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Abstract.

We describe some classes of subgroups of the n-jet group of analytic automorphisms of
CY fixing the origin. We apply the results to show that any subgroup of the algebraic
automorphism group strictly containing the affine one is dense for the Krull topology. We
also show that any algebraic or analytic automorphism can be interpolated at any order
and at any finite set of points, by a tame one.
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INTRODUCTION.

Let N > 2. Let AV be the vector space V = C¥ when it is seen as an affine space,
let (ey,...,en) be the canonical basis of V and let (xy,...,2y) be the dual basis of V*.
Let E (resp. E’) be the space of algebraic (resp. analytic) endomorphisms of CV. We
will identify any element f of E (resp. E) to the N-uple of its coordinate functions
f={(f1,..., fn) where each f; belongs to the ring R = C[xzy,...,zy] of regular functions
on A (resp. the ring R of analytic functions on AN ). We will denote by id := (z1,...,zx)
the identity element of E. If f € E , we will denote by f() its homogeneous part of degree

k. Let A (resp. A) be the group of algebraic (resp. analytic) automorphisms of CV
and let SL (resp. GL, resp. GA) denote the special linear (resp. linear, resp. affine)
group of CV. Let T be the group of algebraic tame automorphisms, i.e. the subgroup
of A generated by GA and by the elementary automorphisms id + p(x)er,, where p is a
polynomial independant of xy. Let T be the group of analytic tame automorphims, i.e.
the subgroup of A generated by GA and by the overshears (2, p(2’) + q(2")zy), where
¥ = (z1,...,2n_1), p,q : C¥71 — C are analytic and ¢ does not vanish (or similar ones
obtained by permuting the variables). The relation GG; < G5 means that G is a subgroup
of Gy. For k > 0, we set By := {f € E,V\ € C,Va € CV, f(Aa) = A\* f(a)} and for

K CN weset Fg:= & E, C Fand Ag :== AN Eg. If S is a sub-semigroup of N,
keK

it is shown in §I71.2 below (see prop. 3.1) that A;;¢ < A (we call monoidal such a

subgroup). If G < A, let us agree, that J,(G) denotes the group of n-jets at the origin
of the elements of G fixing the origin. We have J,(A115) < J,(A). Our first result is the



following.

Theorem A. Any group G such that GL < G < J,(A) is equal to some J,,(A;,g) where
S is a sub-semigroup of N.

For a more general description of the groups G such that SL < G < J,(A), see th. 4.2.

If1<k<n,let Joy : Jo(A) — Je(A) be the natural group-morphism associating to a

n-jet its restricted k-jet. Since Ji(A) < Jp(A), we get J,; (Ju(A4)) < Jn(A). Actually:

Theorem B. Any group G such that J,(A) < G < J,(A) is equal to some Tk (Je(A))
where 1 < k <n.

Let us agree that the Krull topology on E is the one making it a topological vector space
and such that a basis of open neighbourhoods of the origin is composed by the sets U,
(n > 1) of endomorphisms whose n-jet at the origin is zero. With the induced topology,
A is a topological group. In [3], the author shows that 7" is dense in A for the Krull
topology and concludes with these words: "very little of the full strength of T is needed
in order to approximate any element of A". The next result completes this statement.

Theorem C. Any subgroup of A strictly larger than G A is dense for the Krull topology.

The last assertion (to be used in [13]) gives the conditions under which it is possible to
interpolate finitely many analytic (resp. algebraic) automorphisms by an analytic (resp.
algebraic) tame automorphism.

Theorem D. Let n > 1, let !, ..., ul™ be distinct points of C¥ and let fIM, ..., fI™ be
analytic (resp. algebraic) automorphisms of CV. There exists an analytic (resp. algebraic)
tame automorphism f such that the n-jets of f and f* coincide at each ul®! if and only
if the fI¥(ulf) are distinct (resp. the f¥!(ul*) are distinct and the Jacobians of the f*!
are equal).

Corollary. For any analytic (resp. algebraic) automorphism f, any finite set of points
and any n > 1, there exists a tame analytic (resp. algebraic) automorphism ¢ such that
the n-jets of f and g coincide at these points.

Our paper is divided into six sections. Sections I and II are devoted to establish prelimi-
nary results on the vector space E considered either as a GL-module or as a Lie algebra.
In section III, we introduce the notations and tools that we use in section IV (resp. section
V) to prove th. A,B,C (resp. th. D). Finally, in section VI, we apply some of the previous
notions to variables (or coordinates) and recover a result of [9].

I. THE SPACE E AS A GL-MODULE.

The main aim of this paragraph is to give the decomposition into irreducible submodules
of the GL-module E,,, essentially showing that FE,, splits into two irreducible submod-
ules E,, = E°, @ E!, where E := {f € E,,,Vf = 0} and E! = {Ar,r € R,_1},
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0
with Vf = Z ot and Ar = rid = (ray,...,rxy). However, we will study this
1<L<N Oz
subject in detail. Let SV* ~ C[xzy,...,zy] be the symmetric algebra of V*. The isomor-

phism ¢ : SV*®V — E, p® v — pv will be the main thread, allowing to identify
f=U )= Y free€ Ewithg '(f)= Y  fi®e, €SV @V. Since V is

1<L<N 1<L<N

naturally a GL module, so is £ >~ SV*® V| the action being the following: GL X E — F,
1

(9. f)—gofog™
We begin to describe two direct sum decompositions of the GL-module E. The first one
is the obvious £ = @& FE,, which corresponds via ¢ to SV @V = & S"V*® V. The

m>0 m>0
second is closely linked with the natural maps of contraction ¢ : SV*®V — SV* and
multiplication m : SV* — SV* ® V which we now introduce. The contraction map
c: SV*®V — SV*is defined by its restriction

Sm+1v* ® V — qm/*

* * * * "k
Voo Uy ® U E < VU >V Y U

and the induced map (using ) on E is nothing else than the operator V : EF — R.
Indeed, if @ = (ay,...,ay) € NV and L € {1,..., N}, we have

N anm o o
c(z®®@ep) =cla* ... 2 ®er) = Z Z <ep,xy > — =ap,— = V(z%y).
M=1 s=1 T L

The multiplication map m : SV* — SV*®V is the multiplication by the identity element
ide V*®@V = Hom(V,V). Its restriction S™V* — S™FV* @ V is the composition of
the two maps:
STV — STV @ VeV
t — t ® id

and SV o w Vo Vo o— SV @ V
t ® u & v — tu X v

The induced map (using ¢) on R = SV* is the operator A : R — E.

Lemma 1.1. The maps V : E— Rand A : R — E are GL-morphisms.

