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Abstract

This article is devoted to the study of the asymptotic behavior of a Caginalp
phase-field system with Neumann boundary conditions and singular potentials. We
first prove the existence and uniqueness of solutions, and then the existence of
exponentials attractors (and thus of finite dimensional global attractors). We finally
study the convergence of solutions to steady states as time goes to infinity ; in
particular, we are able to prove that, in some cases, the trajectories converge to
spatially homogeneous steady states exponentially fast.
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1 Introduction

We consider in this article the following system of partial differential equations in a
bounded smooth domain € of R?:

00 — Ao+ f(d) —u=g,
€8tu+8t¢—AU:O,

Ou - 99 —
on /o 0, an /oy 0,

¢/t:o = ¢, Ujt=0 = Uo,

0 <e <1, 0 > 0. This system of equations was proposed by G. Caginalp in [4] in
order to model melting-solidification phenomena in certain classes of materials. Here,
u corresponds to the relative temperature and ¢ is the order parameter, or phase field,
which describes the proportion of either of the phases ; ¢ = 41 correspond to the pure
states.



This system, with various types of boundary conditions and for a regular potential f,
has been much studied, see, e.g., [1], [2], [3], [4], [8], [13], [17] and the references therein.
In particular, one has satisfactory results on the existence and uniqueness of solutions,
the existence of finite dimensional attractors and the convergence of solutions to steady
states. We note however that, for regular potentials, we are not able to prove that the
order parameter remains in the physically relevant interval [—1, 1].

In this article, we consider the case of singular potentials f ; in particular, we have in
mind the following thermodynamically relevant logarithmic potential:

1
f(r):—/ior—i‘fﬁlnl—i—r, re(=1,1), 0<ky <k

This problem, with Dirichlet boundary conditions, was considered in [9] ; in particular,
the existence and uniqueness of solutions and the existence of exponential attractors
(see [5]) was proven in [9]. The convergence of solutions to steady states, based on the
Lojasiewicz inequality and the analyticity of f (see [11], [12] and [16]), was proven in
[10] for mixed Dirichlet (for the temperature) and Neumann (for the order parameter)
boundary conditions. We can note that such singular potentials allow to prove that the
order parameter remains strictly between —1 and 1, as it is expected from the physical
point of view, contrary to regular potentials.

In this article, we endow both equations with Neumann boundary conditions. In
particular, this yields that the quantity

/ﬂ(su + ¢)dx

is conserved. Then, by adapting the techniques of [9], [13] and [17], we study the
existence and uniqueness of solutions, the existence of exponential attractors (and thus
of finite dimensional global attractors) and the convergence of solutions to steady states.
Furthermore, when the above conserved quantity is, in absolute value, large enough, we
can prove that the solutions converge to spatially homogeneous steady states (which are
given explicitly) exponentially fast.

2 Setting of the problem

In this article, we are interested in the study of the long time behavior of the following
problem:

000 — Ap+ f(0) —u =g,
88tu+3tgb—Au:O,

ou _ 9¢ _ (21)
o0 0, o0 0,

¢/t:o = ¢y, Ujt=0 = UQ-

We assume that € is a bounded smooth domain of R?, that 0 < ¢ < 1 and § > 0, and
that the function f satisfies the following conditions:

f e C*(—1,1), 7al_i)nfillf(r) = Fo0, rl—i>I:II:11 f'(r) = +o0. (H,)



Such a function f satisfies the following properties (see [9]):

flir)y>—-K Vre(-1,1),
(2.2)
—c< F(r) < f(r)r+C Vre(=1,1), F(r)=[; f(s)ds,

where K, ¢ and C' are strictly positive constants.
Throughout this article, we denote by |.|| and ((.,.)) the norm and the scalar

9] /u(x) dr for u € LY(Q). We also set
Q
0
Ap = —A¢ + ¢, D(A) = Hy(Q) (= {¢ € H*(Q), a—u = 0}). Furthermore, we
n /o0

set |01 = ((A2¢, A2¢))2, and this norm is equivalent to the usual one in H(Q).
Finally, the singularities of the potential f lead us to define the quantity D[u(t)] =
(1 — |Ju(t)||z= ) ~'. Hereafter, C will denote a positive constant which may vary from line
to line, and (), Q). will denote increasing functions, the latter depending on ¢.

product in L*(Q), and we set < u >=

3 Existence and uniqueness of the solution

We start with the following theorem, which is the analogue of Theorem 1.1 in [9].
Nevertheless, contrary to [9], our estimates are not independent of ¢.

Theorem 3.1 Let M > 0, the nonlinearity f satisfy assumption (H1), and g belong to
L>(Q). Then, for any initial datum (po, o) satisfying

Dlgo] + llgollz2 + lluollzs < 00, [ <eug+¢o>|< M, (3-3)

equation (2.1) possesses a unique solution (P(t),u(t)) which satisfies, for t > 0, the
estimate

DigO]+ 16l + lu@®)llz2 < Q=(Dldol + I dollzre + lluollz) e + Qc(llgllz=), (3.4)

where the positive constant o and the increasing function Q. are independent of (¢o, uo)
but depend on M.

Proof : We rewrite (2.1) in the form

50+ Ap+ f(¢) —u=g,
53tu+6t¢—Au:0,

Ou — 99 _
an o0 =0 anjen =0

¢/t:0 = oo, U/t=0 = Uo,

(3.5)

r

with f(¢) = f(¢) — ¢. The function f still satisfies (2.2). We set F(¢) = / f(s)ds.

0
Clearly, the first equation of (2.1) (or (3.5)) has a sense provided that ¢ is separated from
the singular points of f, namely —1 < ¢(z,t) < 1 for almost (z,t) € 2 x R". Hence we
assume that, a priori,

[0l oo (axr+y < 1.
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Integrating the second equation of (3.5) over €2, we obtain the following conservation law:

e<u(t) >+ <o(t)>=c<uy>+<¢g>=:1, Vt>0.

We multiply the first equation of (3.5) by ¢(t) + 0:¢(t), the second one by u(t), we sum
and integrate over 2. We obtain, after straightforward simplifications,

L Glo(0) 12 + 9012 + 2((F(6(0)). 1)) + ellu®) 12} + Sllab(®)] + o) 2

H((F(0(), 1) + [IVu@)* < ((ult), (1)) +cllgl* + ¢
This, together with the analogue of Friedrich’s inequality

IVu@®)|? > Cy |lu(t)= < u(t) > |7 = Ci(lu@®)]]” = 9] < u(t) >?),
lead to

5 SISO + 16I; +2((F(6(2)), 1) +ellu®IP} + §10@I + o(t)I3

+H((F(6(1)), 1) + GHlu@)? < Cllg|* + € + Cr|o|eit=

1

, C
< COlg||* +C" + =

Thus, for some appropriate positive constant a > 0, we have

LN + 6112+ 2(F(6(1)), 1)) + ellu(®)[2} + 6] a(0)]1

"

o {BIOIE + 6+ 2(F(@(), 1) + a2} < Clgll* + ¢+ S

and Gronwall’s Lemma implies
s [t
IO+l + 5 [ 1ot e as

< QDo) + lldoll? + Iluol®) e~ + Q-(llg]).

