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Abstract

The gradient and divergence operators of stochastic analysis on Rieman-
nian manifolds are expressed using the gradient and divergence of the flat
Brownian motion. By this method we obtain the almost-sure version of sev-
eral useful identities that are usually stated under expectations. The manifold-
valued Brownian motion and random point measures on manifolds are treated
successively in the same framework, and stochastic analysis of the Brownian
motion on a Riemannian manifold turns out to be closely related to classical
stochastic calculus for jump processes. In the setting of point measures we
introduce a damped gradient that was lacking in the multidimensional case.
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1 Introduction

The R%valued Brownian motion on the Wiener space (W, FW . 1) gathers many
properties that are important in stochastic analysis. In particular, most definitions
of gradient and divergence operators on the Wiener space coincide with the gradient
and divergence on Fock space via the Wiener chaos isomorphism. In non-Gaussian
settings the situation is different since there exists several reasonable choices for a
gradient and divergence. Each family of operators carries a part of the interesting
properties of its Gaussian counterpart, so that a choice has to be made when dealing
with a specific problem. In the case of Brownian motion on a manifold it has been
established, cf. [5], [10], that at least three gradient coexist as unbounded operators

from L2(W;R) to L*(W x Ry; RY):

- the classical gradient D defined from the flat R%valued Brownian motion, or from

chaos expansions,
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- the gradient D associated to the manifold-valued Brownian motion,
- the damped gradient D of [10] which is defined from D.

The interest of the damped gradient D is that it extends the interesting properties of
D to the setting of manifolds: for example its adjoint extends the stochastic integral
and D allows to compute the kernel of the Clark formula. (These properties are not
satisfied by lA)) In the case of point measures on R? or on Riemannian manifolds,
there is a gradient D defined from chaos expansions (which is identified to a finite
difference operator), and a gradient D, defined in [1], [3] by infinitesimal shifts of
configurations. The gradient D which has been defined in the particular case of a
Poisson process on Ry, cf. [6], plays in fact the role of damped gradient and we will
extend its definition to the case of Riemannian manifolds.

We obtain explicit formulas linking the gradients D, D and D, both in the contin-
uous and in the jump cases. Our calculations are explicit in the sense that they
exclusively use the Fock gradient and divergence of the flat case. The presentation
of those two different settings are made as similar as possible to each other, but they
present many important differences. Our method shows that several useful identities
in expectations are in fact the consequences of more precise identities that hold in the
almost-sure sense, ¢f. Remarks 1 and 2. Quantum stochastic differentials are used
to reformulate some expressions and show that the difficulties of stochastic calculus
on manifolds are similar to that of the Poisson case. We also treat the anticipating
integral on manifolds with an explicit definition that differs from that of [8], [9], but
leads to the same operators. In the one-dimensional case, the Wiener and Poisson
constructions are based on the same Fock space over L?(R,;R), and then they be-
come more similar to each other.

This paper is organized as follows. Sect. 2 recalls the algebraic tools of Fock space,
gradient and divergence that can be defined without referring to a probability mea-
sure, and will be in use in both the Wiener and Poisson cases. After stating some
notation relative to d-dimensional Brownian motion in Sect. 3 we study in Sect. 4 the
differentiation of Wiener functionals with respect to a general class of not necessarily
quasi-invariant transformations that include Euclidean motions as particular cases.
These transformations are called morphisms because they are compatible with the
pointwise product of random variables. Sect. 5 is devoted to the manifold-valued

Wiener case. The differential calculus with respect to random morphisms is applied



to obtain an explicit expression for the gradient on a Riemannian manifold in terms
of the flat gradient and divergence. The damped gradient of [10] and its application
to the Clark formula are treated by the same method. By duality we obtain an
explicit construction of Skorohod type anticipating integrals and their associated Ito
formula, and certain results are translated in the language of quantum stochastic cal-
culus. The Poisson case is considered in Sections 6, 7 and 8. We proceed in the same
way, in particular in Sect. 7 we study the differential calculus with respect to shifts
of configurations without quasi-invariance assumptions, and we introduce a damped
gradient which was lacking in the case of Riemannian manifolds. We try to keep the
notation as close as possible to that of the Wiener case, but the constructions are in

fact significantly different.

2 Algebraic preliminaries

In this section we introduce the algebraic tools that are in use in both the Poisson
and Wiener cases. Let T'(H) = @ H°" denote the completed symmetric Fock space
on a Hilbert space H, where “0” denotes the completed symmetric tensor product.
Let “®” and “®” respectively denote the algebraic and completed tensor products.
Let & denote the algebraic Fock space over H, i.e. the vector space generated by
fio---ofu, fi,...,fn € H,n>1, and let U denote the space generated by F ® g,
FeS geH LetD:T'(H) — T'(H)®H and § : T(H)®H — T(H) denote
the classical unbounded gradient and divergence operators defined on & and U, that
satisfy Df°" = nf°""V @ f and 6(f" @ g) = f"og, f,g € H, n > 0. Let Dom(D)
and Dom(d) denote the respective domains of the closed extensions of D and §. If
H = L*(X;R" )\), where (X, )\) is a measure space, the quantum stochastic integrals
of h € L*(X; R, \) are operators that act on S, cf. [2], and are defined as follows:

/X(h(x),da;)F :/(DxF, h(z))dA(x),

X

/ (h(z),dat)F = 5(F®h), FeS, heH,
X

where (-, -) denotes the scalar product in R?. Let ¢(z) : R — R?, 2 € X, denote a
family of bounded endomorphisms of R, such that ¢(-) : L>(X;RY) — L?(X;R")
is bounded. The operator [y ¢(x)da; is defined as

[ atw)aizF = sa()D.F), Fes.
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3 The flat Wiener case

Let W = Cy(R,:RY) denote the space of continuous R%valued functions starting
at 0, with Wiener measure y. Let H = L?(Ry;R?) and let (B(t))ier, denote the
R%valued Brownian motion on W, generating the filtration (Ft)ier, - Adaptedness
conditions in the Wiener case will always refer to this filtration. We denote by I,,(f,)
the multiple stochastic integral with respect to (B(t));cr, of a symmetric function
of n variables f, € lA}2(]Ri;]Rd) ~ H°". We also denote the first order stochastic
integral of an adapted process h € L*(W x Ry; ]Rd) by

nn) = [ (ht).aB®).

where (-,-) denotes the inner product of R?. Let S(R,:R?) denote an algebra which
is dense in L?(Ry;R?), e.g. S(Ry;R?) = C(Ry; RY).

Definition 3.1.1 Let
SW;iR) = {F = f(Ii(ur),. ... Ti(un)) ¢ ug,... uy € SR RY), f€CGRYR), n> 1},
and
k=n .
UTW xR RY = {Z Fk/ up(s)ds : Fy,...,F, € S(W;R), ui,...,u, € S(R+;]R,d)}
k=1 0

In the Wiener interpretation of I'(H), D satisfies

/OOO(DtF,h(t))dt i LW ZFE) e sy,

e—0 e

for deterministic h € U(W x R ;R?), and we have

.
I

n

- /.

