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Abstract

One of the major difficulties in nonlinear elliptic problems involving critical
nonlinearities is the compactness of Palais-Smale sequences. In their celebrated
work [7], Brézis and Nirenberg introduced the notion of critical level for these
sequences in the case of a critical perturbation of the Laplacian homogeneous
eigenvalue problem. In this paper, we give a natural and general formula of
the critical level for a large class of nonlinear elliptic critical problems. The
sharpness of our formula is established by the construction of suitable Palais-
Smale sequences which are not relatively compact.
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1 Introduction

In nonlinear elliptic variational problems involving critical nonlinearities, one of the
major difficulties is to recover the compactness of Palais-Smale sequences of the
associated Euler-Lagrange functional. Such questions were first studied, in our
knowledge, by Brézis and Nirenberg in their well-known work [7]. The concentration-
compactness principle due to Lions [12] is widely used to overcome these difficulties.
Other methods, based on the convergence almost everywhere of the gradients of Palais-
Smale sequences, can be also used to recover the compactness. We refer the reader
to the papers by Boccardo and Murat [5] and by J. M. Rakotoson [14] for bounded
domains. For arbitray domains, we refer to the recent work by A. El Hamidi and J.
M. Rakotoson [9].

In [7], the authors studied the critical perturbation of the eigenvalue problem:

—Au = du+u>"!in Q,
u > 0 in €, (1.1)
u = 0 on 09,



where ) is a bounded domain in RY, N > 3, with smooth boundary, 2* = ]\2,—]172 is
the Sobolev critical exponent of the embedding W12(2) C LP(Q)), and ) is a positive
parameter. The authors introduced an important condition on the level corresponding
to the energy of Palais-Smale sequences which guarantees their relative compactness.

Indeed, let (u,) be a Palais-Smale sequence for the Euler-Lagrange functional

1 A 1
B =g [1vaf =5 [P =5 [ o

More precisely, the authors showed that if

2%

: 1 .~
nl_lgloo I(uy,) < NS 2 (1.2)
then (u,) est relatively compact, which implies the existence of nontrivial critical
points of Iy. Here, S denotes the best Sobolev constant in the embedding W, *(Q) C
L% (Q). In this work, we begin by giving the generalization of condition (1.2) for the
quasilinear equation

—Apu = Af(z,u) + [ulP" 2u in Q,
(1.3)
ulr =0 and %]g =0,

where  is a bounded domain in RY, N > 3, with smooth boundary 0Q = TU X,
where I' and ¥ are smooth (/N — 1)-dimensional submanifolds of 02 with positive
measures such that ' N'Y = 0. A, is the p-Laplacian and a% is the outer normal
derivative. Here, f is a subcritical perturbation of |u[P" =,
The sharpness of our result is estabished by the construction of suitable Palais-
Smale sequences (corresponding to the critical level) which are not relatively compact.
Then we give the analogous condition to (1.2) for a general system with critical

exponents
—Ayu = Af(x,u) + ulul* o[ in Q

—Agv = pg(r,v) + [ul*o[" v in Q

together with Dirichlet or mixed boundary conditions, where f and g are subcritical
Np Nq

perturbations of |u[P"~! and |v|? ! respectively, p* = 5 (resp. ¢" = L) is the
critical exponent of the Sobolev embedding W'?(Q) C L"(Q) (resp. Wh(Q) C
L7(92)). Our approach provides a general condition based on the Nehari manifold,
which can be extended to a large class of critical nonlinear problems. In this work,
we confine ourselves to systems involving (p,q)—Laplacian operators and critical
nonlinearities. The sharpness of our result is estabished, in the special case p = ¢, by
the construction of suitable Palais-Smale sequences which are not relatively compact.
The question of sharpness corresponding to the case p # ¢ is still open.

For a more complete description of nonlinear elliptic systems, we refer the
reader to the papers by De Figueiredo [10] and by De Figueiredo & Felmer [11]| and
the references therein.



2 A general local compactness result

For the reader’s convenience, we start with the scalar case and to render the paper
selfcontained we will recall or show some well-known facts.