Next, we rewrite the second equation of (3.5) as
e + Au = u — 0,9,

multiply this equation by Au(t) + Ou(t) and integrate over 2. Again, standard
transformations, as well as (3.6) and Gronwall’s Lemma, yield, for & > 0 small enough,

@+ [ (0P + LAuP) e s

< Q:(D[go] + @l + l[uoll}) e + Qc(Ilgl])-
Thus, combining (3.6) and the latter inequality, we find
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lu@)I7 + le@I + /0 (l9pu(s)|* + [ Au(s)II* + |06 (s)[1%) e~ ds .

< Q:(Dlgo] + lIpoll] + [[uollD) e + Q:=(llg])-
We differentiate the first equation of (3.5) with respect to t:

5 O50(t) + Ado(t) + f(6(1)) e (t) — Dyult) =0,

multiply this equation by 0,¢(t) and integrate over €. Using the fact that f'(r) > —K,
we obtain

0 d

1 1
SN0 + 12613 < (K + 5) 26 (t)|? + 5 0ue)|

Since 0;¢(0) = % {A¢(0) — f(¢(0)) + u(0) + g }, Gronwall’s Lemma and (3.7) imply

||f‘9zs<f>(1ﬁ)ll2+/0 10 ()17 e ds < QD[] + dollzz= + luoll}) e +Q=(llll). (3.8)

Next, we multiply the first equation of (2.1) by —A¢(t) and integrate again over 2. This
yields, after straightforward simplifications,

1
5 1A6I° < KIVe@II* + CUlob @) + [l + llgll®).
Therefore, combining (3.7) and (3.8), we find

lo®)lz2 < Qe(Dlgo] + llollz> + lluoll7) e + Q=(llgll). (3.9)

In order to obtain the u-part of the H?-estimate, we now multiply the equation

8(9tu — Au = —Btgzﬁ
by —Au(t) — 0;Au(t), and integrate over 2. This yields

%{HAU(@H2 +elVu@®)*} + [Au(®)|* + el Vou®)|* < %IIV?)‘tsb(if)ll2 + 110 (t)]I*.

Thus, applying Gronwall’s Lemma and estimates (3.7), (3.8), (3.9), we have

\IU(t)\\?{z+\!¢(t)\\?fz+/o IVOu(s)|)? eI ds < Q(Dlo]+|uoll 2+ ol F2)e ™ + Q=(llg)-
(3.10)

Finally, we write

0 0ep(t) — Ag(t) + f(o(t)) = hu(t) = u(t) + g,



with
[Pu(@)]|e < cllu@)]laz + lglle < Q(DIgo] + lluollFz + [l¢oll72) e + Q(llgll)-

Arguing as in [9] (the main argument being the comparison principle for second-order
parabolic PDEs), we conclude that

D[p(t)] < Q(Dlgo] + lIgollzr= + lluollz=)e™ + Q(llgllw) ¥t > 0.

In particular, we have proven that
()]s <1 =98 Vt>0,

for some 0 > 0 depending on D[], ||¢o||z2 and ||ug|| 2. Hence every solution (¢(t), u(t))
of (3.5) is a priori strictly separated from the singularities r = £1 of the nonlinearity
f. Thus the existence of a solution of problem (3.5) (or (2.1)) can be studied exactly as
in the case of regular nonlinearities (see, e.g., [13|). The uniqueness of the solution will
follow from Lemma 3.3 below. Furthermore, mimicking (|9], Theorem 1.2), we can also
prove the

Theorem 3.2 Under the assumptions of Theorem 3.1, every solution (¢(t),u(t)) of
problem (2.1) satisfies

Dlp®)] + Iz + lu®lze < Q™" + lluol®) e + Q-(llgllz<), ¢ > 0.

Remark 3.1 We have established that the solutions of problem (2.1) are a priori strictly
separated from the singularities —1 and 1 (which implies the existence and uniqueness of
the solution) for the Caginalp system endowed with Neumann boundary conditions. Our
arguments still hold for Dirichlet boundary conditions (see [9]), or for the mized conditions
@00 =0, %m = 0.
However, our results are not valid in the case
uso0 = 0, %/89 =0.
Indeed, estimate (3.10) does not hold anymore, since we cannot apply Green’s formula to

the integml/ 0y A(Opu) dx.
Q

Next, we give several estimates on the difference of two solutions which are useful for
proving the uniqueness ; they will also be essential in the following section in order to
define the solving semigroup and to establish the existence of an exponential attractor.

Lemma 3.1 Let f, g satisfy the assumptions of Theorem 3.1, and let (¢1,u1), (¢2,us)
be two solutions of problem (2.1) with initial data (¢;(0),u;(0)), i = 1,2, satisfying (3.3).
Then the following estimate holds for t > 0:

[61(8) = p2(DI* + [Jua (t) — ua(@)[* < K2 e ([|¢1(0) — ¢2(0)[|* + [ua (0) — U2(0)|(|2 ) |
3.11
where the positive constants K1, Ko depend on e, but are independent of the initial data.



Proof: We set ¢ = ¢ — ¢3 and v = uy — uy. Thus (¢, v) is solution of

SO — A+ 1(t)y — v =0,

g0 + o) — Av =0,

o :6¢ o o (3.12)
on /O > On /oQ ’

w/t:() = ¢1(0) - ¢2(0), V/t=0 = U1(0) - Uz(o),

where [(t) = fol f'(so1(t)+ (1 —s)pa(t)) ds. Integrating the second equation of (3.12) over
), we have
Oi(e <wo(t) >+ < y(t) >) =0. (3.13)

Hence, we can rewrite the second equation of (3.12) as
O{(ev(t) + ¥(t))— <ev(t) +¥(t) >} — A(v(t)— < v(t) >) = 0.

Multiplying this equation by (—A)~!(ev(t) + ¥(t)— < ev(t) + ¥ (t) >) and integrating
over (), we obtain

— —|lev(t)+v(t)— < ev(t)+1(t) > ||§{_1+((v(t)— <u(t) >, ev(t)+(t)— < ev(t)+¢(t) >)) = 0.
Thus we have

%%Hé‘v(t) +o(t)— <ev(t) +9(t) > [F-1 +ellvt)— <o) > 1P+ ((v(t), )
— <o(t) ><y((t) > |2 =0.
Furthermore, noting that
<ev(t) +o(t) >P= e <v(t) >* + < Y(t) >? +2e < v(t) >< P(t) >,

we find

<o(t) ><(t) >= 2_15 < ev(t)+(t) >2 —g <o(t) >? —% <(t) >2< i < ev(t)+y(t) >2.