1

In particular, D has the derivation property:
D,(FG) = FD,G + GD,F, teR,, (3.1.1)

for F,G € Dom(D) such that FDG, GDF € L*(W x R4;RY), and by duality this
implies the relation

Fo(u) = 6(uF) + /O T(D.Fu(t))dt, (3.1.2)

for F € Dom(D) and v € Dom(6) such that Fdé(u) € L*(W;R). We state explicitly
Relations (3.1.1) and (3.1.2) because they will be repeatedly used in the sequel.

Ut



4 Differential calculus with respect to random mor-
phisms on Wiener space

In this section we remain in the flat Wiener case. The stochastic calculus of vari-
ations usually works by perturbations of Brownian motion by infinitesimal shifts
in directions of the Cameron-Martin space or by Euclidean motions, c¢f. [10]. We
consider a more general class of infinitesimal transformations of Brownian motion
and its associated differential calculus, cf. Prop. 4.1.2. Let U : S(]R+;]Rd) —
L*(W x R4;R?) be an operator such that Uf € L*(W x Ry:R?) is adapted for
all f € S(Ry; ]Rd:). The operator U will extended by linearity to the algebraic ten-
sor product S(Ry;R?) @ S(W;R), in this case Uf is not necessarily adapted if
f€SMRRNYQS(W;R). Let (h(t))er, € L*(W x Ry;RY) be a square-integrable

process.

Definition 4.1.1 We let the transformation
AU B) : S(W;R) — L*(W x Ry;RY)
be defined as
AU B)F = f (Il(Uul) -l—/ooo(ul(t),h(t))dt,...,Il(Uun) +/000(un(t),h(t))dt>,
for F € S(W;R) of the form
F=f(L(u),....,Ii(u,)), up,...,u, € S(Ry;RY), feC®(RYR).

In the particular case where U : S(Ry; RY) — L*(W xR ; RY) is given as [U f](t) =
V(t)f(t),t € Ry, by an adapted family of random endomorphisms V' (¢) : RY — R,
t € R, this definition states that A(U,h)F is the evaluation of F' on the perturbed
process of differential V' (t)*dB(t) + h(t)dt instead of dB(t), where V (¢)* : R — R
denotes the dual of V(t) : R — R?, t € R,. In [7], a class of transformations
called Euclidean motions, is considered. In this case, the operator V() : R —
R? is chosen to be an isometry and h is adapted, so that A(U, h) becomes well-
defined by quasi-invariance of the Wiener measure. We are going to show that this
hypothesis is not needed in order to define A(U, h) on the space S(W; R) of smooth
functionals. For this we need to show that the definition of A(U, h)F is independent

of the particular representation

F:f([l('ul),...,fl(un)), ul,...,unEH,



chosen for F € S(W; R).
Proposition 4.1.1 Let F,G € S(W;R) be written as
F=f(I(u),. .. ,.0u)), up,... u, € S(Ry;RY), feCH(R™R),
and
G=g(Li(v1),.... L (vm))s vise.. v € SRy RY), g € CHR™;R).

If F =G p-a.s. then A(U,h)F = AU, h)G, pi-a.s.

Proof. Let ey,...,ex € S(Ry; ]Rd) be orthonormal vectors that generate uq, ..., u,,
Viyeoos Uy Let u;(c) = Eij{ agej(-) and v;(-) = E?i’fﬁfe]-(-) be the expressions of
Uy .oy Uy, V1, ...,0, in the basis e;,...,ex. Then F and G are also represented as

F = f(Ii(e1),...,I)(e)), and G = g (Iy(e1), ..., I1(ex)), where the functions f and
g are defined by

=k =k
flry,...,zp) = f (Za{x]—,...,Zalej) , x1,...,15 € R,
j=1 j=1

and

j=k i=k
gz, ., xp) = f (Zﬂ{xﬁ,zwﬂr}) . T1,...,7, € R.
=1 =1

Since F = G and Ii(ey),...,I1(ex) are independent, we have f = § a.e., hence

everywhere, and by linearity,

AU, I)F = f([l(Uel) +/Ooo(el(t),h(t)>dt,...,Il(Uek) +/Ooo(ek(t),h(t))dt),

and

AU G = § (11(U61> + /0°°<el(t), h(t))dt,. .. 1(Uey) + /()C’O(ek(t), h(t))dt) ,

hence A(U,h)F = A(U, h)G.

Moreover, A(U, h) is linear and multiplicative:

AU B f(FL,..., F,) = f(NU,B)Fy, ... . A(U,h)F,),

Fi,....,F, € S(W;R), f € C{(R";R), for this reason we use the term “morphism”
for A(U,h) : S(W;R) — L*(W; R).



Definition 4.1.2 Let (U;).cp,1) be a family of linear operators
U.: S(Ry:RY — L?(W x Ry RY),
such that

-Up : S(Ry;RY — L2(W x Ry RY) is the identity of S(Ry;RY), i.e. we have
7—Of - f; H-a.S., f € S(R_{_,Rd)

- for any f € S(R;RY), U.f € L2(W x Ry R?) and is adapted, V= € R,
- the family (Us).cpo,1) admits a derivative at € = 0, i.e. there exists an operator
L:S(Ry;RY — LH(W x Ry RY),

such that (U.f — f)/€)zcio1] converges in L* (W x Ry; RY) to Lf = (Lif )ier,
as £ goes to zero, Vf € S(Ry; RY).

Let (he)eecpo) C L*(W x ]R+;]Rd) be a family of adapted processes, continuous in
L*(W x Ry ;RY) with respect to = € [0, 1].

The operator £ is extended by linearity to S(R4;RY) ® S(W;R). The family
(U:)cep,1) needs not be a semigroup. The above assumptions imply that LDF €
Dom(d), F € S(W;R), since from (3.1.2):

n

S(LDF) = gaif(fl(ul)a s D)0 (L) = Y (ui, L) o g, vty 060 f (T (wa), - Ta (),

t,j=1

for F = f(Ii(u1),...,11(u,)). We now compute on S(W;R) the derivative at £ = 0

of one-parameter families
AU, eh.) : SW;R) — L*(W:R), €R,

of transformations of Brownian functionals. We define the linear operator trace :

H ® H — R on the algebraic tensor product H ® H as
trace u @ v = (u,v)y, u,v € H.
Proposition 4.1.2 For F € S(W;R), we have in L*(W;R):

d oo .
d—A(UE,shE)F|€:0 = / (ho(t), D:F)dt + 6(LDF') + trace (Idy ® L)DDF. (4.1.1)
5 0 ' ‘



Proof. Let A: S(W;R) — S(W;R) be defined by
AF = 8(LDF) + trace (1dy ® £)DDF + /j(ho(t)? D,F)dt, FeS(W:R).
For F = I,(u), u € S(R;; R"), we have
d%A(Ue,ghg)Flgzo - /0 T lho(t), u(t))dt + I (L)
- /0 “(ho(t), DiFYdt + §(CDF) + trace (Idy ® £)DDF

= AF
since DDF = 0. Using (3.1.1) and (3.1.2), we have for F,.... F, € S(W;R) and
feC(R"R):
Af(Fl, ce ,Fn> ==
S(LDF(F, ..., Fy)) + trace (Idy ® £)DDf(Fy,. .., Fy) +/0 (ho(t), Def (P, ..., Fo))dt