2.1 The scalar case

Let © c RY, N > 3, be a bounded domain with smooth boundary 9. Let
f(z,u) : QxR — R be a function which is measurable in x, continuous in u
and satisfying the growt condition at infinity

|f(z,u)] = o(u” ') as u — +oo, uniformly in . (2.4)

This situation occurs, for example, in the special cases f(x,u) = u or f(z,u) = ui™?,
1 <q<p".
Consider the problem

—Ayu = \f(z,u) + |ulP"2u in Q,
(2.5)
ulp =0 and 2%y =0

where € is a bounded domain in RN, N > 3, with smooth boundary 992 = TUY, where
I' and ¥ are smooth (N — 1)-dimensional submanifolds of 02 with positive measures
such that I' N X = (. Problem (2.5) is posed in the framework of the Sobolev space

WrP(Q) = {u € WH(Q) : ulp = 0},

which is the closure of Cj(Q2NT,R) with respect to the norm of W1?(2). Notice that
meas(T') > 0 implies that the Poincaré inequality is still available in W;r"(Q), so it
can be endowed with the norm

[lull = [Vl

and (W2P(Q),]].]]) is a reflexive and separable Banach space. The associated Euler-
Lagrange functional is given by

Ja(u) =—||VUI|p

ALF@m@»M

the corresponding Euler-Lagrange functional, where F(z,u) := fo x,s)ds.
We recall here that the Nahari manifold associated to the functional Jy is given

= {u e Wp"( @)\ {0} : Ji(u)(u) =0},
and it is clear that N, contains all nontrivial critical points of Jy. This manifold can
be characterized more explicitely by the following

by:

N, = {1, () € RA(0) % (V@) (0D = (o) =}



where ¢ — Jy(tu) is a function defined from R to itself, for every u given in
WiP(Q)\ {0}. We define the critical level associated to Problem (2.5) by:

“(A) == inf inf : 2.
CN =B, BT e N 20

At this stage, we can state and show our first result

Theorem 1 Let A € R and (u,) be a Palais-Smale sequence of Jy such that

lim  Jy(u,) < c*(N). (2.7)

n—+o0o
Then (u,) is relatively compact.

Proof. Let A € R and (u,) be a Palais-Smale sequence for J, of level ¢ € R ((PS).
for short) satisfying the condition (2.7). We claim that (u,) is bounded in Wy (£2).
Indeed, on has one hand

1 1 .
=V — —||un|l} — /\/ F(z,u,)dx = c+ o0,(1), (2.8)
p p Q

and

1Vt [f = [l e — A/ng(ﬂfjun)un dx = on([|Vun||p)- (2.9)
Then,

()1

Now, let £ > 0, using the growth condition (2.4), there exists ¢;(g) > 0 such that

/f T, Uy undx—/\/ F(z,u,) de = c+ 0,(1) + 0,(|| Vunllp)-

|f(z,u)| < elulf” e and |F(z,u)| < %|u|p*+cl, a.e. © € Q and for every u € R.
p

Applying the Holder and the Young inequalities to the last relations, it follows
||Un||§* §5||Vun||p+62(|9|a/\:5)- (2.10)

Combining (2.10) and (2.8), we deduce that (u,) is in fact bounded in W;r"(Q). So
passing, if necessary to a subsequence, we can consider that

u, — u in WAP(Q),

u, — u a.e. in .

On the other hand, the growth condition (2.4) implies also that, for almost every
x € €, the functions s — F(z,s) and s — sf(z,s) satisfy the conditions of the
Brézis-Lieb Lemma (see Theorem 2 in [6]). Thus, we get the identities

/QF(x,vn)dx _ /QF(;C ) — / Flz,u) + on(1),
/Qf(a:,vn)vndx = /Qf(x,un U, /f:z:uu+0n 1).



Moreover, let € > 0, there is ¢1(¢) > 0 such that

/ f(z,v,)v, dz
0

Let C' > 0 (which is independent of n and €), such that ||v, z: < C. Since (vy)
converges strongly to 0 in L'(Q), there is ng(e) € N such that ||v,||; < &/cq, for every
n > ng(e), and consequently

|/f($7vn)vnd$| §5(1+C), \V/TLZTL()(E)
Q

< ellenll?: + erlvalls.