Then it follows from (3.13) that

1—{Ilﬁv(lﬁ) +(t)— <ev(t) +¥(t) > |G+ < ev(t) +9(t) >} +ellu(t)— <v(t) > |*
2]

How,0) < 5 <o+ 00>

Next, we multiply the first equation of (3.12) by %, the second one by e(ev + v), we
sum these equations and integrate over (2. Standard transformations, together with (2.2),
yield

5 < (IO +ellev(t) +5(0) P+ 51V P — (), w0 + SITvOI? < Klw )]

Combining the last two inequalities, we deduce that



Fllev® + v(t)= < eo(t) +v(E) > 1+ < ev(t) + () >* +3[0(®)|2 + llev(t) +w()]2}

< 2 < co(t) +p(t) > +2K]|w(t)]|
Thus, setting
E(t) = [lev(t)+(t)— < ev(t)+1p(t) > [5-1+ < ev(t)+(t) > +6[[0(t) [P +ellev(t)+o (1) %,
we have

%E(t) < K, E(t)

and it follows from Gronwall’s Lemma that
[0(6)|1? + ellev(t) + @)IIF < C e (J0(0)]1* + [[0(0)]]?).
Finally we conclude that
@17+ [lo@)* < Ko™ ([l (0)]* + [[u(0)]%),
where K7, Ky depend on €. This finishes the proof of Lemma 3.1.

Lemma 3.2 Let f, g satisfy the assumptions of Theorem 3.1, and let (¢1,u1), (¢2,us) be
two solutions of (2.1) with initial data satisfying (3.3). Then the following estimate holds
fort>0:

161(2) = S2(t) 132 + [lua(t) — ua(t) |7 + 101 () — Ducoa (1)

< Ly e ([161(0) = d2(0) 1 + [[ua(0) — u2(0) (11 )
where Ly, Ly depend on ||¢;(0)|| 2, [|ui(0)|| g2, D[¢s(0)], i = 1,2, and «.

(3.14)

Proof: We again set 1) = ¢ — ¢o, v = u; — ug, where (1, v) is solution of problem (3.12).
We multiply the first equation of (3.12) by ¢+ 91, the second one by v, sum and integrate
over ) to find

3 LTI + 31w @2 + ello@)[2} + sl @2 + Vo) 12 + [V @)

< (B4 )ILON? + 5@ + (U0 (), b)) |-

Moreover, according to (3.4), we have, ¥t > 0,
l6ille < 1= 6 = (lléx(O) e, :(0) e, DIn(O)] ), i = 1,2
Then, setting 69 = min(dy, d2), we deduce that
[s¢1(t) + (1 = s)2(t)][Le < 1 =09 VO<s<1,

and, consequently,

1)l < C(=C (bo))- (3.15)
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Hence we have

| (@)Y, O))] CllI 0],

slowl® + vl

IAINA

Combining the above inequalities, we obtain

d :
G UNVYOIP + @I +elo@I”} < S (IVEOI” + 8l +ellv@IF) - (3.16)
Next, we differentiate the first equation of (3.12) with respect to ¢ to find

82
(58—;2/} — A + Oyl(t) Y + 1(t)0pp — Oy = 0.
Then we multiply this equation by dy1, multiply the second equation of (3.12) by 0,v,

sum and integrate over §2. We know from (3.8) that

182> < C (|8 (DIP+]Dr2(1)]*) < C(
Therefore, we have

1d
2dt

C(D[#:(0)], ldiollmr2., lwioll mr2, €) ), & = 1,2,

{101 + IV ol*} + VO |1* + el Ool? Cllow|* + Cllvdl|

Cllow|* + Clllla 10| s
CllOWI + C'[4ll1 [|0ep Iy
(C+ Do ? + 51V + C"[[0II3.

VAN VAR VAR VAN

We thus deduce from (3.16) that

SUTDIP + 31w @2 + el + V()2 + 80 ()12}

< L (V@I + 6l 7 + ellv @)1 + [Vo@l* + dll0ab (O]

and, applying Gronwall’s Lemma, we infer

[ @)l + @) + 10w @)1 < Le™* ([0 0) 17 + [oO)7 + [18:(0)]%) . (3.17)

where the constants Ly, L depend on ||¢;(0)| 2, ||w:(0)|| g2z, D[¢:(0)], i = 1,2, and e.
Moreover, since 60,1 (0) = Ay (0) — 1(0)1(0) 4+ v(0), we deduce that

160 (0)[[> < Cl[$(0) |2 + [[0(0) |2 (3.18)

In the same way, we can write

1A% < ollap@)2 + 1@ + o),
which, together with (3.15), (3.17) and (3.18), allow to conclude that

[z + [l 7 + 3l < Loe™ ([[4(0)I32 + [[v(0)[1F) |
which finishes the proof of Lemma 3.2.

Since we have shown that the solutions of problem (2.1) are strictly separated from the
singularities, everything holds as for a regular potential. Thus, mimicking ([13], Lemmata
2.6 and 2.7), we can derive the following smoothing estimates for the difference of two
solutions of (2.1). These will be necessary in order to construct an exponential attractor.
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Lemma 3.3 Let f, g satisfy the assumptions of Theorem 3.1, and let (¢1,u1), (¢a, u2) be
two solutions of (2.1) with initial data satisfying (3.3). Then, there holds fort >0

1@1(2) = S2(t) 132 + llua(t) — ua(t)|F2 + 101 () — Ducha (1)

< K e ([[61(0) = 62(0) 17 + 1 (0) — u2(0) )

where K, L depend on ||¢;(0)| mz, [|[ui(0)||z2, D[#:(0)], i = 1,2, and . Furthermore, we
also have the smoothing estimate

(3.19)

191(8) = b2 (D) 375 + lua(t) — w2 (D)l

< K ML (93(0) = Go(0)][3e + [lur(0) — wal0) %) . >0,

(3.20)

4 Existence of an exponential attractor

4.1 The solving semigroup

Theorem 3.1 allows to define the solving semigroup SM associated with problem (2.1)
by the following expression:

St — @ar, S (0, u0) = (6(1), ult)),

where (¢(t),u(t)) is the unique solution of problem (2.1) with initial datum (¢o, uo),
and

Oar = {(¢,u) € Hy(Q) x HY(Q), 8lle~ <1, | <eu+¢>] < M},
1
1@ w)lloy = (D172 + [lulF)z
Moreover, applying Lemma 3.1, we can extend SM to a semigroup (still denoted by SM)
acting on the closure Ljy; of ®y; in [L2(Q)]?, i.e.
SM ' Ly — Ly Ly = {(¢,u) € L=®(Q) x L*(Q), ¢z~ <1, | <eu+¢>| < M}.
When (¢g, ug) ¢ P, we have, as usual,

St (bo,uo) = [LA(Q))* — lim S (¢5, ug),

n—-+4oo

where (¢g,uf) € Py is such that [Juf — uo|| + |5 — ol - 0.
n—-—+0oo

Finally, we have, thanks to Theorem 3.2, the smoothing property
SM Ly — &y VE>0.