= S 6(0(F......F.)CDF)

=1

+S°0f(Fy.....F,)trace (Idy ® £)DDF;
1=1

+ 3 0.0, f(Fy.,....Fy) /OO(L’,SDE;,DSFJ-)ds
0

i,j=1

+ f Of(F,...,F,) /Oo<h0 (t), D, F;)dt
i=1 0

= S Of(Fr.....F)8(LDF) + Y. 0:f(Fr.....Fy)trace (Idy ® £)DDF;
i=1

=1

+2§aif<m,...,Fn)/w<h,o<tj>,DtFi>dt

i=1 0

— S 0f(F.....F) <(5(L’DF,1) + trace (Idy ® £)DDF; + /0 ho(t), DtFi>dt)
i=1

= S 0.f(F.....F,)AF.
i=1
Hence for Fy = I1(uy),..., F, = I1(u,) € SV;R) and f € C;°(R™; R):

=1

1=n d
= Zazf(Fl,,Fn) (jA/X(Ugjghlg)Fi)
i=1 de le=0
d

— (d_gz\(Ug,ehe)f(Fl""’Fn))e=o'



Consequently, (4.1.1) holds on S(W;R).

Corollary 4.1.1 If £ : L*(Ry;R?Y) — L>(W x Ry;RY) is antisymmetric as an
endomorphism of L*(Ry; RY), pi-a.s., we have in L*(W;R):

d o]
ZAU..h.)Fleey = / (ho(t), D,F)dt + 8(LDF), F e S(W;R).
0

de

Proof. Since L is antisymmetric, we have for any symmetric tensor uQu € S(Ry; RY)®
S(Ri;RY):

trace (Idy ® L)u @ u = trace u @ Lu = (u, Lu)y = —(Lu,u)y = 0.

Hence the term trace (Idy ® £)DDF of Prop. 4.1.2 vanishes p-a.s. since DDF is a

symmetric tensor.
O

This corollary is in particular valid if U. is given as [U. f](t) = V- f(t), from an adapted
process of isometries V() : RY — R? of the form V.(t) = exp(c£,;) € O(d), where
L, € so(RY), p-as., t € Ry. If h. = 0, the well-known statement

d d d
E|—A F._o| =—F (AU, 0)F = —FE|F|.— =
A0 = FE T OF] ey = T EFlica =0,

which follows from the invariance of the Wiener measure under isometries, is given

here a more precise meaning since we have
d
E ld_A(UE’O)F|E:0] = E[0(LDF)| =0, FeS(W;R).
€

Until the end of this paper we assume that S(R;;R?) = L?(Ry;R?). Conversely

we can show the following.

Proposition 4.1.3 If F — §(LDF) has the derivation property on S(W;R), and
if £: L?(Ry;RY) — L2(Ry; RY) is continuous, pi-a.s., then

L:LA(Ry;RY) — L2(W x Ry RY)

is antisymmetric as an endomorphism of L*(R.; ]Rd), J1-a.S.
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Proof. We have
FS(LDG) + GS(LDF) — §(LD(FG))
— §(FLDG) + 6(GLDF) — 5(LD(FG)) + /0 “(D,F, £,DG)dt
+/OOO<DtG, £,DF)dt
- /0 “(D.F, £,DG)dt + /0 “(D,G. £,DF)dt.
hence the derivation property implies
/OOO(DtF, £,DG)dt + /OOO(DtG, L,DF)dt =0, 1i—a.s.

Choosing F = I,(f) and G = I;(g) in the first Wiener chaos, which obtain

/0°°<f(t),£,,,g)dt + /Ooo(g(t)7£tf)clt —0, p—as., Vfg€e 2Ry RY.

If {e,}ren denotes a complete orthonormal subset of L?(R; RY), we have
/ (ex(t), Loer)dt +/ (ex(t), Loer)dt = 0, Vk,1 €N, j—as.,
0 0

hence from the continuity assumption on L:

| @ cogyt+ [Tlae). £t = 0. VF.g € RGRY, j—as. O

5 Stochastic analysis on a Riemannian manifold:
the Wiener case

5.1 Gradient D : L2 (W;R) — L*(W x Ry;R) on a Rieman-

nian manifold

We refer to [8], [9], [10], [12] for the notation and results recalled in this subsection.
Let M be a Riemannian manifold of dimension d, and let O(M) denote the bundle
of orthonormal frames over M. Let (mg, 7o) € O(M), i.e. mg € M and r : R —
Ty M is an isometry onto 1), M. We identify 7,,, M to ]Rd, ie. givenu € T,,, M and
v € R? we write u = v if and only if u = rgv. We denote by (-, -) the scalar product in
T,y M, or equivalently the canonical scalar product on R¢. The Levi-Civita parallel
transport defines d canonical horizontal vector fields Ay, ..., Ay on O(M), and the

Stratonovich stochastic differential equation

{ dr(t) = SiZ{ Ai(r(t)) 0 dBi(t), t€ Ry,
r(0) = (mo,70),

11



defines a O(M)-valued process (r(t))ier, . Let 7 : O(M) — M denote the canonical
projection, and let v(t) = m(r(t)), t € Ry. Then (y(t)):cr, is a Brownian motion
on M and the Ito parallel transport along (y(t))icr, is defined as

treo =r(t)rg ' TyoM — TyyM, teR,.

Let P(M) = C,,,(R4; M) denote the set of continuous paths on M starting at my,
let

I ¢ Co(Ry:RY) — Cpy(Ry; M)

(W(t))rery = I(w) = (7(1) )rer,

denote the It6 map, and let v denote the image measure of the Wiener measure p

by I. In the sequel we will endow P(M) with the following o-algebra.

Definition 5.1.1 Let F¥ denote the o-algebra on P(M) generated by subsets of the

form

{vePM) : (v(tr),....v(ta)) € Bu X -+ X Ba},

where 0 <t; < --- <t,, By,...,B, € B(M), n>1.
The o-algebra F! is smaller than the o-algebra defined by I on IP(M).
Definition 5.1.2 Let
S(P(M);R)

= {F=f(yt),..-.,v(ta)) + fFEGM"R), 0<t <--- <1, <1, m =1},
and
UP(M) x Ry; RY)

= {I;z:fll F, /0. up(s)ds : Fy.....F, € S(P(M);R), uy,...,u, € L*(Ry;RY), n> 1}
Every element of S(IP(M);R) is a functional on P(M), and defines a functional

F ol onW. In order to simplify the notation we will often write F' instead of

F o I, for random variables and stochastic processes. In the following, the space

L3(P(M), F?,v) will be simply denoted by L*(IP(M)).

Proposition 5.1.1 The spaces S(P(M):R) and U(P(M) x Ry:R?) are dense in
LX(P(M);R) and in L>(P(M) x Ry;R?) respectively.

12



Proof. Let D denote the algebra generated by the sets
{7 € ]P(‘/w) : (W(tl)' s 7,)/(7571)) € El X oo X E'fl}7

where 0 < t; < -+~ < t,, Ey,....E, € B(M), n > 1, and let W denote the set of
A € FP for which there exists a sequence (A, ),ex C D such that (14, ),en converges
in L*(IP(M),v) to 14. Then W is a monotone class hence it is equal to F”. Moreover,
for any Borel subset A of M there exists a uniformly bounded sequence in C2° (M)
converging a.e. on M to 14, hence S(P(M);R) is dense in L?*(P(M);R). The
density of U(P(M) x Ry;RY) in L?(P(M) x R,;R?) follows similarly.