Proof. Since V and A correspond to the natural maps ¢ : SV*® V — SV* and
m : SV* — SV*®V, the checking is straightforward. Let us for example show that c is
a GL-morphism. It is enough to prove that if g € GL, f = v}... v}, ®v e S"HV* @V,
then ¢(g.f) = g.c(f). We obtain:

c(g.f) =c (g.(vf U ® v)) =c (vi‘ ogt.. v 097! ®g(v))

:Z<g(v),vfog_1 > vjog l. i viogt vk 097!
i

—

:Z<v,vi > vjog l. o vfog Tt vk 097 = g.c(f) O

Remark. One may of course check directly that if g € GL, f € E, r € R then
(i) V(g.f) =9.Vf. ie. V(gofog™')=(Vf)og™h
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(i) A(g.r) = g.A(r), ie. A(rog ) =goA(r)og.

For (i), we use the facts that Vf = Tr f" and that ¢’(z) does not depand on z (since ¢ is
linear). We have

(gofog™) (@) =g (fog '(x) x f' (g7 (x)) x (¢7)'(x)

=g'(x) x f' (g7} (z)) x g'(x)~"!
and the result follows by taking the trace.

For (ii), since A(r)(x) = r(x)z, we obtain

(goA(r)og™)(z) =g(rog(zx) g7 (x)) =rog'(z) g (97" (x)) since g is lincar
=rog'(z) z=(A(rog™)) (z).

Lemma 1.1 shows us that E? := Ker V and E! := Im A are G L-submodules of E.

Lemma 1.2. E=E°® E.

0 or
Proof. Vr e R,,, Vo A(r) =V(rid) = — = —+7r ) =(N+ )
roo r o A(r) (r id) ; . (r xr) ; (xL B, r) ( m)r

Therefore ﬁA is a section of V : FE,,.1 — R, and the split short exact sequence:

v
0— Epy1 — By &= Ry — 0 shows us that By = B © By O
Nom

Two direct sum decompositions F' = ® G; and F' = @ H; of a vector space F' are called
i J
compatible if the following equivalent assertions are satisfied:

J @ Y]

It is clear that £ = @ E,, and = @& E" are compatible, so that F :@EZL, where
m20 n=0,1 (m,n) € Nx{0,1}
E = E, NE"is a GL-module. In fact:

Theorem 1.1. (i) The G L-representations E”, (m,n) € N x {0,1}, are irreducible and
pairwise non isomorphic;

(ii) If N > 3, the restricted SL-representations are still pairwise non isomorphic;

(iii) If N = 2, the restricted SL-representations E°,, m € N, are still pairwise non
isomorphic, but the restricted SL-representations EY, and E}, ,, are now isomorphic.

Remarks. 1. According to their definition of irreducible representations, some readers
may prefer to except the case (m,n) = (0,1) where E} is the null space.

2. A GL-representation is irreducible if and only if its restricted SL-representation is.
Furthermore, it is well known that two irreducible G L-representations are isomorphic if
and only if their restrictions to SL and to C* < G L are isomorphic.

Proof. Let us begin to show that the restricted S L-representations are irreducible.
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The case m = 0 being obvious since EJ ~ V and E} = {0}, let us assume that m > 1.
One could show directly that E) is an irreducible SL-module by choosing a maximal
torus of SL and by studying the weights of the representation E'. Also, if n =1, the SL-
morphism A shows us that E}, ~ R, ; ~ S™ 'V* and this last SL-module is well-known
to be irreducible. But if n = 0, we did not find such an easy argument.

However, E,, ~ S™V*® V and E,, = E°, @ E!. Therefore, to show that E° and
E} are irreducible, it is sufficient to show that S™V* ® V is the direct sum of exactly
two irreducible representations. For technical reasons, we will rather show that the dual
representation (S”V* ®@ V)* ~ S™V @ V* is the sum of two irreducible ones.

The main points are the following ones (see [12]):
e The representations S™V and V* are irreducible;

e Any irreducible representation of SL is isomorphic to some Weyl module S,V, where
A= (Ag,..., ) is apartition of an integer d > 1 (d = A\ +...+ A\, with Ay > ... >\, > 1)
and S, denotes the Schur functor associated to A;

e The Weyl module S,V is an irreducible SL-module and it is nonzero if and only if
r < N (i.e. the partition has at most N parts). Moreover, if A = (Ay,..., \.) (resp.
p=(pu,...,1s)) is the partition of an integer d (resp. e), the SL-modules S\V and S,V
are isomorphic if and only if A\, — uy is constant, independant of k, for 1 < k < N, where
we agree that Ay = 0 (resp. pr = 0) if & > r (resp. k > s). Therefore, if we want a
unique Schur functor for each representation, we can restrict to those A with Ay =0 (i.e.
partitions of an integer d in at most N — 1 parts) which we will call reduced;

e If \ (resp. p) is the partition of an integer d (resp. e), the plethysm relations for
SL tells us that S,V ® S,V ~ @N,\,W, S,V (as SL-modules) where the sum is over

all partitions v of d + e and the multiplicities Ny ,, are computed by the Littlewood-

Richardson rule. In fact, we will use this rule in the special case where p is of the shape

p=(1,...,1),ie S,V ~ /\k V. Then, the Littlewood-Richardson rule simplifies in the
——

k
simpler Pieri formula which asserts that SV ® /\k V o~ @ S,V where the sum is over

all partitions v whose Young diagram is obtained from that of A\ by adding k£ boxes, with
no two in the same row.

Let us recall that the Young diagram of the partition A\ = (Af,..., ) is the following
picture

A
Mo

Ar

with A; boxes in the i-th row, the rows of boxes lined up on the left. In our case,
m

——
S™V ~ S,V where A = (m) is represented by the single row with m boxes: [ [ [ [ ]



Furthermore A" V is the trivial representation (it would not be the case if SL was replaced
by GL), so that the non degenerate pairing

Vv o AV'v - AYveac

U K v — uNv
shows us that V* ~ ANV

Therefore S™V @ V* ~ SV AV 'V ~ S,V @& S,,V where 1y = (m,1,...,1) and
——

N-1
ve =(m+1,1,...,1) are represented by the hooks:
——
N-2
P G _—
— [[TT]

N {: N -1 {ﬁ

L] and L

so that we have shown the irreducibility of the E7 .

Finally, S,V ~ S,,V where v = (m — 1) is represented by the single row with m — 1
m—1
—
boxes: LI I 1] sothat s} and v, are the reduced partitions such that

(ES)" ~ S,V and (E})" ~S,,V.