We conclude this section by an auxiliary lemma which will be needed in order to prove
the finite dimensionality of exponential attractors.

11



Lemma 4.1 Let T be a strictly positive constant. Under the assumptions of Theorem
3.1, every solution (¢(t),u(t)) of equation (2.1) is Hélder continuous with respect to t, i.e
Vte[0,T] and 0 < s <1, we have

ot + ) = 60|l 2 + [[u(t +5) = u(®)][ sz < QI(d0, o) [lw,)s7.

Proof: We infer from (3.8), (2.1) and (3.4) that

ot +5) = dO) + llult + 5) — u(®)]] < sC([[(¢o, uo)lly,)-

Thus, applying (3.20) and the following interpolation inequality:

1 2
Wl < ol llvlf Yo € HYQ),

we finish the proof of Lemma 4.1.

4.2 Exponential attractors

We now state the main result of this section, namely the existence of an exponential
attractor associated with the semigroup SM.

Theorem 4.1 Let the nonlinearity f satisfy assumption (H1), and g belong to L>(S).
Then there exists a compact set MM C ®y;, called exponential attractor, which satisfies
the following properties:

(i) MM is semi-invariant with respect to the flow SM associated with problem
(2.1), i.e.
SMMM c MM vt >0.

(ii) The fractal dimension of the set M is finite, i.e.

dimp (MM, @) < C < +o0.

(iii) M™ attracts exponentially fast the bounded subsets of ®yy, i.e. there emists
a > 0 such that

diste,, (SM B, M™M) < Q(||Bllg,,) e V B bounded in @y,
where disty,, denotes the nonsymmetric Hausdorff distance between sets in ®y;.

For the proof of Theorem 4.1, we proceed as in [6], [7], [13], [9] and first construct an
exponential attractor for a discrete semigroup. For the sake of completeness, we briefly
outline the proof, recalling the main argument, namely the following existence result for
exponential attractors of discrete maps.

12



Proposition 4.1 [6] Let &1, ® be two Banach spaces such that ®; is compactly embedded
into ®. Let B be a closed and bounded subset of ®, and S, : B — B be such that, for
every b', v* € B,

1S.6" — S.b%le, < K|b" — b?| 0. (4.21)

Then, the map S, possesses an exponential attractor M* C ®, i.e. a compact set with
finite fractal dimension which satisfies

Sy M, C M,, (4.22)

disty (S) B, M,) < ce™® with ¢ >0,y >0 and k € N. (4.23)

Proof of Theorem 4.1: We set ® = &y, B = {(¢,u) € ®urs; [[(d,u)|le,, < 2Q(||gllz=)}-

It follows from Theorem 3.1 that there exists t* large enough such that S B ¢ B. We

set S, = SM. Estimate (4.21) is then a direct consequence of (3.20). Thus Proposition

4.1 holds and we infer the existence of a discrete exponential attractor M, which satisfies
(4.22) and (4.23).

As usual, we now set

MM == Ute[O,t*] St]VIM* (424)

It is rather standard to verify that the set MM is the desired continuous exponential
attractor. Indeed, (7) follows from (4.22). Furthermore, as a consequence of Lemma 4.1,
the semigroup SM is Hélder continuous on [0, t,] X M., hence

Thus, applying Proposition 4.1, we have (i¢). Finally, (#i7) follows from (4.23) and (3.19).

Remark 4.1 A direct consequence of Theorem 3.2 is the existence of the global attractor
AM - contained in MM. Moreover, according to (iii), we also have

distray 2 (SMB, MM) < Ce™ VB bounded in Ly, ¥ t > 0.

5 Convergence to a spatially homogeneous equilibrium
when |[| is large enough

We assume in this section that g = 0. Our aim is to prove that every solution of (2.1)
converges exponentially fast to the spatially homogeneous equilibrium defined by

U= f(g?)), el + QZE = Iy (:< Uy + ¢p >), (525)

provided that its initial data are such that |Iy| is large enough. To this aim, we give a
preliminary Lemma which will be useful in what follows.

Lemma 5.1 Let the nonlinearity [ satisfy assumption (H1), and let My < 1 be defined

by
My = max{|w|; 3z €] — 1,1], f(2) = f(w) and f'(z) =0}.

Then, A
|Io| > My implies |¢| > My,

where ¢ is defined by (5.25), and My = My + sup {|f(Mo)], | f(—Mo)|}.
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Proof: We assume that |¢| < M, with M, defined in Lemma 5.1. Then the following
obvious inequality holds:

~

A f(=My) < f(¢) < f(My).
Thus |f(¢)| < sup{|f(Mp)|,|f(—My)|}, and, consequently,

ol = |ef (&) + 0| < 16l +|£(d)] < sup {|f(Mo)l, |f(—Mo)[} + Mo = M,
which finishes the proof of Lemma 5.1.

Next we recall a result established in [14].

Lemma 5.2 Let f satisfy assumption (H1), and m be a real number such that |m| > My
(Mo being defined in Lemma 5.1). Then there holds

(fim+4v)— f(m)w >0 Vv € (=1—m, 1—m). (5.26)

Theorem 5.1 We assume that g = 0, and that f satisfies assumption (H1). Then every
solution of (2.1) with initial data such that |Io| > My (M being given in Lemma 5.1)
satisfies

Elu(t) —al* + [l¢(t) — 9|* < Ce™ Vi >0,
where (i, ) is given by (5.25), and the constant C depends on ||uo|, |||, &, @

Proof: Let (¢(t),u(t)) = SM(¢o,up). We set w(t) = u(t) — i, ¢(t) = ¢(t) — ¢. Then
(w, ) is solution of the problem

5 Op — A+ f(¢) — f() —w =0,

e 0w + Oyp — Aw = 0,

ow :(t)@a_so —0 (5.27)
on /o0 1 9n /o9 )

©/t=0 = Go — ¢, Wjt—g = Ug — .
From the second equation of (5.27), we infer the conservation law

~

e<w(t)>+<pt)>=c<w0)>+<p0) >= Ih—cu— ¢ =0.

We multiply the second equation of (5.27) by (—A)~(ew(t) + ¢(t)), the first one by o (1),
sum and integrate over {2 to obtain

{llew(®)+(O)l 71 + dlleON*}+ellw@) P+ VeI + ((f(@(8) = F(9), (1)) = 0.

(5.28)
Since |Ip| > M, we infer from Lemma 5.1 that 1 > |¢| > M,. This allows us to apply
(5.26) with v(t) = ¢(t) € (=1 — ¢,1 — ¢) and m = ¢ and we have

((f(o(2)) = f(9),9(t))) = 0.

