



[4]

[5]

[11]

[12]

[13]

G. Blower and F. Bolley. Concentration of measure on product spaces with

applications to markov processes. To appear in Studia Mathematica, 2006.

S.G. Bobkov and M. Ledoux. On modified logarithmic Sobolev inequalities for
Bernoulli and Poisson measures. J. Funct. Anal., 156(2):347-365, 1998.

P. Brémaud. Markov chains, Gibbs fields, Monte Carlo simulation, and queues,

volume 31 of Texts in Applied Mathematics. Springer-Verlag, New York, 1999.

D. Chafai. Binomial-Poisson entropic inequalities and the M/M /oo queue.

Preprint, 2005.

M.F. Chen. From Markov chains to non-equilibrium particle systems. World

Scientific Publishing Co. Inc., River Edge, NJ, second edition, 2004.

H. Djellout, A. Guillin, and L. Wu. Transportation cost-information inequalities
and applications to random dynamical systems and diffusions. Ann. Probab.,
32(3B):2702-2732, 2004.

S.N. Ethier and T.G. Kurtz. Markov processes, Characterization and conver-
gence. Wiley Series in Probability and Mathematical Statistics: Probability and
Mathematical Statistics. John Wiley & Sons Inc., New York, 1986.

C. Houdré. Remarks on deviation inequalities for functions of infinitely divisible

random vectors. Ann. Probab., 30(3):1223-1237, 2002.

C. Houdré and N. Privault. Concentration and deviation inequalities in infinite

dimensions via covariance representations. Bernoulli, 8(6):697-720, 2002.

C. Houdré and P. Tetali. Concentration of measure for products of Markov

kernels and graph products via functional inequalities. Combin. Probab. Comput.,
10(1):1-28, 2001.

O. Kallenberg. Foundations of modern probability. Probability and its Applica-
tions (New York). Springer-Verlag, New York, 1997.

M. Ledoux. The concentration of measure phenomenon, volume 89 of Mathemat-
ical Surveys and Monographs. American Mathematical Society, Providence, RI,
2001.

28



[16]

[17]

[18]

[19]

[20]

K. Marton. A measure concentration inequality for contracting Markov chains.

Geom. Funct. Anal., 6(3):556-571, 1996.

L. Saloff-Coste. Lectures on finite Markov chains. In Lectures on probability
theory and statistics (Saint-Flour, 1996), volume 1665 of Lecture Notes in Math.,
pages 301-413. Springer, Berlin, 1997.

P.M. Samson. Concentration of measure inequalities for Markov chains and ®-

mixing processes. Ann. Probab., 28(1):416-461, 2000.

M. Schmuckenschlager. Martingales, Poincaré type inequalities, and deviation

inequalities. J. Funct. Anal., 155(2):303-323, 1998.

K.T. Sturm and M.K. Von Renesse. Transport inequalities, gradient estimates,

entropy, and Ricci curvature. Comm. Pure Appl. Math., 58(7):923-940, 2005.

C. Villani. Topics in optimal transportation, volume 58 of Graduate Studies in

Mathematics. American Mathematical Society, Providence, RI, 2003.

29



Liste des prépublications

99-1 Monique Jeanblanc et Nicolas Privault. A complete market model with Poisson and Brownian
components. A paraitre dans Proceedings of the Seminar on Stochastic Analysis, Random
Fields and Applications, Ascona, 1999.

99-2 Laurence Cherfils et Alain Miranville. Generalized Cahn-Hilliard equations with a logarithmic
free energy. A paraitre dans Revista de la Real Academia de Ciencias.

99-3 Jean-Jacques Prat et Nicolas Privault. Explicit stochastic analysis of Brownian motion and
point measures on Riemannian manifolds. Journal of Functional Analysis 167 (1999) 201-242.

99-4 Changgui Zhang. Sur la fonction ¢-Gamma de Jackson. A paraitre dans Aequationes Math.

99-5 Nicolas Privault. A characterization of grand canonical Gibbs measures by duality. A paraitre
dans Potential Analysis.

99-6 Guy Wallet. La variété des équations surstables. A paraitre dans Bulletin de la Société
Mathématique de France.

99-7 Nicolas Privault et Jiang-Lun Wu. Poisson stochastic integration in Hilbert spaces. Annales
Mathématiques Blaise Pascal, 6 (1999) 41-61.

99-8 Augustin Fruchard et Reinhard Schéfke. Sursabilité et résonance.