This shows (ii) and (iii).
It remains to show that if N = 2 the G L-representations EY, and E}, ,, are non isomorphic.
But this is clear since their restriction to C* C G'L are non isomorphic. Indeed, A € C*

acts on EY as the dilatation of ratio A™! and on E},,, as the dilatation of ratio A™*!.
U

If N =2, the next result provides us a SL-isomorphism between E° and R,,1:

Lemma 1.3. If N =2, themap o : R — E° is a S L-morphism.

ro= (da_mgv _66_;1)

Proof. If g € GL, an easy computation shows that

a(rog ™) =(det g)" L goa(r)og™, ie. a(gr)=(det g)~! g.a(r)
which proves that a is a SL-morphism (but not a G L-morphism !). O

1

II. THE SPACE E AS A LIE ALGEBRA.

In this section, it is important to stress that even if the endomorphism f € E' is usually
written as the line-vector f = (f1,..., fy) in the literature (and in this paper !), it should
actually be thought of as the column-vector f = *(fi,..., fy). Indeed, this point is
fundamental to grasp the Lie bracket formula on E given further. In the proof of lemma
2.2 below, it is also necessary to know that id € FE is a column-vector and that s’ is a
line-vector (when s € R), in order to understand that id x s’ is a N x N matrix and that



s x id is a scalar.

Let us denote by Der R the set of C-derivations of R, i.e. the set of complex linear maps
D : R — R satisfying D(rs) = D(r)s + rD(s) for all r;s € R. We will analyze the Lie
algebra structure of E' (which comes from the isomorphism E ~ Der R). In th. 2.1, we
compute [E},, E].

The isomorphism ¢ : E — DerR, f = (f1,...,fn)— D = g fLE)_ comes from
xr
1<L<N

0
the usual identification between ey and the derivation pre : R — R. By pulling-back
x

the Lie bracket [D;, Dy] = Dy o Dy — Dy o Dy defined on DerR, we obtain the Lie bracket
(f.g] =9d(z) x f(z) — f'(z) x g(x) = ¢ x f— f' x g defined on E, where we agree that

"= f(x) = (ﬁ is the Jacobian matrix of f.
f f( ) 9ort )1 < LM< N xof f

Let us show this formula. If f = (fi,..., fv) and g = (91, ...,9n) € E, we have:
0
N D DY i S TR S T
L=1
where h = ¢’ x f — f’ x g, hence [D¢, Dy] = D,.

If a, b are additive subgroups of a Lie algebra g, the subgroup generated by all brackets
[a,b], (a,b) € a x b is denoted by [a, b]. If a, b are subspaces, then [a, b] also.

Remarks. 1. We have [E,,, E,] C E,in-1, therefore, if we set L,, = FE,,4+1, then

E= @ L,, is a graduated Lie algebra. However, even if we will always use this fact,
m>—1

we prefer to use our old notation E,, instead of the new one L,, which would have the big
drawback of introducing a tiresome shift between degrees as polynomial endomorphisms
and degrees as graduated objects.

2. We may have defined the Lie bracket on F ~ SV* ® V by using the contraction map
c: SV*®V — SV*. We let the reader check that the Lie bracket is then given by the
following map:

(™ @ V) @ (S"TVF @ V) — Smtn Y @V
t ® u ® (z ® v) — te(zRu)v—2zc(t®v) u.

This allows us to see directly that V g € GL, ¥V u,v € E, g.[u,v] = [g.u, g.v]
which is otherwise the following computation:

g.lu,v] =g o (U’( ) X u(x) —u
= (¢ (v(x)) x V' (x) x u(z) —
=g (vog(x ))Xv’(g‘l(x)

—g'(uog(z)) x u
=g'(vog™ ())Xv’(g Hz)) x (g
—g'(uog(z)) x (g~ (x)) x (¢71)(x) x g (v(g~'(2)))
= (govog ') (z) x g cuog H(x)—(gouog ) (x) x g ocvog (z)
=[gouogt govogt]=[gu,g.uvl



We have used the fact that if g is linear (i.e. g € Fy), then the Jacobian matrix ¢’ = ¢'(x)
of g has constant coefficients. In particular, for all u = u(z) € E, we have ¢'(u(z)) = ¢'(x)
and for all v = v(z) € E, we have g(v(z)) = ¢'(x) x v(z) = ¢'(u(x)) x v(z). Therefore, if
g € GL, we have (g7!)(z) x g(u(x)) = g7 (g(u(x))) = u(x) and this explains the equality

(971 (z) x g (u(g™(z))) = u(g™!(z)).
As a consequence, if a, b are GL-submodules of E, then [a, b] also.

3. The Lie algebra structure on E contains in some sense the GL-module structure.
Indeed, let us denote by gl = E; the Lie algebra of G'L.

Lemma 2.1. The Lie algebra representation: g/ x E — E is the one associ-

(g9 , ) — [f.4g]
ated with the Lie group representation: GL x FE — E

(9 » f) — gofog™

Proof. If f € E, we just want to show that the differential at the point ¢d of the map
GL — E, g+ go fog 'isthemap gl — E, g — [f,g].
If g € gl, it is enough to compute the differential at the origin of the following map
(defined on a small centered neighborhood of the origin):

0: |—ee — E
t = (id+tg)ofolid+tg)™

We have 0(t) = (id+t g)o fo(id—tg+o(t) =(id+tg)o(f—t f xg+o(t))
=f+t(gof—fxg)t+olt)=f+1t(dxf—f xg)+olt)
since g is linear, so ¢'(0) = [f, g]. O

If sl (resp. ¢) denotes the Lie subalgebra of gl corresponding to the subgroup SL (resp.
C*) of GL, then the decomposition £y = EY @ E] is the same as the classical Levy
decomposition gl = sl @ ¢. Furthermore, if W is a representation of a reductive Lie
algebra g, it is well known that g.W is equal to the sum of the non trivial irreducible
subrepresentations of W (indeed, if we assume in addition that W is irreducible, it is
clear that g.W = {0} if W is trivial and that g.W = W otherwise). If m > 2 and
n = 0,1, we know that:

e the sl-representation E) is irreducible and non trivial;

e the c-representation E]! corresponds to the C*-representation of £’ where A € C* acts
on E" as the dilatation of ratio ™.

As a result:

Corollary 2.1. [EY, EY] = [EY, E\| = |[E\, Ey] = EY;
[EII’E?] = [EllaEll] = [EllaEl] = {O}a
|[EY,Er] = |El,Er] = |Ey, El] = E" form >2andn=0,1.

The next result will show that E° and E! are Lie subalgebra of E.

Lemma 2.2. () V f,g € E, V([f,g]) = (Vo) x [ = (V[)' x g;
(i) ¥ (r,s) € Ry X Ry, [rid,sid] = (n —m) rsid.
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Proof. We have:

V(g x f)= i(g’.f)L = 0 ( 991 fM)
L L M

and (i) follows.