DN —
=
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Next, we multiply the second equation of (5.27) by e(ew(t) 4+ ¢(t)), and integrate again
over §2. This leads to

£i||€w(t)+ (f)|l2+5—2va(f)ll2 < 1||V ®|?
2 dt 14 2 = o VeI

Combining (5.28) with the last two estimates yields

d

3 LEllew@+eO P+l @+ ew @)+ (021 Ve @) P+ [[Vw (B [P+2e fw(@®)]* < 0.
(5.29)

On the other hand, taking into account the fact that 0 < & < 1, we have

ellew(®) + o) + dllp®)* + lew(t) + e®lF- < C (2w + le@®)).  (5.30)
Furthermore, Friedrich’s inequality yields

lw@)|? < C"([[Vw(®)|*+ < w(t) >?),
le@II* < C"(IVe@I*+ < »(t) >?),

so that, applying the conservation law < ¢(t) >?= €* < w(t) >?, we obtain
Elw®l* + lle@I* < € (IVe®)* + [ Vw(®)|* + 26* < w(t) >*).
Thus, according to (5.30), we find
ellew(®)+o @)+l +lew®)+e®)E- < C"(IVe®)|*+e*[Vu(®)[*+2ellw(®)]*).
Consequently, we infer from (5.29) the existence of a constant o > 0 such that
Lellew®) + o) + ol @2 + llew(t) + e()]3- )

+a (ellew(t) + e@)I* + dlle(®)]* + llew(t) + ¢ (B)IF-1) < 0

and we finish the proof by employing Gronwall’s Lemma.

6 Convergence to an equilibrium

We assume in this section that g = 0. We again consider problem (2.1) and the
corresponding equilibrium problem

et < ¢ >=1I (= <ug>+ < ¢ >), (6.31)
99 _
%/39_0'

Hereafter, the function f will be assumed to satisfy (H1) and

f is analytic in (—1,1). (H2)

The main result of this section is given in the following Theorem.

15



Theorem 6.1 Let fsatisfy assumptions (H1) and (H2), and let (¢,u) € @y be a solution
of (2.1) with g = 0. Then, there exists a solution (¢, u) of problem (6.31) such that

dwt) — ),

strongly in H*(Q) as t tends to +oo.

Remark 6.1 Here, contrary to the previous section, we are not able to say to which
equiltbrium the solution converges in general ; furthermore, the convergence is not
exponential. Of course, when |Iy| is large enough, then the solution converges to the
spatially homogeneous equilibrium exhibited in the previous section.

Our proof follows [17], where a similar result is established, but for the regular potential

f(v) = 2(v* — v). Thus our task consists in verifying that the result remains valid for a

singular potential satisfying (H1) and (H2). To this aim, we introduce the function

Vo) = [ (FI96001+ Foo) + 5 luo)]? ) do

Our first step consists in proving that (®,;, SM, V) is a gradient system (see the Appendix
; see also [17]), from which it follows that the w-limit set w(¢y, ug) consists of equilibria.

6.1 (Py,SM,V) is a gradient system

The function V is a Lyapounov function, since it satisfies

dr + e((u(t), Gru(t)))

SV, u) = (Vo). YO0 + [ F60)dolt)dr + ¢
)

(
= (=4 ()t F(0(1), Bip(t))) + & ((u(?)

CL
|
:o\

t , Opu(
t)) + u(t)))

);
= ((=009(t) + u(t), O ((u(t), Oru(t)
= —0)0d(®)]1” + ((u(t), g(t) + edyu(t)))
= —0[0p(®)]” + ((u(t), Au (t)))
= —0[a@®)|* = Vu@®)|* <o0. (6.32)

Next, we verify the first point of the definition of a gradient system (see the Appendix).
Let t; > 0 be such that V(S(t1)(¢o,u0)) = V (¢, ug). Then, (6.32) implies

Bib(t) =0, Vu(t) =0 Vte [0,4]

and it follows from the second equation of (2.1) that du(t) = 0 Vit € [0,t1]. As a
consequence, (¢o, u) is a stationnary solution.

We then prove that, for every initial datum in ®,;, there exists a time ¢y > 0 such
that the orbit actually lies in H3(Q) x H3(2). Since H3(Q2) is compactly embedded into
H?($2), this yields the second point of the definition of a gradient system.

We have already stated in Theorem 3.1 that the solutions are strictly separated from
the singularities. Hence we have

1 (¢~ < C, (6.33)
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where C' depends on D|¢o|, ||¢ollmz, ||wollmz, €. We first differentiate the first equation

of (2.1) with respect to ¢, multiply the resulting equation by 92¢ and integrate over €2 to
find

1d

2 2
SRS + 5 =

Thus

5
IVOe(O)II* < 1@ + ClF (@(0)as” + Clou®)]*

d
o10aeOIF + 7 IVae@* < T (1) + 19u()]*)-

Moreover, we have

t d t
| s geIvosts) s tivasl - [ Ivas? ds

Combining the last two estimates, we obtain

t t t

5 [ s1e I st 9a00I? < Ct [ (aoP+louts)) ds+ [ Ivas)as
0 0 0

which yields, applying (3.7) and (3.8) with av = 0,

t
5 / s 1026(s)|2ds + ¢ |[Vab(t)|2 < C't+ ", (6.34)
0

where the constants C’, C” depend on ||¢o| g2, [|uoll1, D]po] and €. Hence we conclude
that

C/I C//

\|V8tgz§(t)||2 < C/ + T < C/ + t_ = C(] Vit >ty > 0.
0

Next, we differentiate the second equation of (2.1) with respect to ¢, multiply the resulting
equation by t 93u and integrate over . It follows that
t d et t
5 gl VouOI* < S 19:u@)” + o 19601

Thus, integrating over [0,t], we obtain

et [|oqu(®)|” +

t d t t s
| sqivoaeltas e [ slouwlPas< [ 2 oko) ds
0 S 0 o €

and, therefore,

t tS t
VoI + & [ slobu)Pds < [ 2oke)*ds+ [ 9o ds
0 0 0
Estimates (3.10) and (6.34) then lead to
t
tIVou(t)|* + e / s ||02u(s)||?ds < C+C't.
0

Hence, we have
IVOut)|? < Cy Vt>ty>0. (6.35)

Rewriting the first equation of (2.1) as
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Ag(t) = 6019(t) + f(o(t)) — u,
and applying (3.4) and (6.34), we infer

IV(Ag(1))]] VO] + IV F ()] + [[Vu(t)]

11

)
C Yt > 1.

IAINA

We thus deduce that
lo()]las < Cy  VE > 1o,

where C;" depends on D[¢y], ||uo|| 2, ||¢ollr2, €, and to. In the same way, (6.34) and (6.35)
allow to conclude that

IV (Au(®))]] e|Vou@)| + Vo @)

<
< Cp Vt>ty>0

and, finally, we deduce that ||u(t)||zs is bounded for all ¢ > ¢y, hence

Lemma 6.1 The orbit Uisy, S(t)(po,uo) is relatively compact in Ppr. Therefore,
(Par, S(t),V) is a gradient system.