The following definition can be found in [10].

Definition 5.1.3 Let D : L>(P(M);R) — L*(P(M) x Ry;RY) be the gradient

operator defined as

-lA)tF — ZtOHTlV;Mf(,Y(tl)v R *7(tn))1[0,fz](t)7 te ]R‘+7

=1

for F € S(P(M);R) of the form F = f(y(t1),...,7(t,)), where VM denotes the
gradient on M applied to the i-th variable of f.

5.2 Explicit expression of the gradient D

In this section we put together the definition 5.1.3 of D : L*(P(M); R) — L*(IP(M)x
Ry; Rd) by variational calculus, cf. [10], and the result of Sect. 4 in order to obtain
an explicit relation between the gradient D and the operators D and 4.

Corollary 4.1.1 is stated for F' € S(W;R), i.e. for polynomial functionals in single
stochastic integrals on the flat Wiener space. In order to work on IP(M) we need
to be able to consider smooth functionals of (7(#)):cr,, Which are no longer given
by functions of single stochastic integrals. Therefore, before proceeding further we
need to extend Corollary 4.1.1 from F € S(W;R) to F € S(P(M);R). In the

following proposition we assume that U, is given by V.(t) : R? — R, t € Ry, as
[Uf1(t) = Vo [f(D)]. t € Ry

Proposition 5.2.1 Let V() : W x Ry — O(d) and L(-) : W x Ry — so(d) be
adapted processes satisfying Def. 4.1.2, with V.(t) = exp(eL;), t € Ry, ¢ € R. Let

13



h € L*(Ry; L=(W;RY) be adapted and such that = — AU, 0)h is continuous in
L>(W x Ry;RY). Then we have in L*(W;R):

diA(UA eh)Flo_o = /0 T(h(t),D,F)dt + 5(CDF), FeSP(M)R). (52.1)

Proof. Since V.(t) : R — R? is isometric, t € Ry, A(U.,2h)F and AU, 0)h are
well-defined by quasi-invariance of the Wiener measure. Moreover, the definition of
A(U.,eh) extends to G = g(I1(uy),..., I (u,)), with adapted uy,...,u, € L*(W x
R, ;RY), as

AU, 2h)G = g (Il(Ugul) + 6/000<u1(t)7 h(t))dt, ... 1 (Usun) + e/0°°<un(t),, h(t_))dt) .

By invariance of the Wiener measure under Euclidean transformations we have for

G e SW;R):
E[GA(U..eh)F] = E [(A(U".0)G)A(Idy. eAUS", 0)R)F]
since [A(U-,0)] " = A(U71,0) and
AU 0)A (U, eh) = A(1dg, AU, 0)h).
From the Girsanov theorem applied to the shift eA(U-1,0)h, we obtain
E[GA(U.,sh)F|] = E [F exp (5 /O°° AU, 0)h(t)dB(t) — —62||A( -1 o)h||L2(R+;Rd))
xA(Idy, — AU 0)h) AU, 0)G]

.y [F exp (g/ AW 0)h()aB() — s2IAU 0)h| 2, R+,Rd)>
0 b
X AU, —eVAA(UZ1, 0)h) G (5.2.2)

Th. 2.2.1 of [10] and Prop. 3.5.3 of [10] show that for FF € S(P(M); R),

is differentiable in L*(W;R) at £ = 0. We have

exp (2 [ MUY 0)h(t)dB() = 32| AUTL, 0)h ]2 g, ey — 1
— exp (g /0 b A(U‘l,O)h(t)dB(t)>
+exp (e [ AU, 0)h(t)dB(t)) — 1

g

exp (— 12 A(US! VB2 g, Rd)) —1
g

?
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which is bounded in L*(W; R), uniformly in & € [0, 1], since ||Al] ;2 g, 1.0 wrety) < 00

Moreover,
AU, =V AU 0)h)G — G

~

<

is bounded in L*(W;R), uniformly in ¢ € [—1,1] \ {0} (from Taylor’s formula it
is sufficient to check this fact for G = I;(u), v € L*(R;;RY)). Hence we can

differentiate at £ = 0 under the expectations in (5.2.2) and apply Cor. 4.1.1 to
G € S(W;R) and A(UZ!, —eA(U.,0)h):

E G%Aagﬁmﬂg4 _ —E{F(AwMQLD£Wﬁ+6MDGO]
+E{FGAmh@wB@]
- EKM@DFH—E{FAWMﬁLDﬁﬂﬁ]+Eﬂ%wwﬂ

— E[GS(LDF)] + E[F5(hG)]
_ E{Gﬁwmaypﬁwﬁ+G&£DFﬂ, G e S(W:R),

which implies (5.2.1) by density of S(W;R) in L*(W;R).
O

Given an adapted vector field (Z(t))icr, on M with Z(t) € TyyM, t € Ry, we let
2(t) = toesZ(t), t € Ry, and assume that 2(t) exists, V¢ € R;. Let

triseZ(t+2) — Z(t
VZ(t) = iy e+ ) = Z(0)
e—0 £

Then

let ), denote the curvature tensor of M and let ric, : R — RY denote the Ricci

tensor, at the frame r € O(M), and let the process (2(t))ier, be defined by
3(t) = 2(t) + iric,yz(t), t€ Ry,
(5.2.3)
2(0) = 0.

As a consequence of Prop. 5.2.1 we obtain the following expression of lAj, which has

some similarity with Th. 2.3.8 and Th. 2.6 of [7], and a simpler proof.

Corollary 5.2.1 Assume that the Ricci curvature of M is uniformly bounded, and

let z € U(P(M) x Ry; RY) be adapted. We have

Awdlﬂé@»ﬂ::AMU%REQ»ﬁﬂﬂ%ﬂHQDlﬂ, (5.2.4)
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F € S(P(M);R), where q(t,z) : R — R is defined as

) =— [ "0, (0dB(s).2(s). t€R,.

Proof. We let V_(t) = exp(eq(t, z)), t € Ry, € € R. Then from Prop. 3.5.3 of [10] we

have

oo i d ~
| (DF®)dt = ZAU.=2) Fco.

C

Since the Ricci curvature of M is bounded, we have ie L*(Ry; L= (W;R)) from
(5.2.3). Moreover, from Th. 2.2.1 of [10], ¢ — A(U.,0)r(t) is differentiable in
L?*(W;R), hence continuous, V¢t € R,. Consequently, from (5.2.3) and by con-
struction of U(P(M) x Ry;RY), ¢ A(US,O),'Q is continuous in L*(W x R,;RY)

and we can apply Prop. 5.2.1 to obtain (5.2.4).
O

Remark 1 Since E[6(LDF)] =0, Th. 2.3.2 of [10] (which follows from the invari-
ance of the Wiener measure under Euclidean transformations) is also explained from
Prop. 5.2.1 by taking expectations in the identity (5.2.4) that holds in the almost-sure

sense.