We have (sid) = id x & + s Iy where Iy is the N x N identity matrix, so that
(sid) x (rid) =r.id (¢’ xid) + rsid=nrsid + rsid = (n+1) rsid and (ii) follows.
We have used the fact that s x id = n s by the Euler formula. O

Corollary 2.2. E° and E! are Lie subalgebra of E.

Even if E = E°® E" as vector spaces, the sum is not direct as Lie algebra since [EY, E'] #
{0}. In fact, E° and E! are even not Lie ideals of E:

Theorem 2.1. Let m,n > 1.

={0} if m =mn;

(iii) [Em, Ep) = Epyn_1 ifmorn >2;  (iv) [ES, Bl = E, i1 if myn > 2;
=FE)ifm=n=1; =Eliftm=1n>2;
=E2ifm>2n=1,;
={0}ifm=n=1.
)

Proof. We recall that [z%ep, 27ey] = m(w"‘)mﬁq — %(xﬁ)xaeM.

(i) Since [E),, EY] is a sub GL-module of the irreducible GL-module EY, . it is suffi-
cient to show that [EY EY] # {0}. Indeed, 25'¢; € EY | z7ey € E° and [25'er, 2es] =

matay ey — na T al ey # 0.

(ii) Point (ii) of lemma 2.2 shows us that [E!, El] = {0} if and only if m = n. When

m # n, since [E},, E!] is a sub GL-module of the irreducible GL-module E, . _;, we can
conclude to the equality.
(iv) We can assume that m,n > 2. Let us set u = [v5%e;, 277" id] € [EY, E}].
u = [z5ey, 27! ZZBL(JL] = [z, 2ler] + [20er, o) twges] + Z[I?el,x?_leeL]
L>1 L>3
= (m —n)a? ale; — (n — 1)} 22) ey — (n — 1)t 22y Z rrer
L>3
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= (m —n)z" 'ale; — (n — 1)} 2] Z rrer

L>2

= (m—1Dat ale; — (n — )27 227 id  so that u ¢ E . ., and

Vu=(n—1)(m- 127227 — (n— 1)(N +m+n —2)z" 2z
=—(n—1)(N+n—1)a7223 #0 sothatu¢ ES,, .

Since [EY | E] is a sub GL-module of E,,,,_1, we must have [E%  E!] = E,,\ 1.

(iii) It is a consequence of (i), (ii) and (iv). O

ITI. NOTATIONS AND PRELIMINARY RESULTS.
1. Jets.

If r € Rand a € AV, we will distinguish between the (classical) n-jet of r at a:
~ o Lok k : . — LR, k
Inal = Z 7l Dir . z" and the centered n-jet of r at a: J,, , 7 := Z fa D,r . x".

0<k<n 1<k<n
Of course, D¥r denotes the k-th differential of 7 at the point a and we recall that
r.x" = a) ¢, where =—=——
@ o) Oz ’ o ol aq!l. . an!
s
The classical and centered n-jets are related by the formula J,,, 7 = r(a) + J,q 7.

By the same way, if f € E and a € AV, we will denote by

N 1 1
Jna fr= D o Difah (esp. Juo fr= ) o5 Dif ot
0<k<n 1<k<n
the classical (resp. centered) n-jet of f at the point a. If f = (f1,..., fn), we could also

have set Jpo f = (3,“& Fire s Tna fN> and J,, f = (J,w Fireeidna fN).

If a is the origin of the affine space AV, we will simply write J, (resp. J,) instead of
Jno (resp. Jno). We will denote by J,(R) (resp. J,(R)) the space of classical (resp.
centered) n-jets of polynomials in N indeterminates and by J,(E) (resp. J,(E)) the
space of classical (resp. centered) n-jets of polynomial endomorphisms of AV,

Observe that J,(R) (resp. Jn(R), resp. Jn(E), resp. J,(F)) are naturally isomorphic to

R<,:= & Ry (resp. Ri<. <n: ® Ry, resp. E<p, = @ Ep,resp. B1< <= & Ej).
k<n 1<k<n k<n 1<k<n

Remark. The algebraic and analytic n-jet spaces are naturally isomorphic so that we

will write J,(R) = Jn(R), Ju(R) = Ju(R), In(E) = FJu(E), Ju(E) = J.(E).

Furthermore, one could easily check that the Jacobian map Jac : E — R (or Jac :
FE — R) induces a map J,(F) = Jn(E) — Jn_1(R) = Jn_1(R) that we will still call Jac.
Therefore, the Jacobian of an endomorphism n-jet is naturally a (n — 1)-jet.

Finally, let us recall that J,(E) = J,(E) is naturally a semi-group and that the formula
Do(f o g) = Dyw)(f) © Da(g) for differentials is generalized by the formula J, .(f o g) =
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Jng(a)(f)0Jna(g) for centered n-jets (the latter formula generalizes the former since D, (g)
is identified with J; ,(g)).

Let J,(E)* be the group of invertible centered n-jets. We recall that j € J,(F) is invertible
if and only if j1y € GL <= Jacj is an invertible element of J,,_; (R) <= (Jac 7)(0) # 0.

2. Monoidal subgroups.
Our first lemma is obtained by an easy computation.

Lemma 3.1. If S is any sub-semigroup of N, then F g is a sub-semigroup of E.

Proof. Since Ey.s = (C[X]1s)", it is enough to show that H it € C[X]i4s for
1<L<N
any ¢ € C[X]145 and any fi,..., fv € C[X]11+s. By decomposing each f as a sum of

homogeneous polynomials, it is enough to show that H gjj € C[X]y+s for any homo-
1<j<r
geneous polynomials gy, ..., g, € C[X];1s and for any 5 = (fy,...,5,) € N” such that

6] = Zﬁj € 14 S5. Let s; € S be such that deg g; =1+ s;. We have

J
deg [[o” =D _Bi(1+s)=> B+ Bis; € 1+5+8 C1+85. O
Y j j j

It is well known that any nonempty finite subset of a group which is stable by composition
is a subgroup. Our second lemma is the generalization of this result for algebraic groups.

Lemma 3.2. Any nonempty closed subset of an algebraic group which is stable by
composition is a subgroup.

Proof. Let G be the algebraic group and H the subset. For any h € H, the map
my, : H — H, k+— hk being an injective endomorphism, it is surjective (see prop. 17.9.6
p. 80 in [15] for the original idea, but the precise result is proven in [4], [7], [5], [8] or
[24]), so that 1 € H and h™! € H. O
Our last lemma is an obvious consequence of the first two.