6.2 Proof of theorem 6.1

We proceed as in [17]. However, for the sake of completeness, we give the details
of the proof. Thanks to Lemma 6.1, we know that, for any given (¢g,ug) € Py, the
w — limit set w(¢o, up) consists of equilibria. Thus, by definition of the w — limit set, there
exist (¢, 1) € w(do,up) and a sequence t,, — +o0o such that

P(tn) — &, ulty) —u in H*(Q).
Using (6.32), we necessarily have
V(p(t),u(t)) = V(g,a) >0 ¥t >0.

We first assume that there exists ¢, € RT such that V(¢(t),u(t)) — V (¢, u) =0 Vt > to.
Then, it follows from (6.32) that

u(t) =1u, ¢(t) =¢ Vt > to,

hence the result. We thus now assume that V(¢(t), u(t)) > V(¢,u) Vt > 0. It follows
from (6.32) that

d

T V(@) u(®) = V(o,1)) + 61as()” + [ Vu(®)]* = 0.

Therefore,

— OV (6(), u®) = V(6,0))} = 0(V(6(t), u(®)) = V(6,0 ([Vu®)]? + 3]ae(®)]?)

> 0 (V(o(t), ult)) — V(o @)’ (\@H@d)(t)\l + 5 IVu)l)?.
(6.36)
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According to Lemma 7.2, there exists T" > 0 such that
VT, ) = dlwe <o, Ilult) —ally <o,

with ¢ > 0 given in Lemma 7.1. Furthermore, we infer from Lemma 7.1 that

— SV (6(1),u(n) }>9<\f 100(t) ]| + = uwou)-

Thus, integrating over [T, 4+00|, we obtain

S +o0 1 +oo
\/;/T |0:p(s)||ds + E/T |[Vu(s)||ds < +oo.

6) =31 < 19t) - otea)ll + 6(e) —
[ 10:8(3) s + [[9(t) — =

Since we have

IN

and
[u(t) —allg— < /Ilatu Na-1ds + |lu(ty) — ull g1

. ([ vl + 1001y + ) ~ al ).

IA

we deduce that

(6(t), u(t)) — (d,u) in L*(Q) x H ().

t——+o00

By the relative compactness of Uy, S(t) (o, o), we finally conclude that

(6(t),u(t)) — (d,a) in H*(Q) x H*(Q),

t—+o0

which finishes the proof of Theorem 6.1.

7 Appendix

Definition 7.1 Assume that ® is a complete metric space, S(t) is a nonlinear semigroup
defined on ® and V (¢, u) is a Lyapounov function. Then the system (®,S(t), V) is called
a gradient system if the following conditions are satisfied:

(1) Let (ug,po) € . If for allt >0, V(S(t)(¢o,uo)) = V (o, uo), then (¢o,uo) is a fived
point of the semigroup S(t).

(13) For any (¢o,up) € P, there exists to > 0 such that Uisy, S(t)(¢o, ug) is relatively
compact 1 .

Next we state two auxiliary Lemmas. The first one corresponds to a Lojasiewicz-Simon
type inequality. We omit its proof and refer the reader to [17], [15], [10]. Indeed, even
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though our potential is not regular as in [17]|, we established in Theorem 3.1 that every
solution (¢(t), u(t)) satisfies
[o()|| < 1 =04,

and our function f is analytic over [~1+4,1—0]. Thus, as in [15], [10], we can introduce
a proper extension f of f outside [-1 + §,1 — ], where f € C*(R) is such that

F(y)
(

(y)=fy) Vye[-1+61-4]
fy)] <

Vye R, ¢>0.

Lemma 7.1 Let (¢,u) be a solution of (6.31). Then, there exist o > 0, 8 € (0,3)

, 2
depending on (¢,u) such that, ¥ (¢(t),u(t)) € Py which satisfies the following two

conditions:

(i) e <u(t) >+ < o(t) >= I,

(i) o) = bl <o, [u(t) = allw < o,
the following estimate holds:

V(g(t),u(t)) = V(g,a)'"™" < —=IIAg(t) — f(6(t)) +u(t)]| + fHVU( )|l

Lemma 7.2 Let (¢p,u) € Py be a solution of (2.1) with g = 0 and assume that there
exists a sequence t, — +00 such that

P(t,) — ¢ and u(t,) — u strongly in H*(Q).
Then there exists T' > 0 such that

lp(t) — |z <o and |u(t) —allg: <o YVt >T,
with o given in Lemma 7.1.

Proof of Lemma 7.2: By assumption, for every 0 < v < o, there exists N such that

V>N, |u(ty) —allm <5, l¢(t.) = olluz < %
(7.37)

and  Co(V(B(tn), u(tn)) — V(d,@)’ <%, Co= 2 (L +1).
We set
ty =sup{t > t, / ||u(s) —llg2 < o, ||¢(5) — @||lg2 < 0; Vs € [ta,t]}.

Let us assume that ¢, < +o0o ¥n > N. Then, Vt € [t,,1,], (6.36) and Lemma 7.1 imply

SV (), ult) V(6. 7) 9>e<\f\|at¢ )]+ ||Vu<>||).

Thus, integrating over [t,,t,], we have

0wl ds < 53 et ute)) Ve < 3
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and, using (7.37), we infer

l¢(En) — ¢l 16(En) = &)l + ll6(tn) — ¢l
—¢

<
< [ llow(s)llds + [l(tn)
<

V.

222

We thus deduce that -
(b(fn) — ¢ in LQ(Q).

n—-+00

In the same way, we can prove that u(t,) - % in H'(Q). By the relative compactness
n—-+0oo

of the orbit, there exists a subsequence (6(tn), u(t,)), still denoted by (¢(%,),u(t,)), such
that ¢(t,) — ¢ in H*(Q). So, if n is big enough, we have
. - o . _ o
I6() — Ol < 7 and [u(F,) — = < 2.
which contradicts the definition of ¢,,. Thus, there exists ny > 0 such that fno = 400 and
Lemma 7.2 is proven, with T' = ¢,,,.

References

[1] Bates, P.W., Zheng, S., INERTIAL MANIFOLDS AND INERTIAL SETS FOR PHASE-
FIELD EQUATIONS, J. Dyn. Diff. Eqns. 4 (1992), 375-397.

[2] Brochet, D., Chen, X., Hilhorst, D., FINITE DIMENSIONAL EXPONENTIAL
ATTRACTORS FOR THE PHASE-FIELD MODEL, Appl. Anal. 49 (1993), 197-212.

[3] Brokate, M., Sprekels, J., HYSTERESIS AND PHASE TRANSITIONS, Springer, New
York, 1996.

[4] Caginalp, G., AN ANALYSIS OF A PHASE FIELD MODEL OF A FREE BOUNDARY,
Arch. Rational Mech. Anal. 92 (1986), 205-245.