Un

In the same way, rewriting F'(x,v,) = J," f(z, s) ds and using the same arguments as
above, we deduce that

/QF(x,vn)dx = o,(1) (2.11)
/Qf(a:,vn)vndw = o,(1). (2.12)

Applying once again the Brézis-Lieb Lemma, we conclude that v € N;, U {0} and

*

ve = on(1), (2.13)

[[on][” = [lvn

1 1
Jo(vn) = ~lonl[” = —|lvn
p p

Vo= c— Jy(u) + 0,(1). (2.14)
A direct computation gives

Ny, = {to(u)u cu € WI}’p(Q) \ {O}} ,

_1

[[ullP )"

t()('d) = (Hu—p* .
p*

ve. Suppose that b # 0. On one

where

Now, let b be the common limit of ||v,||P and ||v,
hand we have

*

11 ||vn\|p)pf—p
Jo(to(vp)vn) = | ———
0( 0( ) ) (p p*) (an z*
> inf  Jy(w).

- ’LUGNJO
Then 1
n1—1>1-il-loo JO(tO(Un)Un) - N = wiEI};JO JO(w)
On the other hand, the identity (2.14) leads to
b
N-¢~ Ja(u).
It follows then
> inf J
c > ngl\ﬁjo Jo(w) + Jx(u)
> inf J, inf J
- wIEI}/'JO 0(w> + wej\}iu{o} )\(IU),
which contradicts the condition (2.7). This achives the proof. O

6



2.2 Sharpness of the critical level formula in the scalar case

To show the sharpness of the critical level formula (2.7), it suffices to carry out a
Palais-Smale sequence for J, of level ¢*(A) which contains no convergent subsequence.
Consider, for a given € > 0, the extremal function

Nep = N—p p—1\ (N-p)/p*
¢a($)=ONeT<e+|x|Fl> ’ with Oy := N(F)

which attains the best constant S of the Sobolev embedding
DYP(RN) — [P (RY).

Without loss of generality, we can consider that 0 € . Moreover, the set 0f2
satisfies the following property (see more details in Adimurthi, Pacella and Yadava
[1]):

There exist 6 > 0, an open neighborhood V of 0 and a diffeomorphism
U : Bs(0) — V which has a jacobian determinant equal to one at 0, with
U(BF) =V NQ, where Bf = B;(0)n{z € RY : zx > 0}.

Let ¢ € C5°(RY) such that ¢ =1 in a neighborhood of the origin.

We define the sequence defined by

Un(2) 1= () @y (), for ne N (2.15)

It is well known that the sequence (¢,,) C WiAP(Q) is a Palais-Smale sequence for .J
of level inf,en;, Jo(w), which satisfies

v, — 0 a.e.in €,
Vi, — 0 a.e. in (),

p/N
ol — [N ing )] = 0 o

0

p/N
IV|lh — {N wie%/fJO Jo(w)] :=/{ as n — +o0.
Now, let (u,) be a Palais-Smale sequence of J of level infyen;, ufoy Ja(w). We will
not go into further details concerning which subcritical terms f(u) allow the existence
of such sequences, but in the litterature, this occurs for various classes of subcritical
terms. Applying Theorem 1, there exists a subsequence, still denoted by (u,), which
converges to some u € W?(Q). Then

Hun +wnHP* < C,
Up + ¥, — u a.e. in €,
Hvun + anHp < C,

Vu, + V¢, — Vu ae. in €.

where C' a positive constant independent of n. We apply the Brézis-Lieb Lemma to
the sequence (u, +1,) and get

e T lulle 4 0n(1).

e+l = [(un — ) + b0

7



Moreover, one has

~fan =l + ol = < =)+l = 77 < =l + iy =7
which implies that
(i — 1) + Y]]y — €77 = 0,(1).
Therefore, we conclude that
i 1 = [+ €+ 0 (1),
The same argumets applied to the sequence (Vu,, + Vi,) give
[V, + V| b = |[Vul[h + £+ 0,(1).
Finally, using the fact that
[Ua|P” = 06 weakly xin MT(Q) (2.16)
Vb, [P > 06y weakly *in M™T(Q) (2.17)

where dg is the Dirac measure concentrated at the origin and M™(Q) is the space of
positive finite measures [20]), we get that the sequence (u, + 1) is a Palais-Smale
sequence of Jy of level ¢*(\).

We hence constructed a Palais-Smale sequence (u,, + ) of J of level ¢*(\)
which can not be relatively compact in Wi?(Q). This justifies the sharpness of the
critical level formula (2.7).

Remark 2.1 If we are interested by the homogeneous Dirichlet conditions, i.e. if
Y = (), the same arguments developed above are still valid, it suffices to assume that
the origin 0 € Q and consider ¢ € C{°(Q2) such that ¢ = 1 in a neighborhood of the
origin.