Lemma 3.3. If S is any sub-semigroup of N, then .J,,(A;,s) is a subgroup of J,(A).
Proposition 3.1. If S is any sub-semigroup of N, then A;,g is a subgroup of A.
Proof. It easily follows from lemma 3.3. Indeed, if f € A5, we want to show that
/7! € Aiys. However, for any n > 1, J,(f) € Ju(A14s), so that J,(f7') = J.(f)"! €
Ju(A1,s). This is sufficient for showing that f~1 € A g. O
Example. If S = N, then A,y is the group of automorphisms fixing the origin. If

S = 2N, then A; oy is the group of odd automorphisms, i.e. automorphisms f satisfying
f(=z) = —f(z). More generally, if n > 2 and w,, := e, then A;,,y is the group of
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automorphisms f satisfying f(w,z) = w, f(x).
3. A useful lemma in representation theory.

Lemma 3.4. Let GG be a connected reductive complex algebraic group and let W be
a finite dimensional G-reprensentation which does not contain the trivial representation.
Then, any G-stable subgroup of (W, +) is a vector subspace.

Proof. We will argue by induction on dim W. If dim W = 0, there is nothing to prove.
Let us now assume that dim W > 0 and that F' is a G-stable subgroup of W. Of course,
we may assume that Span(F') = W. Let T be a maximal torus of G. If T* is the character
group of T (the set of algebraic group-morphisms x : T — C*) and Tg:={t €T, V x €
T*, x(t) € Q} is the subset of rational points of T, it is a classical fact that T* ~ Z™ and
Tg ~ (Q")™ (as groups). If x € T*, W, :={ue W, Vt €T, tu = x(t)u} will denote
the eigenspace of W associated to the eigenvalue y. Since W = @ Wy, any u € W can
x€T*
be uniquely written u = Z Uy, Uy, € W,. By representation theory, W is a non trivial

x€T*
T-module. Hence, there exists a non trivial ¢» € T* for which W, # {0}.

Main claim. F'N W, # {0}.

Since Span(F') = W, there exists u € F with u, # 0. Let u= Zum be the decom-
k=1
position of u in sum of eigenvectors where xi,...,x, are distinct and x; = . The

maps Xy, 1 < k < n, are still distinct (T being a dense subset of T). We now use
the fact that if G is any group and K any field, then the set Hom(G, K*) of all group-
morphisms G — K* is a linearly independant subset of K¢ the space of all K-valued
functions on G (see lemma 16.1 of [16]). Therefore, there exist ti,...,t, € Tg such that
the n x n matrix M := (Xx(t1));<4 <, 18 invertible. Let r = (ry,...,7r,) € Q" be such
that M.r =%1,0,...,0) and let 1 be a nonzero integer such that pri, . .., pur, are integers
(we can just take for u the least common multiple of the denominators of the ry). Let us

check that v := ,quk tr.u € FNWy. Indeed v = Z(,urk)tk.u € F and
k=1 k=1

U_MZTk 7% (ZUM> —MZTkZXz th)Uy, = Z(ZTW tk)ux,
k=1 =

=1 \k=1
= L Uy, = p uy € Wy \ {0} and the claim is proven.
Let us now show that F' contains the G-subrepresentation W; := Span g.v.
geG

We have Vit €T, tv=1¢(t)v € Fand ¢ : T — C* is onto since non trivial. Therefore

Av € F for any A € C. Any w € W; can be written w = Z)\k gr.v, where )\, € C,
k=1

gr € G. The equality w = ng.(/\kv) shows us that w € F.
k=1
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If W5 is a G-subrepresentation of W such that W = W; @& Ws, it is clear that W5 does
not contain the trivial G-representation and that Wy N F' is a G-stable subgroup of W5s.
Therefore, by induction hypothesis, it is a subspace of W5. It is easy to show that the
subspace W @& (W, N F) is equal to F. O

Corollary 3.1. If m > 2, the SL-stable subgroups of E,, are {0}, E,,, E?, and E!,.

Proof. The SL-representations EY, and E}, are irreducible, non trivial and non isomor-
phic. O

4. Initial groups.

Let No,, :={0,1,...,n—1}. f G < J,(F)* and k € N_,,, we define the k-th initial group
of G by Hy(G) = {fwsr), f € G, Juf = Je(id)}. It turns out that Ho(G) = Ji(G)
is a multiplicative subgroup of GL, whereas Hy(G) is an additive subgroup of Ej; for
k > 1. Indeed, if ug,us € Epy1 and j,, = id + u,, € Jpp1(E)* for m = 1,2, then
Jrojst =id +uy £ us.

Furthermore, let f,g € A be such that J,,, f =id+wu, u € E,, and J,g =id+v,v € E,. If
[f,g9] := fogoftog™ € A, itisshown in [3] that J,,1n_1[f, 9] =id — [u,v]. Therefore,
we get:

Lemma 3.5. If £, > 0 are such that £ + [ < n, then [Hx(G), H/(G)] C Hx(G).

These Hy(G) look like the initial ideals used in Grobner bases theory. They satisfy an
analogous fundamental property (see lemma 15.5 in [10]):

Lemma 3.6. If G; < Gy, < Jn(E)*, then Gy = Gy «<— Vk € N<n, Hk(Gl) = Hk(Gg) .

Proof. If G; # Gs, let k be the biggest integer such that there exists f € G5 \ G with
Jef = Ji(id). Since Hi(G1) = Hyi(G3), we may write Jyy1f = Jpr19 with g € G;. But
then fog™ € Gy \ Gy and Jyi1 fo g™ ! = Jpi1(id); a contradiction. O

In the sequel, we will always assume that G is SL-invariant. Therefore, Hy(G) is SL-
invariant too and using cor. 3.1, we get H(G) = {0}, Ey41, Ej,, or B, for k > 1. This
incites us to set H(G) := Hy(G)NEL,, for | =0,1 and k € N,,, k > 1. It is clear that
H}(G) = {0} or E._; and that Hy(G) = z EDng,i(G). Therefore, the H(G) for k > 1 are

encoded by the sets Z;(G) := {0} U {k € N_,,, k > 1, H.(G) # {0}}. Lemma 3.5 and th.
2.1 imply the following result:

Lemma 3.7. If k,1 > 0 are such that k 4+ < n, then k,l € Zy(G) = k+1 € Zy(G) and
keZyG),l € 1(G) = k+ 1 € T, (G).

Corollary. If G < J,(E)* is SL-invariant, then:

(i) Zo(G) = N, &= 1 € Io(G);
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If I ¢ N, < I > will denote the sub-semigroup of N generated by I. Let 7 be the
set of subsets I of N_,, which are the traces of sub-semigroups of N, i.e. such that
I =<1 >nNN_,. Lemma 3.7 shows us that Zy(G) € 7.

Proposition 3.2. J,(A) = J,(T) ={f € J.(E), Jac f € C*}.