99-9 Nicolas Privault. Connections and curvature in the Riemannian geometry of configuration
spaces. C. R. Acad. Sci. Paris, Série I 330 (2000) 899-904.

99-10 Fabienne Marotte et Changgui Zhang. Multisommabilité des séries entieres solutions formelles
d’une équation aux g¢-différences linéaire analytique. A paratre dans Annales de I’Institut
Fourier, 2000.

99-11 Knut Aase, Bernt @ksendal, Nicolas Privault et Jan Ubge. White noise generalizations of
the Clark-Haussmann-Ocone theorem with application to mathematical finance. Finance and
Stochastics, 4 (2000) 465-496.

00-01 Eric Benoit. Canards en un point pseudo-singulier noeud. A paraitre dans Bulletin de la
Société Mathématique de France.

00-02 Nicolas Privault. Hypothesis testing and Skorokhod stochastic integration. Journal of Applied
Probability, 37 (2000) 560-574.

00-03 Changgui Zhang. La fonction théta de Jacobi et la sommabilité des séries entieres g-Gevrey,
I. C. R. Acad. Sci. Paris, Série I 331 (2000) 31-34.

00-04 Guy Wallet. Déformation topologique par changement d’échelle.

00-05 Nicolas Privault. Quantum stochastic calculus for the uniform measure and Boolean convo-
lution. A paraitre dans Séminaire de Probabilités XXXV.

00-06 Changgui Zhang. Sur les fonctions g-Bessel de Jackson.

00-07 Laure Coutin, David Nualart et Ciprian A. Tudor. Tanaka formula for the fractional Brownian
motion. A paraitre dans Stochastic Processes and their Applications.

00-08 Nicolas Privault. On logarithmic Sobolev inequalities for normal martingales. Annales de la
Faculté des Sciences de Toulouse 9 (2000) 509-518.

01-01 Emanuelle Augeraud-Veron et Laurent Augier. Stabilizing endogenous fluctuations by fiscal
policies; Global analysis on piecewise continuous dynamical systems. A paraitre dans Studies
in Nonlinear Dynamics and Econometrics

01-02 Delphine Boucher. About the polynomial solutions of homogeneous linear differential equa-
tions depending on parameters. A paraitre dans Proceedings of the 1999 International Sympo-
stum on Symbolic and Algebraic Computation: ISSAC 99, Sam Dooley Ed., ACM, New York
1999.

01-03 Nicolas Privault. Quasi-invariance for Lévy processes under anticipating shifts.

01-04 Nicolas Privault. Distribution-valued iterated gradient and chaotic decompositions of Poisson
jump times functionals.

01-05 Christian Houdré et Nicolas Privault. Deviation inequalities: an approach via covariance
representations.

01-06 Abdallah El Hamidi. Remarques sur les sentinelles pour les systmes distribus



02-01 Eric Benoit, Abdallah El Hamidi et Augustin Fruchard. On combined asymptotic expansions
in singular perturbation.

02-02 Rachid Bebbouchi et Eric Benoit. Equations diffrentielles et familles bien nes de courbes
planes.

02-03 Abdallah El Hamidi et Gennady G. Laptev. Nonexistence of solutions to systems of higher-
order semilinear inequalities in cone-like domains.

02-04 Hassan Lakhel, Youssef Ouknine, et Ciprian A. Tudor. Besov regularity for the indefinite
Skorohod integral with respect to the fractional Brownian motion: the singular case.

02-05 Nicolas Privault et Jean-Claude Zambrini. Markovian bridges and reversible diffusions with
jumps.

02-06 Abdallah El Hamidi et Gennady G. Laptev. Existence and Nonexistence Results for Reaction-
Diffusion Equations in Product of Cones.

02-07 Guy Wallet. Nonstandard generic points.
02-08 Gilles Bailly-Maitre. On the monodromy representation of polynomials.

02-09 Abdallah El Hamidi. Necessary conditions for local and global solvability of nondiagonal
degenerate systems.

02-10 Abdallah El Hamidi et Amira Obeid. Systems of Semilinear higher order evolution inequalities
on the Heisenberg group.

03-01 Abdallah El Hamidi et Gennady G. Laptev. Non existence de solutions d’inquations semili-
naires dans des domaines coniques.

03-02 Eric Benoit et Marie-Joélle Rochet. A continuous model of biomass size spectra governed by
predation and the effects of fishing on them.