2.3 The system case

Now, consider the system

A = Af(w ) + uful ol
(2.18)
—Ap = pg(z,v) + [ul* o],
together with Dirichlet or mixed boundary conditions
ulr, =0 and %[y, =0,
(2.19)

vlp, =0 and %Yy, =0,

where,  is a bounded domain in R, N > 3, with smooth boundary 9Q =T, U Y%;,
where T'; and ¥; are smooth (N — 1)-dimensional submanifolds of 02 with positive
measures such that I; NS, = 0, i € {1,2}. A, is the p-Laplacian and 2 is the



outer normal derivative. Also, it is clear that when I'; = I'y = 02, one deals with
homogeneous Dirichlet boundary conditions. We assume here that

l1<p< N, 1<g<N, (2.20)
and the critical condition L 41
Lk S | (2.21)
p q

Indeed, this condition represents the maximal growth such that the integrability of
the product term |u|*"|v|?*! (which will appear in the Euler-Lagrange functional)
can be guaranteed by suitable Holder estimates.

The functions f and g are two caratheodory functions which satisfy the growth
conditions

u”" 1) as u — +oo, uniformly in z, (2.22)

[f(z,u)] = o
lg(z,0)| = o

(
(

v" 1) as v — +oo, uniformly in . (2.23)
Problem (2.18), together with (2.19), is posed in the framework of the Sobolev space
W = WpP(Q) x Wp(Q), where

WS;”(Q) ={ue W(Q) : ulp, =0}, WI};‘](Q) ={ueWh(Q) : ulp, =0},

which are respectively the closure of C3(2NT';, R) with respect to the norm of W7(£2)
and C} (2 N Ty, R) with respect to the norm of W4(2). Notice that meas(T;) > 0
i =1, 2, imply that the Poincaré¢ inequality is still available in Wéip (Q) and WIEQQ ),
so W can be endowed with the norm

[|(w, )| = [V ullp + [Vl

and (W,||.||) is a reflexive and separable Banach space. The associated Euler-
Lagrange functional I, , € C*(W,R) is given by

Ip(u,v) = (a+1) (%“) - )\/QF(:E,u)) +(B+1) (@ - “/Q G(:)s,v)) — R(u,v),

where P(u) = |[Vul[h, Q(v) = [|Vv[Z, = [y f(z,s)ds, G(z,v) = [ g(
and R(u,v) = [, |ul**to]fHdz. Notlce that R(u,v) < Jul|p- < 400.
Consider the Nehari manifold associated to Problem (2.18) given by

N = A{(w,v) e WAL(0,0)} / Dily o, 0)(w) = Dol u(u, 0)(v) = 0},

where D;1,, and Dsl,, are the derivative of I, with respect to the first variable
and the second variable respectively.
An interesting and useful characterization of N , is the following

Ny = {(su,tv) / (s,u,t,v) € Z* and 051, ,(su, tv) = 0,1 ,(su, tv) = 0},

where
Z* ={(s,u,t,v); (s,t) € R? (u,v) € Wllip(Q) X Wﬁf(Q), (su,tv) # (0,0)}

and I , is considered as a functional of four variables (s, u,t,v) in Z := Rx W;;p (Q) x

R x W31(9Q).



Definition 1 Let A and p be two real parameters. A sequence (u,,v,) € W is a
Palais-Smale sequence of the functional Iy ,, if

o there exists ¢ € R such that lir+n Iy (tn, vn) = ¢ (2.24)
e DI, ,(uy,v,) converges strongly in the dual W' of W (2.25)

where DI ,(up,v,) denotes the Gdteauz derivative of I,,.

The last condition (2.25) implies that

) (2.26)
o). (2.27)

Dllz\,u(unavn)(un) = O(HUTL
D2]>\,u(umvn)(vn) = O(an

where D11y ,(un, vy) (vesp. Doly ,,(tn,vy,)) denotes the Gateaux derivative of I , with
respect to its first (resp. second) variable.

We introduce the critical level corresponding to Problem (2.18) by

“(\, p) = inf 1, inf I . 2.28
(A, ) ook O’O(wHweN;ﬁ{(om} au(w) (2.28)

Then we have the following

Theorem 2 Let A and p be two real parameters and (un,v,) be a Palais-Smale
sequence of I, such that

c:= lm I, (un,v,) < (N, p). (2.29)

n—-+o00
Then (un,vy,) relatively compact.