Proof. If Gy := J,(A), Gy = J,(T) and G5 = {f € J,(E),Jacf € C*}, it is clear
that Go < G; < Gg3, so it is enough to show that Go = G3. If K € N_,, £ > 1
and u € Hp(G3) C Epy1, then f :=id + u € Jy1(E) satisfies Jac f = 1. However,
Jacf = 1+ Vu, so that Vu = 0, v € E}; and H}(Gs) = {0}. This shows that
Il(Gg) = {0} But id+$%€1 S GQ, so that 5(1361 € H?(GQ), 1e IO(GQ) and IO(GQ) = N,.
Finally, it is clear that IO(GQ) = Ig(Gg) = N<n7 that 11<G2) = Il(G3) = {0} and that
Hy(Gy) = Ho(G3) = GL, so that G5 = G5 by lemma 3.6. 0

In some sense, at the level of n-jets, the equality J,(A) = {f € J.(F), Jac f € C*} solves
the Jacobian problem (see [19], [6] and [11]) and the equality J,(A) = J,(T') solves the
tameness problem for algebraic automorphisms (see [18], [20], [21], [25] and [26]).

Proposition 3.3. J,(A4) = J,(T) = J.(E)*.

Proof. If G; = JR(Z), Gy = Jn(f) and G3 := J,(E)*, it is clear that Go < G; < G,
so it is enough to show that Gy = Gj. Since f := (e™x1,9,...,2y) € f, we get
X1To €1 € Hl(G2)7 so that Hl(Gg) = EQ, 1e Io(G2>ﬂ11(G2) and Io(Gg) = Il(GQ) = N<n.
Finally, it is clear that I()(GQ) = I()(G3) = N<n7 that II(GQ) = Il(Gg) = N<n and that
Hy(Gy) = Ho(G3) = GL, so that G5 = G5 by lemma 3.6. 0

IV. PROOFS OF THEOREMS A,B,C.

Let J,,(A)iq :={f € J.(A), J1 f =id} and let S be the set of subgroups of J,,(A);q which
are S L-invariant. If I € 7, we set G(I) := Jp(A1s<r>) N Jn(A)ig-

Lemma 4.1. (i) If G; < G; belong to S, then Gy = Gy <= Zy(G1) = Zp(Ga).

(ii) If I € T, then G(I) € S and G(I) is the subgroup generated by the g o fI*¥ o g~
g€ SL, keI, where f* .= id 4 2hte,. If J C N, satisfies ] =< J > NN_,, then G(I)
is also generated by the go fflog=' g€ SL, k € J.

Proof. (i). Since Hy(G) = {id} and Z;(G) = {0} for G € S, it is a direct consequence of
lemma 3.6.

(ii). The fact that G(I) € S is obvious. Let G| :=< go fHog™! g€ SL, k € J >,
Go := G(I) and let us show that G; = G5 by applying the last point.

We clearly have G; < G and Zo(Gy) = I. It remains to show that Zy(G;) = I. The
relation G < Go implies Zo(G1) C Zy(G2) = I. On the converse, since J C Zy(G1) and
To(G1) € T, we have < J > NN, =1 C Zy(Gy). O

If I € 7, it is clear that Zy(G(I)) = I. It turns out that if G € S, the equality G(Zy(G)) =
G is also true, but does not look so clear for us. Indeed, if I = Zy(G), G; = G and
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Go = G(Zy(G)), it is clear that G1, Gy € S and that Zy(G1) = Zy(G2) = I. Unfortunately,
we cannot apply right now point (i) of lemma 4.1, since we do not know yet that G; < G
or Gy < (4.

Theorem 4.1. The map Zy, : § — 7, G — Zy(G) is bijective with inverse the map
I— G(I).

Proof. The main point is to show that for any G € S we have G =
we set [ = Zy(G), it is sufficient to show that G = G(I), i.e. (by (ii)
G=<gofMog™ geSL, keclI>. Weargue by induction on n.

If n =1, it is obvious. If n > 2 and if J = Zy(J,,_1G), then by induction hypothesis we
have J, G =< go flog™, ge SL, ke J>.

For each such k, there exists ul¥! € G such that J,_; f¥! = J,_julFl. Therefore, if we set
R = (=1 o ylkl € J,(A), then J, 1Al =id and flFl o plH € G.

G(Zo(G)). It
of 1

emma 4.1)

First case. n —1 € I, ie. [ =JU{n—1}.
This implies H,_1(G) = E°, so that for any u € E°, id +u € G. Therefore, f"~1 € @

n’

and V k € J, f¥ and hl¥ € G. Tt is clear that G = G(I).

Second case. n —1¢ I, ie. [ =J.

This implies H,_1(G) = {0} and n — 1 ¢< J >. It is enough to show that Al = id
for each k& € J. This comes from the next assertion. First and foremost, let us recall
that G(J)g denotes the set of elements belonging to G(.J) whose coordinates belong to Q
and that G({0,n — 1}) denotes the subgroup of J,,(A);s whose elements are of the shape
h = id + h(,y where h(,) € E?. It follows that G({0,n — 1}) is included into the center of
Ju(A)ig. Indeed, if f € J,(A)g and h = id+h(y € G({0,n—1}), foh=ho f = f + hy,

In particular, the groups G(J) and G({0,n — 1}) commute.

Assertion. V f € G(J)g, Vh € G{0,n—1}), foh e G = h =1id.

If the assertion is false, let £ be the biggest integer such that there exists a counterexample
(f,h) with J, f =id. Since h(,) # 0 and since E} is an irreducible SL-module, there exist
gi,..-,9r € SLg such that the g; o h,) o g7', 1 < i < r constitue a C-basis of EY.
Indeed, if W is an irreducible S L-module of dimension r and if w € W is nonzero, there
exist ¢i,...,9, € SLg such that the g;w, 1 < ¢ < r constitute a C-basis of W: the

map ¢ : (SL)" — AW, (g:)1<icr — /\gi.w being nonzero, it has to be nonzero on

(SLq)" since SLq is (Zariski) dense in SL. However, dim E},, < dim E?, so that the
i © fes1) © g7 ', 1 <i < r, are C-linearly dependant. These last elements belonging to
(Eg +1)Q’ they are even Q-linearly dependant, showing the existence of integers m;, non

all zero, such that Zmi Gi © fk41) © g '=0. Ifay,...,a, € J,(A), let us agree that

1<i<r

H a; denotes the composition a; oas o ... o a, in that order. If we set
i=1

f —I_quio]”’”ogl_1 € G(J)o and%::Hgiohmiogi_l € G({0,n —1}), then

=1

ofoh Hgl foh)™ogtea,
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o (1) = Zmi 9i © fik+1) © g; " =0, so that Jk:+1f= id;

=1
d (%)(n) = Zmi gi © hny o g; ' # 0, so that h 2 id.

i=1
This is a contradiction. O
Corollary 4.1. If G € S, then Zy(G) = {k € N.,,, 3 f € G, fe+1) # 0}.