If uw € U(P(M) x ]R+;]Rd) is written as u = Y.'=7 G,2;, 2; deterministic, G; €
S(P(M);R), i =1,...,n, we define trace ¢(t, D;u) € R? as
trace q(t, Dyu) = Zq(t,z;)DtGi.

=1

Given u € U(IP(M) x ]R+;]Rd) written as u = Y'=" Giz;, 2z deterministic, G; €
S(P(M);R),i=1,...,n, we let

The following proposition extends Cor. 5.2.1 to non-adapted processes u € U (IP(M) x
R, ;RY).

Theorem 5.2.1 We have for u € U(P(M) x Ry;R?) and F € S(P(M); R):

/0 T(DLF () dt = /0 T(DF,i(t))dt + 8(g(-u)D.F) — /0 (D, F, trace q(t. Dyu))dt.
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Proof. For u = 2G, G € S(P(M);R) and deterministic z € U(W x Ry;RY), we

have
/0°°<DtF7 G (t))dt = /()oo(ﬁt(FG)72(t))(lt . F/()oo(ﬁtG,,é(t))dt
= [Di(FG). At + 8(q(-2)D.(FG))
_F /0 T(DG,E())dt — Fé(q(-,2)D.G)
- /0 T(DJFG), ()t + 8(Fq(-, 2)D.G)
+8(Gy(-,2)D.F) — F /0 T(D,G. A (t))dt — Fo(q(-2)D.G)
- /0 T(D.F,GE(t))dt + 8(Gq(-, 2)D.F) — /0 T(D,F.q(t,2)D,Gdt
— /O TUD,F.a(t))dt + 8(q(-,u)D.F) — /0 (D, F. trace ¢(t, Dyu))dt. O
In [10], 7(t)D:F € Ty M is considered instead of D,F € T, M, with the relation

(tico D N Z ()}, i = (D, F, 2(t)),

where (Z(t))icr, denotes an adapted vector field on M with Z(t) € T, )M, t € R,

5.3 Inversion of 2z — 2

This subsection recalls the inversion of z — 2 by the method of variation of constants

described in Sect. 3.7 of [10]. Let Id, denote the identity of 7% M. We have

: < 1.
Z(t) = Z(t) + §rlC71(t)2(t)7 te Ry,

where (Z(t))ier, is defined as

t
5(t) = /0 Qu.i(s)ds, te R,

and Qs : R? — RY satisfies

dQ) s 1.
gtt’ = _§rlcr(t)Qt,57 Qs,s = Id’y(O)a 0<s<t.
Also, let the process (Z(t));cr, be defined by
VZ(t) = VZ(t) + 3Ric,n Z(t), t€Ry,
Z(0) =0,

with 2(t) = 10 Z(t), t € Ry. In order to invert Z — Z, let

o t
Z(t) :/ R..VZ(s)ds, t€ Ry,
0
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where R; ¢ : T, )M — T, )M is defined by the equation
1
VthqS = _§Ric7(t:)Rt,sa Rs,s = Idfy(s)7 0 S S S t7

V;: denotes the covariant derivative along (7(t))ier,, and Ric,, : T, M — T,,M

denotes the Ricci tensor at m € M, with the relation
ricy(y) = toes © Ricy ) 0 tro.
Then we have

VZ(t)
Z(0) =

=VZ(t) + sRicyy Z(t), t€ Ry,
0.

5.4 Expression of the damped gradient D

The damped gradient D : L*(P(M); R) — L*(P(M) x Ry;R?) has been defined
in [10].

Definition 5.4.1 The damped gradient D is defined as

1=n

DF = Z ]-[O,ti] (t)Q:ﬂtto(_thfo(’)/<t1)7 K 7’)/(tn>)7 te ]R’-I-:

i=1
for F' e S(IP(M);R) of the form F = f(y(t1),...,7(tn)), where Q; : R — R?
denotes the adjoint of (s : R!— RL 0< s <t.

We also have

1=n

DiF = Apu(Otect By VI f(7(t), - 7(t), T € Ry,

i=1
where th : Tty — Ty 1s the adjoint of Ry, ; : T ;) — T (,). For completeness

we state the following proposition.

Proposition 5.4.1 We have for » € U(P(M) x Ry;RY):

/O°°<DtF, (1))dt = /OOO<DtF,$(t))dt7 F e S(P(M);R). (5.4.1)

Proof. We compute

[ sy = > / Qo VY1), v (8)), £ (5))ds
=1

= 3 [ ok VIO (1)), Qa9
i=1

_ /0°°<[)tF,~;~(t>>dt7 FeS(P(M):R). O
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We also have
/0 T(DF, A1)t = /0 T(DF (), F e S(P(M);R).
We now give an explicit expression of the damped gradient D in terms of D and 4.
Corollary 5.4.1 If z € U(P(M) x R, ;R?) is deterministic,
/OOOUN)tF, A(1))dt = /OOO(DtF, H(t))dt + 8(q(-, Z)D.F), F e S(P(M):R).

Proof. We use Relation (5.4.1) and Cor. 5.2.1.

In the anticipating case we have:

Corollary 5.4.2 We have for u € U(P(M) x Ry;RY):
/ T(DLF () dt = / T(DF, a(t))dt + 8(¢(-u)D.F) — / (D, F, trace q(t. D,a))dt.
0 0 0

Proof. We use Relation (5.4.1) and Th. 5.2.1.

In [10], the damped gradient is chosen as t,oDF : L*(P(M);R) — L*(P(M) x
R, :TM) instead of DF : L*(P(M); R) — L*(P(M) x R;:R%), and it satisfies

(trcoDiF,VZ(1))1, o = (DiF,2(t)), t€ Ry,

5.5 Anticipating stochastic integration

The stochastic integral of the adapted vector field (Z(s))ser, @ Ry — TM is
defined as

o

/0 (VZ(s),dy(s))T, = /0 ((s).dB(s)),
cf. (3.3.1) of [10]. The following is an explicit formulation for the operator defined

in [9].

Definition 5.5.1 We define the operator 6 : L2(IP(M) x Ry; RY) — L2(P(M); R)
as

(1) = &(u) — d(trace q(-,D.u)), ueU(P(M) x Ry;RY).
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According to the definition of trace ¢(-, D.u) we have for any deterministic z €

UP(M) x Ry ; RY):

5(F#) =0(Fz2) —d(q(-,2)D.F), F e S(P(M):R). (5.5.1)
Moreover, if ¢ € L*(W x Ry:R?) is adapted, then
§(2) = 6(3) = /0 T (5(s), dB(s)). (5.5.2)

Proposition 5.5.1 The operators 6 : L*(P(M) x Ry;RY) — L*(P(M);R) and
D : L*(P(M);R) — L*(P(M) x Ry;RY) are closable and mutually adjoint:

E [ /0 “(b,F, u(t)>dt] — E[Fé(a)], (5.5.3)
u € UP(M) x Ry;RY), F e S(P(M);R), and 6 satisfies
§(Fi) = Fé(i) — /0 T(DLFa(t))t. (5.5.4)
Proof. We have from Def. 5.5.1 and Th. 5.2.1:
E[Fi(1)] = E[FS(i)] — E[Fé(trace q(-, D.u))]
- F [/j(DtF,ﬁ(t))dt] _E [/OOO(DtF, trace q(t, Dyu)))dt
- F [ /0 “(D.F, u(t))dt] ,

hence (5.5.3). On the other hand, (5.5.4) follows by duality and the derivation

property of lA? or by direct computation from

5(Fu) = &(Fu) — d(trace (-, D.(Fu)))