Proof. Let A and p be two real parameters and (uy,,v,) be a Palais-Smale sequence
of I, , satisfying the condition (2.29). We claim that (u,, v,) is bounded in W. Indeed,
on one hand conditions (2.24), (2.26) and (2.27) can be rewritten as the following

I (Un,vn) = c+o0,(1) (2.30)
P(uy,) —)\/Qf(x,un)un de = R(un,v,) + 0 (||unllp*) (2.31)
Q(v,) —M/Qf(x,vn)vndx = R(un,vy) + 0 (||vallg)- (2.32)
Using (2.21), one gets
R(up,v,) = a;; ! <P(un) —/\/Qf(x,un)un) + 0 (J|un][p+)
f+1

_|_

L (@ = [ gt 4ol (23
Q

Suppose that there is a subsequence, still denoted by (u,,v,) in W which is

unbounded, i.e. ||[Vuy,||, + ||[Vu,||, tends to +0o as n goes to +oo.

If

lim ||Vu,||, = +oo,
n—-+4o0o

10



then using (2.22) one has
/ @ udun] = o(Plu)),
Q
/ Fla,u)) = o(P(u)),
Q

since (2.22) implies that for every € > 0, there exists ¢;(¢) > 0 such that
|f(x,s)] <el|s" ' +¢ and |F(z,s)| < %\SV’* +c1, ae z€Q, VseR.
p

Similarly, if

lim |[[Von[lg = 400,
n—-4o00

then using (2.23) it follows

/Q 9 v)en = 0 (Q(un),
/Q G| = 0(Qu)).

On one hand, suppose that

lim [|Vu,||, = lm ||Vu,l||, = +o0.
n—-+o00 n—-+00

Substituting (2.33) in (2.30), we obtain

p*—p

c+ou(1) = (ot 1) (= % o(Pw) ) Plu)

LB (3 RIS

) Q(Un) ——n—too T OO

which can not hold true. On the other hand, suppose that

1151_1 |Vuy,||, = 400 and the sequence ||Vuv,||, is bounded,
n—-r-oo

then (2.31) implies that R(u,,v,) is unbounded while (2.32) implies, on the contrary,
that R(uy,v,) is bounded. The case

lir+n |Vonl||lg = +00 and the sequence ||Vuy,||, is bounded,

leads to a contradiction with the same argument, which achieves the claim.
At this stage, we can assume, up to a subsequence, that
U, — u in Wﬁf’(Q),
. 1,
m Wng(Q)>

a.e. in €2,

<

Up —

N

Up —

a.e. in €.

I~
3

!
<

11



It is clear that
(U, U) S N)\,u U {(Oa 0)}

Let us set
X,=u,—u and Y, = v, —v.

Using again the growth conditions (2.22) and (2.23), we show easily that the functions,
which are defined on Q X R: (x,s) — sf(x,s), (z,s) — sg(z,s), (z,s) — F(z,s) and
(x,s) — G(z,s) satisfy the conditions of the Brézis-Lieb lemma [6]. Then, we have
the decompositions

/QF(x,Xn) _ /QF(x,un)—/QF(:U,u)—Fon(l),
/Qf(x,Xn)Xn _ f(x,un)un—/Qf(x,u)u+0n(1),

Q

/QG(x,Yn) _ /QG(m,vn)—/QG(x,v)Jron(l),
/Qg(x,Yn)Yn _ /Qg(x,'un)vn—/Qg(a;,v)v—i—on(l).

Moreover, let € > 0, then there is ¢;(g) > 0 such that

< l| Xl + 1] [ X

/ flz, X)X, dx
Q

Let C' be a positive constant such that ||X, 5: < (. Since X,, converges to 0 in
LY(92), there exists ng(e) € N verifying || X,||1 < /¢, for every n > ny(e), thus

<e(14C), Yn=>n(e).

/ flz, X)X, dx
Q

In the same manner, writing F(z, X,,) = |, Xn f(z, s)ds and using the same arguments

0
as above, we get

/QF(.:E,Xn):on(l) and /Qf(a:,Xn)anon(l).

Similarly, it follows that

La(x,yn) — ou(1) and /g(x,Yn)Ynzon(l).