Remark. We could give a more simple proof of the theorem using cor. 4.1. Unfortunately,
we were not able to prove it without using the theorem.

Theorem 4.2. Any group G such that SL < G < J,(A) is equal to some G(I) x K,
where SL < K < GL.

Proof. It is sufficient to show that Hy(G) < G. If | € Hy(G), let us show by contradiction
that n is the biggest integer k for which there exists some f € G satistying J,. f = [.

If we had k < n, then f =1+ fiq1) + ... where fuiq) # 0.

We begin to show that Hy(G N J,(A):q) # {0}.

Since f =1lo (id+ 1" o fuyn +...), a :==1"1 o fyq1) € E},, and since a is a nonzero
element of the irreducible non trivial SL representation Ej ., ;, there exists u € SL such
that a Zuoaou™.

If g:= fouo f~!, one can check that g1y =lo(a—uocaout)ouol™ # 0, while
g € G and Jacg = 1. Therefore h := g@; og € GN Jy(A)ig and hgi1y # 0, so that
Hi(G N Ju(A)ia) # {0} B _

Since Hy(G N J,(A)iq) = E}.,, there exists h € G N J,(A);q such that Jyyi h = id — a.

Therefore f := foh € G and Jg,1 f = [, a contradiction. O

Remark. We recall that any group K such that SL < K < G L is equal to some det™' K
where det : GL — C* and K < C*.

Corollary 4.2. Any group G such that GL < G < J,(A) is equal to some G(I) x GL,

Corollary 4.3. Any group G such that SL < G < J,(A); is equal to some G(I) x SL,

Corollary 4.4. If n > 2 and j € J,,(A);, the following assertions are equivalent:
(1> < SLv.] > = Jn(A)b

(ii) j) # 0.
Proof. If we set G :=< SL,j >, then G = J,(A); if and only if Zy(G) = N.,,, which is
still equivalent to 1 € Zy(G), i.e. Hi(G) # {0}, i.e. ji2) # 0. O

Proof of th. B. Assume that J,(A) < G < J,(A). Since 1 € Zy(G), lemma 3.7 implies
that Z;(G) is equal to some {0} U{k,k+1,...,n — 1} where 1 <k <n.
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Applying lemma 3.6 with G :=< J,(A), g¥ > where g := (1 + 2¥)id € Jn(A), and
Gy = J;,lc (Ji(A)), one could show as in lemma 4.1 that J,  (Jp(A)) =< Jn(A), glFl >,
Remark: if k& = n, we agree that gi") = id. Using these preliminaries, let us show that
G =< J,(A),g™ >. As above, the proof is by induction on n. The case n = 1 being
obvious, we may assume that n > 2.

First case. k <n,ie. n—1¢€Zi(G).

By induction hypothesis, the groups G and H :=< J,(A),¢* > coincide at the level
of n —1 jets, i.e. J,_1G = J,_1H. However, since G and H both contain the group
{id+u, u e E,} < J,(A), it is clear that the last equality can be lifted up at the level of
n-jets to show that G = H.

Second case. k = n, i.e. Z;(G) = {0}.
Since J,(A) < G and 7, (J,(A)) = Z,(G) = {0}, we get J,,(A) = G by lemma 3.6. O

Corollary 4.5. If n > 2 and j € J,(E)*, the following assertions are equivalent:
(i) < Ju(A),j >= Ju(E)*;
(i) J2j ¢ J2(A).

Proof. If we set G :=< J,(A),j >, then G = J,(E)* if and only if Z;(G) = N_,,, which
is still equivalent to 1 € Z;(G), i.e. H{(G) # {0}, i.e. Joj & Jo(A). O

Proof of th. C. Let f € A\GA. Let us show that there exists a € A" such that if we set
g = for, (where 7, = id + a is the translation of vector a), then the quadratic part g
of g is nonzero. Since f = (f1,..., fn) is not affine, there exists a component f;, of f such
that deg fr, > 2. Therefore, it is sufficient to show that if p € R = C[zy, ..., xy] satisfies

deg p > 2, then there exists a € AN = CV such that ¢(z) := p(a + z) satisfies g # 0.
2

But it is clear that there exist integers L, M such that is a nonzero polynomial.

) a%L T M

0

Therefore, there exists a € CV such that —p(a) # 0. By Taylor formula, we have
a 0xL8xA4

q(z) =pla+z) = Z 8;2(@)% so that gy # 0. By replacing g (where g € G satisfies

aeNN
g2y # 0) by hog (where h is a well chosen affine map), we may assume moreover that

g(0) = 0 and that Jac g = 1. Now, by cor. 4.5, we have < SL, J,(g) >= J,(A); and it
is clear that J,(G) = J.(A). O
V. PROOF OF THEOREM D.

1. The Algebraic case.
We have seen in prop. 3.2 above that for any j € J,(E) whose Jacobian is a nonzero
constant there exists a tame automorphism f such that j = J,(f). The following gener-

alization is equivalent to the algebraic case of th. D:

Theorem 5.1 (interpolation of n-jets by an algebraic tame automorphism).
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Let n > 1, let u" ... u[™ be distinct points of AN and let !, ..., ™ € J,(E) be n-jets
whose Jacobians are nonzero constants. The two following assertions are equivalent:

1. the points j*(0);<p<,, are distinct;

) 3fel, 3, f=7" 1<k<m ii
W) 3F €T, Tnuw =47, 1<k < WY 2 3xec, Jacf¥—n 1<k<m
Proof. (i) = (ii). We have f(ul*l) = j¥1(0), so that (1) comes from the injectivity of f.
Since f is a polynomial automorphism, Jac f = A € C*, i.e. Va € AN, det f'(a) = A
and we get Jac j* = det (5)(0) = det f'(ultl) = \.

(ii) = (i). It is enough to prove that given: ul'l, ... ul™l distinct points of AN; vl ... ™
distinct points of AN; X € C*; jlU ... jl™ centered n-jets of J,(E) such that Jac j¥ = X
(for 1 < k < m) there exists f € T such that f(ul¥) = o and J, m f = j¥ (for
1 <k<m).

Let G be the group of tame automorphisms f such that f(ulfl) = ul* (for 1 < k& < m)
and such that Jac f = 1 and let J := J,(A);. Using lemma 5.1 below, it is sufficient

to show that the group-morphism ¢ : G — J™, f — (Jmu[k] f)1<k<m is onto. This is a
direct consequence of lemma 5.2 below. o U
Lemma 5.1. If ¥ ... ™ and oV, ... o™ are two families of m pairwise distinct

points of AV and if A € C*, then there exists a tame automorphism f with Jacobian
equal to A such that f(ul®) = ol for 1 <k < m.