= Fo(i) — /0 T(D,F.i(t))dt — 8(Ftrace ¢(-, D.u)) — d(trace q(-,uD.F))
— Fo() —/0°°<DF it) dt+/ (D,F, trace q(t, Dyu))dt

—Fé(trace q(-, D.u)) — 8(trace ¢(-,uD.F))
= Fi() — [ (D)t

The closability follows from the density property Prop. 5.1.1.
O

We denote by Dom(D) and Dom(d) the closed domains of D : L*(P(M);R) —
L(P(M) xRy;R?) and 6 : L2(P(M) x Ry; RY) — L?(P(M);R). Relation (5.5.4)
is in fact the definition chosen for ¢ in [9] in the absence of chaos expansions. We

now turn to the definition of the damped Skorohod type anticipating integral.
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Definition 5.5.2 We define the operator § : L*(P(M) x Ry ; R?) — L*(P(M); R)
as

(i) = (i) — d(trace (-, D.ii)), u € U(P(M) x Ry;RY). (5.5.5)

We have for deterministic z € U(P(M) x Ry;R%):

5(F3) = 6(F3) = 6(q(-.)D.F), F e S(P(M)x Ry;R). (5.5.6)

Proposition 5.5.2 The operators 6 : L*(P(M) x Ry;RY) — L*(P(M);R) and
D : I*(P(M);R) — L*(P(M) x Ry RY) are closable and mutually adjoint:

E [ / m(th,u(mdt] — E[F3(d)), (5.5.7)
u e UP(M) x Ri;RY), F e S(IP(M):R), with

§(Fa) = Fé(i) — /0 T(D.FLa(t))dt. (5.5.8)

Ut
Ut

Proof. We use the relations §(#) = (i) and
/ (D.F,(t))dt :/ (D,F,a(t))dt, ueUPM)xR.:RY), F e S(P(M):R). O
0 0

We denote by Dom(D) and Dom(d) the closed domains of D : L*(P(M);R) —
L2(P(M) x Ry; RY) and 6 : L2(P(M) x Ry; RY) — L*(P(M);R).

Proposition 5.5.3 The operators § and 8 both coincide with the stochastic integral
with respect to (B(t))er, on the adapted processes in L*(P(M) x Ry; RY):

() = 8(u) = [ (u(s).dB(s).

Proof. The relation 6(u) = [7°(u(s),dB(s)), for adapted u € L*(W x R4;RY), is
well-known, cf. [11]. Given an adapted process u € U(P(M) x Ry; R?) written as
u = Fz, where F' € S(P(M);R) is an F,-measurable functional and 7 = 1,14
t,a € Ry, v € RY, we have trace q(s, Dau) = q(s,2)D,F = 0, s € Ry, from the
chaos expansion of F, hence 6(g(trace (-, D.u))) = 0 and §(u) = &(u). This relation

extends to square-integrable adapted processes by linearity and density.
O

We now state an anticipating It6 formula for 5.
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Proposition 5.5.4 We have for u € U(P(M) x R ;RY)

F(8(itpn) — F(0) = & (@ — trace g(-, D.u)) f'(X())1p0.0())
+% /Ot(ﬁ(s) — trace q(s, Dou))f" (X (s))ds
—I—/O (ii(s) — trace (s, Dou)) f"(X (5))8(1p0.9(-)Ds(a(-) — trace g(-, D.u)))ds.

Proof. We apply the anticipating It6 formula of [14], c¢f. Th. 3.2.2 of [13].
O

A similar formula for 6 : L2(P(M) x Ry;R?Y) — L%(P(M);R) is easily obtained
from the definition (5.5.5). In particular, this result contradicts Prop. 5.1 of [9], since
from (5.5.2) and Th. 3.2.1 of [13], p. 159, the quadratic variation of ¢ - d(1p qu) is
a(t)2dt.

5.6 Clark formula for D and D

It has been shown in [10] in the continuous case and in [15] in the Poisson case
that the Clark formula can be expressed with a damped gradient as well as with the
flat gradient D. In this subsection we show that this result is also obtained by our

method.

Proposition 5.6.1 For F € S(P(M):R), the processes DF,DF € L*(P(M) x

Ry; ]Rd) have the same adapted projections, i.e.
E[D,F | F]=E[D,F|F], t€R,, FecSPM)R). (5.6.1)

Proof. Let F € S(P(M);R). From Prop. 5.5.3, given any square-integrable adapted
process u € L2(P(M) x Ry;R?) we have §(u) = §(u), hence by duality,

E [/Ooo(u(t),DtF)dt] _F [/Ooo(u(t),f)tF)dt . FeSP(M):R),

which proves (5.6.1).

O

This implies that the Clark formula has two expressions, since the adapted projec-

tions of D and D coincide.

Proposition 5.6.2 Let F' € Dom(D) N Dom(D). We have

F = E[F|+ [ (EID/F | F).dB(t) = E[F)+ [ (EID.F | F].dB(1)).
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Proof. This is a consequence of the classical Clark-Ocone formula for Brownian

motion on W and of Prop. 5.6.1.
O

The interest in the damped gradient is also that from (5.5.7) it gives a more natural

expression to the formula the integration by parts formula of [5]:

E [ /0 “(DF, u(t)>dt] — [F /0 oo(ﬁ(t),dB(t))] , (5.6.2)

where F € S(P(M);R) and u € U(P(M) x Ry;RY) is adapted, i.e. (5.5.3) can be
written as
E [ [T, u(t)>dt] —F [F / (ﬂ(t),dB(t))] 7 (5.6.3)
0 0
ueU(P(M) x Ri:R?Y), F € S(P(M);R).

5.7 Quantum stochastic differentials

By analogy we define quantum stochastic integrals on the Riemannian manifold M

to be the operators
/0 (h(s),daZ)F = /O (D,F, h(s))ds,
/0°°<h,(.s), dat)F = §(hF). F e S(P(M);R),

where h € L*(P(M) x Ry ; R?) is adapted. The following relations are reformulations
of Cor. 5.2.1 and (5.5.1).

Proposition 5.7.1 We have the following relations between quantum stochastic dif-

ferentials:
(3(t),da, ) = (2(1),da; ) + q(t, 2)da;, (5.7.1)

and

(2(t).da) ) = (2(t),daf ) + " (t. 2)da; . (5.7.2)
Using the antisymmetry of ¢(t, z) : RY — R?, (5.7.2) is rewritten as
(2(t),dafy = (2(t), daf) — q(t, 2)dag.
These relations imply
(3(t),da; + daf) = (3(t),da; + dat) = (2(t),dB,),

which are reformulations of (5.5.4) and (3.1.2). Similarly, the following proposition

reformulates Cor. 5.4.1 and (5.5.6) respectively.
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Proposition 5.7.2 The “damped” quantum stochastic differentials satisfy

(3(0), dary = {3(1), da7) + (1, 2)dat,

and
(), daf) = (2(2), daf) — q(t, 2)da;.
We have
(2(t), day +daf) = (2(t), day +da;") = ((t),dBy),
i.e.

da; + da} = da; + daf = dB;

which is a reformulation of (5.5.8) and (3.1.2).