[5] Eden A., Foias C., Nicolaenko, B., Temam, R., EXPONENTIAL ATTRACTORS FOR
DISSIPATIVE EVOLUTION EQUATIONS, Masson, Paris, 1994.

[6] Efendiev, M., Miranville, A., Zelik, S., EXPONENTIAL ATTRACTORS FOR A
NONLINEAR REACTION-DIFFUSION SYSTEM IN R?, C. R. Math. Acad. Sci. Paris
330 (2000), no. 8, 713-718.

[7] Fabrie, P., Galusinski, C., Miranville, A., Zelik, S., UNIFORM EXPONENTIAL
ATTRACTORS FOR A SINGULARLY PERTURBED DAMPED WAVE EQUATION, Disc.
Cont. Dyn. Systems 10 (2004), no. 1-2, 211-238.

[8] Giorgi, C., Grasselli, M., Pata, V., UNIFORM ATTRACTORS FOR A PHASE-FIELD
MODEL WITH MEMORY AND QUADRATIC NONLINEARITY, Indiana Univ. Math. J.
48 (1999), 1395-1445.

[9] Grasselli, M., Miranville, A., Pata, V., Zelik, S., WELL-POSEDNESS AND LONG TIME
BEHAVIOR OF A PARABOLIC-HYPERBOLIC PHASE-FIELD SYSTEM WITH SINGULAR
POTENTIALS, Math. Nach., to appear.

21



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

Grasselli, M., Petzeltova, H., Schimperna, G., LONG TIME BEHAVIOR OF SOLUTIONS
TO THE CAGINALP SYSTEM WITH SINGULAR POTENTIAL, to appear.

Jendoubi, M.A., A SIMPLE UNIFIED APPROACH TO SOME CONVERGENCE
THEOREMS OF L. SIMON, J. Funct. Anal. 153 (1998), 187-202.

Lojasiewicz, S., ENSEMBLES SEMI-ANALYTIQUES, THES, Bures-sur-Yvette, 1965.

Miranville, A., Zelik, S., ROBUST EXPONENTIAL ATTRACTORS FOR SINGULARLY
PERTUBED PHASE-FIELD TYPE EQUATIONS, Electronic J. Diff. Eqns. 2002 (2002),
1-28.

Miranville, A., Zelik, S., ROBUST EXPONENTIAL ATTRACTORS FOR CAHN-
HILLIARD TYPE EQUATIONS WITH SINGULAR POTENTIALS, Math. Meth. Appl. Sci.
27 (2004), 545-582.

Rybka, P., Hoffmann, K.-H., CONVERGENCE OF SOLUTIONS TO CAHN-HILLIARD
EQUATION, Comm. Partial Diff. Eqns. 24 (1999), 1055-1077.

Simon, L., ASYMPTOTICS FOR A CLASS OF NONLINEAR EVOLUTION EQUATIONS,
Ann. Math. 118 (1983), 525-571.

Zhang, 7., ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO THE PHASE-FIELD
EQUATIONS WITH NEUMANN BOUNDARY CONDITIONS, Comm. Pure Appl. Anal.
4 (2005), no. 3, 683-693.

22



Liste des prépublications

99-1 Monique Jeanblanc et Nicolas Privault. A complete market model with Poisson and Brownian
components. A paraitre dans Proceedings of the Seminar on Stochastic Analysis, Random Fields
and Applications, Ascona, 1999.

99-2 Laurence Cherfils et Alain Miranville. Generalized Cahn-Hilliard equations with a logarithmic free
energy. A paraitre dans Revista de la Real Academia de Ciencias.

99-3 Jean-Jacques Prat et Nicolas Privault. Explicit stochastic analysis of Brownian motion and point
measures on Riemannian manifolds. Journal of Functional Analysis 167 (1999) 201-242.

99-4 Changgui Zhang. Sur la fonction ¢-Gamma de Jackson. A paraitre dans Aequationes Math.

99-5 Nicolas Privault. A characterization of grand canonical Gibbs measures by duality. A paraitre
dans Potential Analysis.

99-6 Guy Wallet. La variété des équations surstables. A paraitre dans Bulletin de la Société
Mathématique de France.

99-7 Nicolas Privault et Jiang-Lun Wu. Poisson stochastic integration in Hilbert spaces. Annales
Mathématiques Blaise Pascal, 6 (1999) 41-61.

99-8 Augustin Fruchard et Reinhard Schéfke. Sursabilité et résonance.

99-9 Nicolas Privault. Connections and curvature in the Riemannian geometry of configuration spaces.
C. R. Acad. Sci. Paris, Série I 330 (2000) 899-904.

99-10 Fabienne Marotte et Changgui Zhang. Multisommabilité des séries entiéres solutions formelles

d’une équation aux g-différences linéaire analytique. A paraitre dans Annales de I’Institut Fourier,
2000.

99-11 Knut Aase, Bernt Oksendal, Nicolas Privault et Jan Ubge. White noise generalizations of
the Clark-Haussmann-Ocone theorem with application to mathematical finance. Finance and
Stochastics, 4 (2000) 465-496.

00-01 Eric Benoit. Canards en un point pseudo-singulier nceud. A paraitre dans Bulletin de la Société
Mathématique de France.

00-02 Nicolas Privault. Hypothesis testing and Skorokhod stochastic integration. Journal of Applied
Probability, 37 (2000) 560-574.

00-03 Changgui Zhang. La fonction théta de Jacobi et la sommabilité des séries entiéres ¢-Gevrey, 1. C.
R. Acad. Sci. Paris, Série I 331 (2000) 31-34.

00-04 Guy Wallet. Déformation topologique par changement d’échelle.

00-05 Nicolas Privault. Quantum stochastic calculus for the uniform measure and Boolean convolution.
A paraitre dans Séminaire de Probabilités XXXV.

00-06 Changgui Zhang. Sur les fonctions ¢g-Bessel de Jackson.

00-07 Laure Coutin, David Nualart et Ciprian A. Tudor. Tanaka formula for the fractional Brownian
motion. A paraitre dans Stochastic Processes and their Applications.

00-08 Nicolas Privault. On logarithmic Sobolev inequalities for normal martingales. Annales de la
Faculté des Sciences de Toulouse 9 (2000) 509-518.

01-01 Emanuelle Augeraud-Veron et Laurent Augier. Stabilizing endogenous fluctuations by fiscal
policies; Global analysis on piecewise continuous dynamical systems. A paraitre dans Studies
in Nonlinear Dynamics and Econometrics

01-02 Delphine Boucher. About the polynomial solutions of homogeneous linear differential equations
depending on parameters. A paraitre dans Proceedings of the 1999 International Symposium on
Symbolic and Algebraic Computation: ISSAC 99, Sam Dooley Ed., ACM, New York 1999.

01-03 Nicolas Privault. Quasi-invariance for Lévy processes under anticipating shifts.