Proof. It is proven as a watermark in [17| that T acts m-transitively on AN. Tt is
also a consequence of th. 2 of [27] asserting that if X;, X5 are smooth closed algebraic
subsets of AN of dimension d with N > 2d + 2, then any isomorphism from X; to X,
can be extended into a tame automorphism of AV (see also §5.3 of [11] for an overview).
Therefore, if we set wl¥l := key € AN (for 1 < k < m), there exist g,h € T such that
g(ulfl) = w and h(wH) = vl* (for 1 <k <m). If we set p:= A\/(Jacg x Jach) € C*
and d, := (ux1,22,...,xy) € T, then f:=hod, o g satisfies the required conditions. [J

Lemma 5.2. If w[% ... ul™ are m + 1 pairwise distinct points of AV, let G be the
group of tame automorphisms f satisfying f(ulfl) = ul* for 0 < k < m, o [ =1d for
1 <k <mand Jac f = 1. As above, let J := J,(A); be the group of centered n-jets
of automorphisms with Jacobian equal to 1. Then, the group-morphism ¢ : Gg — J,
J = Ju0 [ is onto.

Proof. Let us set u = (1,...,1) € AY. Since there exists a tame automorphism sending
N

ul on ku (for 0 < k < m), we may assume that u*) = ku (for 0 < k < m). Using cor.
4.4, it is sufficient to show that: (i) id + z3e; € Im ¢ and (i) SL C Im .

Proof of (i). Let p(¢) € C[¢] be such that p(€) = €2 mod "™ and p(k+¢&) = 0 mod £
1 <k <m. Then f:=id + p(z2)e; € Gy and ¥ (f) = J,, f = id + z3e;.

Proof of (ii). We know that SL is generated by the elementary transvections ¢, 1 s := id+
axper (whereaw € Cand L # M € {1,...,N}). It is enough to show that ¢, ; »s € Im 2.

19



Let p(¢) € C[¢] be such that p(¢) = a€ mod "™ and p(k+&) =0 mod £, 1 <k < m.
Then f:=id+ p(xa)er € Go and Y(f) = J, f =tar.m- O

2. The Analytic case.
We have seen in prop. 3.3 above that for any j € J,(F)*, there exists a tame analytic
automorphism f such that j = J, f. The following generalization is equivalent to the

analytic case of th. D:

Theorem 5.2 (interpolation of n-jets by an analytic tame automorphism).

Let n > 1, let !V, ... ul™ be distinct points of AN, let vl ... v[™ be points of AN and
let 51, ... 4" € J,(E)* be invertible centered n-jets. The two following assertions are
equivalent:

(i) 3f € T, Jnutl |= o K1 <k <my (ii) the points (v[k])1 . are distinct.

<k<

Proof. We follow the same path as in the algebraic case. The implication (i) = (ii) is
obvious and (ii) == (i) is a consequence of the following lemma. O

Lemma 5.3. If «/% ... ul™ are m + 1 distinct points of AN, let G be the group of
tame analytic automorphisms f such that f(ul*) = u¥l, 0 < k < m and o [ = 1d,
1 <k <m. Let J := J,(E)* be the group of invertible centered n-jets. Then, the

group-morphism ¢ : G — J, f+ J, 0 f is onto.

Proof. We may assume that ul*) = ku (0 < k < m) where u = (1,...,1) € AN. Using
N

cor. 4.5, it is enough to show that: (i) J,(4) CIm ¢ and (i) id + 2125 €; € Im 9.

Proof of (i). We already know that J,(A); C ¢(G) C ¢(G). Therefore, it is sufficient to

show that for any A\ € C*, d\ := (Azy,29,...,2y) € Im zz Let us choose u € C such
that e = A and let us choose p({) € C[{] such that p(§) = p mod "' and p(k + &) =
0 mod £, 1 < k < m. Then f := (e’“Dxy xy,...,xx) € G and Y(f) = J, f = d,.

Proof of (ii). Let p(¢) € C[¢] be such that p(§) = In(1 + &) mod €™ or equivalently
k
p(é) = Z (—1)k+! & mod ¢! and p(k + &) = Omod &™) 1 < kK < m. Then

1<k<n k N
f= (ep(“)xl,xg, oxy) €Gand U(f) = J, f =id + 120 €1. O
VI. CONSEQUENCES ON VARIABLES.
We recall that f; € R is called a variable, if there exist f5,..., fy € R such that
(fi,..., fn) is an algebraic automorphism.

Theorem 6.1. If n > 1 and j; € Jn(R) for 1 < L < N, the following assertions are
equivalent:
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(i) the linear parts L£(jr) of the j;, 1 < L < N — 1 are linearly independant;
(ii) there exists jy € Jn(R) such that (ji,...,7n5) € Jn(A);
(iii) there exists jy € J,(R) such that Jac(ji,...,jn) =1 € FJn_1(R).

Furthermore, if these assertions are satisfied and if we choose any linear form [ € V* such
that £(j1),...,L(jn-1),! is a basis of V* then there exists a unique p € J,_1(R) such
that jy := Ip € Jn(R) satisfies Jac(j1,...,jn) =1 € FJp_1(R).

Proof. (iii) = (ii) == (i) is obvious. Let us now choose [ such that £(j1),...,L(jn-1),!
is a basis of V*. Let us show that there exists a unique p € J,_1(R) such that jy :=
Ip satisfies Jac(ji,...,jn) = 1 € Jpo1(R). If ¢ ¢ J1(R) — Jn—1(R) is the finite
dimensional linear endomorphism defined by ¢(p) = Jac(j1, ..., Jjn-1,Ip), it is sufficient
to show that ¢ is an automorphism, which is equivalent to saying that Ker ¢ = {0}.
If p#0 € Ker ¢, let h # 0 be the homogeneous part of smallest degree of p. Let
l1,...,ln—1 be the linear parts of ji,...,jy_1. The equality Jac(ji,...,jnv-1,Ip) = 0
implies Jac(ly, . ..,Iy_1,lh) = 0 which is absurd by the following lemma. O

Lemma 6.1. If [1,...,ly is a basis of V*, then the map ¢ : h — Jac(ly,...,In_1,Inh)
is a linear automorphism of R.

Proof. Injectivity. It is well known that h € Ker ¢y <= the family [y,...,Iy_1,Inh is
C-algebraically dependant (see [22], [14] or [11]). Therefore, we may assume that I, = z,

for all L, so that (k) = 0 <= 237
8xN

Surjectivity. For any n > 0, ¢ induces a linear endomorphism of the finite dimensional
subspace R<, which is injective hence surjective. O

=0<«= ayh €Clzy,...,zxy_1] <= h=0.

The next result on variables, already proven in [9], is an easy consequence of th. 6.1.

Theorem 6.2. If n > 1, then j € J,(R) is the n-jet of a variable if and only if j) # 0.
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