6 The flat Poisson case

In what follows we will deal with the counterpart of the above construction, when the
M-valued Brownian motion (7(t)):;>o is replaced by random point measures 7 on the
Riemannian manifold M. Let € denote the configuration space on the Riemannian
manifold M, that is the set of Radon measures on M of the form Y=7¢,, with
(2))iZ7 € M, x; # x; Vi # j, n € NU {cc}, where €, denotes the Dirac measure
at x € M. The configuration space () is endowed with the vague topology and its
associated o-algebra, cf. [1]. Let o be a diffuse Radon measure on M, let P denote
the Poisson measure with intensity ¢ on €, and let VM and div" denote the gradient
and divergence on M. We assume that ¢ is the volume element of M, under which
div? and VM are adjoint, and that f,, div’’Z(z)o(dz) = 0, VZ € C®(M;TM).
We denote by T, M the tangent space at x € M (in this setting there is no parallel
transport). Let H = L*(M;R,o), and let I,(f,) denote the multiple stochastic
integral with respect to (y(dr) — o(dz)) of a symmetric function of n variables f, €
L?(M™) ~ H°". The identification of f, € L*(M") ~ H°" to I,(f,) provides an
isometric isomorphism between I'(H) and L*(Q;R). We have in particular §(u) =
Sy u(z)(y(dz)—o(dx)), u € L*(M;R). Let S(M;R) denote an algebra of compactly
supported functions, dense in L?(M;R), e.g. S(M;R) = C=®(M;R), and let

So(M;R) = {u e S(M;R) /Mu(r)o(dr) = 0}.
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Definition 6.1.1 Let

SUR) ={f(Li(w1),...,L{(u,)) @ wry...,u, € So(M;R), feCC(RR), n>1},

U x M;R)

{iFkuk D F, o F, e S R), .. un € So(MR), i=1,...,n, n > 1},
and
U2 x M;TM) {Z Foup : F,...,F, € S(GR), uy,...,u € C?(]W;TA[)} .
In the Poisson interpretation of I'(H), D is a finite difference operator:

D.F(y) = F(v+ (1 =v({z}))é:) — F(7), (6.1.1)

hence

D.(FG)=FD,G+GD,F +D,FD,G, €M, (6.1.2)
and by duality this shows that
Fo(u) = 6(uF) + / t)D,Fo(dz) + §(uDF), (6.1.3)

FeS(E;R), ueU(Q2 x M;R), which are the analogs of (3.1.1) and (3.1.2).

7 Differential calculus and morphisms on config-
uration spaces

Let U : S(M;R) — S(M;R) denote a deterministic mapping.
Definition 7.1.1 We let the transformation A(U) be defined as
AOF@) = £ ([ vntdn. . [ Uunu)v(dx))
for F € S(R) of the form F(3) = f (fyy ua(@)(d2), .-y un(z)r(d)).
We have
AUVF = f (11( w) + [ Uwdo, . L(Uw) + [ U da)

Due to the smoothness of F' € S(W;R), no additional hypothesis is required on U.
If U is given by a measurable mapping V' : M — M, as [U f](x) = f(V(z)), x € M,
then (A(U)F)(v) is the evaluation of F at the configuration v whose points have
been shifted by V', i.e. A(U)F(y) = F(V*y), where V*v denotes the image measure
ofybyV:M — M.
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Definition 7.1.2 Let (U.)-cr be a family of linear operators
U.: S(M;R) — L*(M;R),
preserving compact sets, and such that
-Up: S(M;R) — S(M;R) is the identity of S(M;R).
- the family (U.)-cpo,1] admits a derivative at e = 0, i.e. there exists a linear operator
L:S(M;R) — L*(M;R),

such that ((U.f — f)/)ceo,) converges in L*(M;R) to Lf = (Lyf)ier, as e
goes to zero, f € S(M;R).

Examples of such operators can be constructed by shifts of configurations points
via a flow of diffeomorphisms on M. (The operator £ is naturally extended to
S(Q x M;R)).

Proposition 7.1.1 For F € S(Q;R), we have in L*(Q; R):

d |
—A(U)Flmo = /M LD, Fo(dz) + 6(LDF). (7.1.1)

Proof. The steps of the proof are the same as in Prop. 4.1.2. Let A : S(;R) —
S(2;R) be defined as

AF =3(LDF)+ [ LD,Fo(dz), FeS(R).
M

For F = [,, u(z)y(dx), u € C*(M;R), we have A(U.)F = [, U.u(x)vy(dx) and

d%A(L;)F|€:0 = | cu(@)i(@) = 8(£u) + [ £D,Fo(dr) = AF.

We show that A is a derivation operator. Using (6.1.2), (6.1.3) and the fact that £

is a derivation operator on S(M;R), we have:

S(LD(FG)) = §(LD(FQ))
= §(FLDG + GLDF + L(DFDG))
= F§(LDG) + GS(LDF) + §(DFLDG) + §(DGLDF)

- / D,FLD,Ga(dr) — / D,GLD,Fo(dr) — §(CDGDF) — 8(LDFDG)
M M

= FS(LDG) + GS(LDF) — / D,FLD,Go(dr) — | D,GLD,Fo(d).
M M
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On the other hand,
/M LD,(FG)o(dr) = G /M LD,Fo(dz)+ F /M LD,Go(dx)
+ /ML(DwFDwG)a(dx)
e /M LD,Fo(dr) + F /M £D,Go(dx)
+ /M D,GLD,Fo(dr) + /M D,FLD,Gol(dx).
Hence
A(FG) = 8(LD(FG)) + /M LD, (FG)o(dx)
—F (5(L’DG) + /M LD,GU(d:::)) e (5(L‘DF) +/ ,cDmFa(dx’))
— FAG+GAF,
which extends as
Af(Fy,....F,) = iaif(Fl, . F)AF,
to polynomial f and successively to f € C(R";R) and f € C°(R";R). Hence if
Fy = [y ui(x)y(dx),. .., F, = [y un(x)y(dz), we have

AF(Fi.....F) = Y. 0f(F.... .F)AF. =Y 0f(F.....F.) <1A<U€>Fi>
=1 le=0

=1
i,
— <d_5A(D€)f(F177Fn>>c: ’

which implies that (7.1.1) holds on S(; R).

If (U.)eepo is given as [U.f|(z) = f(Vi(z)), » € M, by a family of measurable
mappings V. : M — M, then L is the vector field on M defined as

£f(x) = lim f(VE(‘”); —I@ e, fece(uR).