Q

Applying a slightly modified version of the Brézis-Lieb lemma [13], one has
R(X,,Y,) = R(up,v,) — R(u,v) 4+ 0,(1).
It follows that

P(X,) — R(Xn,Ys) = on(1),
Q(Yn) — R(Xy, Ys) = 0n(1),



Notice that the Nehari manifold associated to Iy is given by

Noo = {(s0(u, v)u, to(u, v)v); (u,v) € Wpllp(Q) X WFI;Q(Q), u#0,v#£0},

where
r(8+1) 7 75
so(u, v) = P(;ii(;)):i*”] , to(u, v) =1t(s0(u, v)),
and r
 (a+1)g _ lR(u,v)]q(aH) r
S RS TRE A 7oy N

Let ¢ be the common limit of P(X,,), Q(Y,) and R(X,,Y,). We claim that £ = 0. By
contradiction, suppose that ¢ £ 0, then on one hand we get

Too(50( X, V)Xo to( X Ya) Vi) = (a0 1) (]13 - 1) K(X,Y,), (2.34)

r
> inf 1070 (U)),

weNo,0

where

(a+1) (B+1)2 | GFDE=p
K(X,,Y,) = | D) ] .

R(X,,Y,)P

A direct computation shows that

lim K(X,,Y,) ="/,

n—-4o0o

therefore

1 1
lim ]O,U(SO(Xna Yn)thO(Xna Yn)Yn) = g(a + 1) (- — —) .

n—-4o0o p r

On the other hand,

lim IO,O(X'mYn) = é(

n—-+o0o

1 1
a+ +ﬁ+ _1)
p q

Hence, we obtain
1

1
la+1) <]—9 — ;) =c— 1) ,(u,v),
and consequently

c > inf Iyo(w)+ Iy, (u,v)

weNo,0
> inf 1, inf I .
= wél}\fo,o 00(t) +w6/\/}5b{(0,0)} ru(t)

This leads to a contradiction with (2.29), then ¢ = 0, which achieves the proof. U
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Remark 2.2 1) In the scalar case, we obtain the analogous of Theorem 2, the proof
follows easily with the same arguments. We note here that if we consider the special
case (1.1), direct computations show that

1 .~
wiélfffo IO(w) - NS? and wE./{fr;E{O} [,\(U)> - O,

which recovers the famous Brézis-Nirenberg condition (1.2).

2) It is clear that our condition (2.7) or (2.29) can be extended to a large class of

quasilinear or semilinear differential operators: Leray-Lions type operators, fourth-

order operators.

3) Using the Hélder inequality in the denominator R(u,v), we get

11 s
inf [, > === 55 2.35
it foen) 2 @) (5= 2) 5,550 70 e

where S, (resp. S;) denotes the best Sobolev constant in the embedding erip(Q) C
LP"(Q) (resp. W;;q(Q) C LY (Q)).

We end this note by the following interesting relation arising in the special case p = ¢
and I'y = T's.

Proposition 2.3 Assume that p=q > 1. Then,

: D ooy
(u,vl)Ig\/o,o Ipo(u,v) = N2 pSpp )
Proof. In the special case p = ¢, direct computations give
p'=a+0+2 and (a+1) (%—%) = NL—p
Then, using (2.35), we conclude that
. P oy
(wl)rgvo’o Ioo(u,v) > s pSpP )

On the other hand, let (u,) C Wllip (€2) be a minimizing sequence of S,. Then using
the identity (2.34), we get

p*

L . p [IIVuallp] =0
I < ny Un n;t ny Un JUn =
wér/{/'o,o 0,0(w) < To,0(S0(tn, Un)Un, to(tn, Un)tin) N —p [ [t g*}
N
_p [Vl
N—=p [ ||uallp- ]
N

S; as n+ oo, which achieves the proof.

It is clear that the last quantity goes to Np
OJ

Remark 2.4 For the sharpness of the critical level (2.29), we define the sequence
Up(x) = () P1/n(x) asin (2.15). We consider then a Palais-Smale sequence (ty, vy,)
for Iy of level inf e, ,ug(0,0)) Inu(w). Following the same argumets developed in the
scalar case and using Proposition 2.3, we prove that the sequence (u, + n, v, + 1y)
is a Palais-Smale sequence for Jy ,, of level ¢*(\, n) and which can not be relatively
compact in W. This implies the sharpness of the critical level formula (2.29).
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