01-04 Nicolas Privault. Distribution-valued iterated gradient and chaotic decompositions of Poisson
jump times functionals.

01-05 Christian Houdré et Nicolas Privault. Deviation inequalities: an approach via covariance
representations.

01-06 Abdallah El Hamidi. Remarques sur les sentinelles pour les systémes distribués

02-01 Eric Benoit, Abdallah El Hamidi et Augustin Fruchard. On combined asymptotic expansions in
singular perturbation.



02-02 Rachid Bebbouchi et Eric Benoit. Equations différentielles et familles bien nées de courbes planes.

02-03 Abdallah El Hamidi et Gennady G. Laptev. Nonexistence of solutions to systems of higher-order
semilinear inequalities in cone-like domains.

02-04 Hassan Lakhel, Youssef Ouknine, et Ciprian A. Tudor. Besov regularity for the indefinite Skorohod
integral with respect to the fractional Brownian motion: the singular case.

02-05 Nicolas Privault et Jean-Claude Zambrini. Markovian bridges and reversible diffusions with jumps.

02-06 Abdallah El Hamidi et Gennady G. Laptev. Existence and Nonexistence Results for Reaction-
Diffusion Equations in Product of Cones.

02-07 Guy Wallet. Nonstandard generic points.
02-08 Gilles Bailly-Maitre. On the monodromy representation of polynomials.

02-09 Abdallah El Hamidi. Necessary conditions for local and global solvability of nondiagonal
degenerate systems.

02-10 Abdallah El Hamidi et Amira Obeid. Systems of Semilinear higher order evolution inequalities
on the Heisenberg group.

03-01 Abdallah El Hamidi et Gennady G. Laptev. Non existence de solutions d’inéquations semilinéaires
dans des domaines coniques.

03-02 Eric Benoit et Marie-Joélle Rochet. A continuous model of biomass size spectra governed by
predation and the effects of fishing on them.

03-03 Catherine Stenger: On a conjecture of Wolfgang Wasow concerning the nature of turning points.

03-04 Christian Houdré et Nicolas Privault. Surface measures and related functional inequalities on
configuration spaces.

03-05 Abdallah El Hamidi et Mokhtar Kirane. Nonexistence results of solutions to systems of semilinear
differential inequalities on the Heisenberg group.

03-06 Uwe Franz, Nicolas Privault et René Schott. Non-Gaussian Malliavin calculus on real Lie algebras.

04-01 Abdallah El Hamidi. Multiple solutions to a nonlinear elliptic equation involving Paneitz type
operators.

04-02 Mohamed Amara, Amira Obeid et Guy Vallet. Relaxed formulation and existence result of the
degenerated elliptic small disturbance model.

04-03 Hippolyte d’Albis et Emmanuelle Augeraud-Veron. Competitive Growth in a Life-cycle Model:
Existence and Dynamics

04-04 Sadjia Ait-Mokhtar: Third order differential equations with fixed critical points.

04-05 Mokhtar Kirane et Nasser-eddine Tatar. Asymptotic Behavior for a Reaction Diffusion System
with Unbounded Coefficients.

04-06 Mokhtar Kirane, Eric Nabana et Stanislav I. Pohozaev. Nonexistence of Global Solutions to an
Elliptic Equation with a Dynamical Boundary Condition.

04-07 Khaled M. Furati, Nasser-eddine Tatar and Mokhtar Kirane. Existence and asymptotic behavior
for a convection Problem.

04-08 José Alfredo Lopez-Mimbela et Nicolas Privault. Blow-up and stability of semilinear PDE’s with
gamma generator.

04-09 Abdallah El Hamidi. Multiple solutions with changing sign energy to a nonlinear elliptic equation.
04-10 Sadjia ATt-Mokhtar: A singularly perturbed Riccati equation.

04-11 Mohamed Amara, Amira Obeid et Guy Vallet. Weighted Sobolev spaces for a degenerated
nonlinear elliptic equation.

04-12 Abdallah El Hamidi. Existence results to elliptic systems with nonstandard growth conditions.
04-13 Eric Edo et Jean-Philippe Furter: Some families of polynomial automorphisms.

04-14 Laurence Cherfils et Yavdat II’yasov. On the stationary solutions of generalized reaction diffusion
equations with p & ¢- Laplacian.

04-15 Jean-Christophe Breton et Youri Davydov. Local limit theorem for supremum of an empirical
processes for i.i.d. random variables.

04-16 Jean-Christophe Breton, Christian Houdré et Nicolas Privault. Dimension free and infinite
variance tail estimates on Poisson space.



04-17 Abdallah El Hamidi et Gennady G. Laptev. Existence and nonexistence results for higher-order
semilinear evolution inequalities with critical potential.

05-01 Mokhtar Kirane et Nasser-eddine Tatar. Nonexistence of Solutions to a Hyperbolic Equation with
a Time Fractional Damping.

05-02 Mokhtar Kirane et Yamina Laskri. Nonexistence of Global Solutions to a Hyperbolic Equation
with a Time Fractional Damping.

05-03 Mokhtar Kirane, Yamina Laskri et Nasser-eddine Tatar. Critical Exponents of Fujita Type for
Certain Evolution Equations and Systems with Spatio-Temporal Fractional Derivatives.

05-04 Abdallah El Hamidi et Jean-Michel Rakotoson. Compactness and quasilinear problems with
critical exponents

05-05 Claudianor O. Alves et Abdallah El Hamidi. Nehari manifold and existence of positive solutions
to a class of quasilinear problems.

05-06 Khalid Adriouch et Abdallah El Hamidi. The Nehari manifold for systems of nonlinear elliptic
equations.

05-07 Eric Benoit. Equation fonctionnelle: Transport et convolution.

05-08 Jean-Philippe Furter et Stefan Maubach. Locally Finite Polynomial Endomorphisms and an
extension of the Cayley-Hamilton Theorem.

05-09 Thomas Forget. Solutions canards en des points tournants dégénérés.

05-10 José Alfredo Lopez-Mimbela et Nicolas Privault. Critical Exponents for Semilinear PDEs with
Bounded Potentials.

06-01 Aldéric Joulin. On maximal inequalities for stable stochastic integrals.

06-02 Aldéric Joulin. On local Poisson-type deviation inequalities for curved continuous time Markov
chains, with applications to birth-death processes.

06-03 Abdallah El Hamidi et Jean-Michel Rakotoson. On a pertubed anisotropic equation. A paraitre
dans Ricerche di Matematica.

06-04 Khalid Adriouch et Abdallah El Hamidi. On local compactness in quasilinear elliptic problems.
A partaitre dans Diff. Inteq. Equ.

06-05 Jean-Christophe Breton. Convergence in variation of the joint laws of multiple stable stochastic
integrals.

06-06 Laurence Cherfils et Alain Miranville. Some remarks on the asymptotic behavior of the Caginalp
system with singular potentials.