03-03 Catherine Stenger: On a conjecture of Wolfgang Wasow concerning the nature of turning
points.

03-04 Christian Houdré et Nicolas Privault. Surface measures and related functional inequalities
on configuration spaces.

03-05 Abdallah El Hamidi et Mokhtar Kirane. Nonexistence results of solutions to systems of
semilinear differential inequalities on the Heisenberg group.

03-06 Uwe Franz, Nicolas Privault et René Schott. Non-Gaussian Malliavin calculus on real Lie
algebras.

04-01 Abdallah El Hamidi. Multiple solutions to a nonlinear elliptic equation involving Paneitz
type operators.

04-02 Mohamed Amara, Amira Obeid et Guy Vallet. Relaxed formulation and existence result of
the degenerated elliptic small disturbance model.

04-03 Hippolyte d’Albis et Emmanuelle Augeraud-Veron. Competitive Growth in a Life-cycle
Model: Existence and Dynamics

04-04 Sadjia Ait-Mokhtar: Third order differential equations with fixed critical points.

04-05 Mokhtar Kirane et Nasser-eddine Tatar. Asymptotic Behavior for a Reaction Diffusion
System with Unbounded Coefficients.

04-06 Mokhtar Kirane, Eric Nabana et Stanislav I. Pohozaev. Nonexistence of Global Solutions to
an Elliptic Equation with a Dynamical Boundary Condition.

04-07 Khaled M. Furati, Nasser-eddine Tatar and Mokhtar Kirane. Existence and asymptotic
behavior for a convection Problem.

04-08 José Alfredo Lépez-Mimbela et Nicolas Privault. Blow-up and stability of semilinear PDE’s
with gamma generator.

04-09 Abdallah El Hamidi. Multiple solutions with changing sign energy to a nonlinear elliptic
equation.

04-10 Sadjia Ait-Mokhtar: A singularly perturbed Riccati equation.

04-11 Mohamed Amara, Amira Obeid et Guy Vallet. Weighted Sobolev spaces for a degenerated
nonlinear elliptic equation.

04-12 Abdallah El Hamidi. Existence results to elliptic systems with nonstandard growth condi-
tions.



04-13 Eric Edo et Jean-Philippe Furter: Some families of polynomial automorphisms.

04-14 Laurence Cherfils et Yavdat II’yasov. On the stationary solutions of generalized reaction
diffusion equations with p & ¢- Laplacian.

04-15 Jean-Christophe Breton et Youri Davydov. Local limit theorem for supremum of an empirical
processes for i.i.d. random variables.

04-16 Jean-Christophe Breton, Christian Houdré et Nicolas Privault. Dimension free and infinite
variance tail estimates on Poisson space.

04-17 Abdallah El Hamidi et Gennady G. Laptev. Existence and nonexistence results for higher-
order semilinear evolution inequalities with critical potential.

05-01 Mokhtar Kirane et Nasser-eddine Tatar. Nonexistence of Solutions to a Hyperbolic Equation
with a Time Fractional Damping.

05-02 Mokhtar Kirane et Yamina Laskri. Nonexistence of Global Solutions to a Hyperbolic Equation
with a Time Fractional Damping.

05-03 Mokhtar Kirane, Yamina Laskri et Nasser-eddine Tatar. Critical Exponents of Fujita Type
for Certain Evolution Equations and Systems with Spatio-Temporal Fractional Derivatives.

05-04 Abdallah El Hamidi et Jean-Michel Rakotoson. Compactness and quasilinear problems with
critical exponents

05-05 Claudianor O. Alves et Abdallah El Hamidi. Nehari manifold and existence of positive
solutions to a class of quasilinear problems.

05-06 Khalid Adriouch et Abdallah El Hamidi. The Nehari manifold for systems of nonlinear elliptic
equations.

05-07 Eric Benoit. Equation fonctionnelle: Transport et convolution.

05-08 Jean-Philippe Furter et Stefan Maubach. Locally Finite Polynomial Endomorphisms and an
extension of the Cayley-Hamilton Theorem.

05-09 Thomas Forget. Solutions canards en des points tournants dégénérés.

05-10 José Alfredo Lépez-Mimbela et Nicolas Privault. Critical Exponents for Semilinear PDEs
with Bounded Potentials.

06-01 Aldéric Joulin. On maximal inequalities for stable stochastic integrals.

06-02 Aldéric Joulin. On local Poisson-type deviation inequalities for curved continuous time
Markov chains, with applications to birth-death processes