If V.: M — M preserves the measure o, then
d d d
E|—ANU.)F.—| = —F|ANU)F|._qo= —FE|F|je=0 = 0,
AU Fica| = APy = B
since the Poisson measure is invariant under the shift V. : M — M. Here this

identity is interpreted as

B ;

E lj A(Ug,O)F|5:0] _ E[S(LDF)] =0, FeS(Q:R).
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8 Stochastic analysis of point measures on a Rie-
mannian manifold

8.1 Gradient D : L*(Q) — L*(Q x M;TM)

The study of variational calculus for jump processes has been started in [4]. The

gradient D is defined in [1] and [3]. It is TM-valued and defined for F € S(€; R) as

D,F = 2:2?8,]‘ (/M ur (y)y(dy), . .. ,/M un(y)y(d'y)) VMui(z), x€ M,

with F = f ([ vi(x)y(dx), ..., [y up(x)y(dz)), f€C°(R";R). The vector field

Z € C>(M;TM) defines a flow (¢7).co17: M — M on M and we have from [1]
5 F Z"/ —F %
/ (D.F, Z(x))r,m7(dz) = lim (627) ()).
M

e—0 £

A

8.2 Explicit expression of the gradient D

In the following we assume that S(M;R) = C°(M;R). From the result of Sect. 7
we obtain the expression of D in terms of D and 8. If Z € C®°(M;TM) denotes a
smooth vector field on M, we let Z M — R be defined as

Z(z) =divMZ(z), xe€ M.

Theorem 8.2.1 We have for F € S(Q;R) and Z € C*(M;TM):

/M(f)xF, Z(2)) ey (dr) = /M Z(x)D,Fo(dr) + 8(q(-, Z)DF), (8.2.1)
where q(x, Z) is the derivation operator associated to Z € C°(M;TM), i.e.
o0, 2)® = (VIB(2), Z())gyr, 7 € M, B € CE(M;R).

Proof. We define U. : C®(M) — C®(M) by U.f = fo¢? f € C*(M;R),
with S(M:R) = C*(M;R). Then Lu(z) = q(z,Z)u, u € C*(M;R) and from
Prop. 7.1.1,

/M(f)rF, Z(2))p, a7 (dz) = /M LD,Fo(dx) + 6(LDF),

where £ is the derivative at ¢ = 0 of (¢7)scr, i.e. LD, F = (VMD,F,Z(x))r, u,
x € M. Hence

/A (DF,Z(x))1,007(dr) = A DA Z(2)a(dx) + 3(q(-, Z) DF). ©

The following remark is the Poisson analog of Remark 1.
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Remark 2 Taking expectations in the almost sure identity (8.2.1) we obtain the

equality of Th. 5.2 in [1], since E[5(LDF)] = 0.
The adjoint ¢*(z, Z) of ¢(x, Z) is given as

¢ (@, Z)u = div"(Z(z)u(2)) = u(@)div’ (Z(x)) = (VMu(x), Z(2))1,m
= wu(2)Z(z) —q(z,Z)u, uweC®(M;R), ZeC(M;TM),

and the duality relation between ¢(x, Z) and ¢*(x, Z) is

/M(u(x),q*(x,Z)@Tz wo(dz) = /M(v(x),q(x, Z\)pmo(dz), w0 € CZ(M:R).

For u € U(2 X M;TM), the processes (q(z, D.u(+)))zenm and (¢*(z, D.u(-)))ren are
naturally defined by linearity, and will be denoted by ¢(-, D.u()) and ¢*(-, D.u(-)).
Given u € U(Qx M; TM) written asu = Y121 G;Z;, G; € S(Q:; R), Z; € C®°(M; TM),
i=1,...,n, we let & = Y=" G;div™ Z;. The following result extends Th. 8.2.1 to

random processes.

Theorem 8.2.2 We have for u € U(2 x M;TM):

/M@F (@) Y,y (de) / D, Fi(z)o(dz) + 8(q(-,u)DF)

+ / g(, D.u(-))DFa(dx) + 6(q(-, D.u) DF).
M
Proof. Let u=GZ, with Z € C*(M;TM) and G € S(;R). We have

/M(f)wF,GZ(x))TTMV(dx) — G [ D,FZ(x)o(dz) + Gé(q(-, Z)DF)
= [ D.Fi(w)o(ds) +8(Ga(, Z) DF)
+ / DGy, Z)DFo(dz) + 6(D.Gq(-, Z) DF)
- /D Fi(z)o(dr) + 6(q(-, u) DF)

+ /Mq v, D.u(-))DFo(dx) + 8(q(-, D.u(-))DF). O

8.3 Inversion of Z — 7

Given ® € Sy(M;R) (such that f,, ®(x)o(dz) = 0), the inversion of Z +— Z consists
in the determination of a vector field ® : M — T'M such that

divMd = &.
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This is possible in particular if M is a compact manifold, since the Laplacian L =
div" VM is negative and symmetric on C°(M;R). In this case, L : C*(M;R) —

C*(M;R) is invertible, so that we can let
o =v"L"'o.

Let G: M x M — R denote the Green function associated to L=!, such that

L™ 'u(r) = / G(z,y)u(y)o(dy), = e M, ueCr(M;R).
M
Let ¢ : M x M — T'M Dbe defined as
e(z,y) = VM G(z,y), o(dz)—ae., o(dy)— ae.

Then ® can be defined as

b(z) = VML 1@ (z) = /M (e, y)®(y)o(dy), =€ M, &€ Sy(M;R).

In the case where M = R, and o is the Lebesgue measure, then G(z,y) = 2 Ay
and (x,y) = 1y, (), or indifferently e(2.y) = =1 oo[(¥). 2,y € R4, since we are
working on Sp(R4; R).

8.4 Expression of the damped gradient D

In this subsection we complete the operators D, D with a damped gradient D which

is linked to the Clark formula and stochastic integration.

Definition 8.4.1 We define the damped gradient D : L*(Q; R) — L*(Q x M;R)
on S(;R) as

D,F = §/M<V‘M'ui(y),5(m, Y))r, mY(dy)0; f (/M urdy, . .. ,/M 'unch) . (8.4.1)

with F' = f (Jy ui(x)y(dz), ..., [y un(2)7(d)), f € CF(R™ R).

In other terms,

D,F = /M<15IF75($, ey (de), y € M.

Proposition 8.4.1 The damped gradient satisfies

/MCI)(I)IN)xFU(dx) — / (D, F,®(x))r, yy(dz), @ € So(M:R).

M
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Proof. We have
/Dqu) // D, F,2(x,y))r, uy(de)®(y)o(dy)
= [ (D.F. [ @@)e(z.y)o(dy))r,(da)
/

M(lA)xF, @(:r))TIMfy(dx). O

Corollary 8.4.1 For ® € S§y(M;R) we have

/M DoFd(x)o(dr) = /M D,F®(x)o(dz) + 8(q(- ®)DF), F € S(Q:R).

Proof. AVVe apply Prop. 8.2.1Aand the relation

| D.F@@)o(dz) = [ (D.F.&(x))z,a(dr). O
The following corollary is the extension of Cor. 8.4.1 to the random case.
Corollary 8.4.2 The damped gradient satisfies for ® € U(2 x M;R):
/M D.F®(2)o(dz) = /M ®(x)D, Fo(dx) + 8(q(-, ) DF)

+ /Mq(x,,p.é(,))DFa(dx) +8(¢(- D.3())DF), F e S(QR).

Proof. Similarly to the above, we apply Th. 8.2.2 with the relation

/M ®(x)D,Fo(dz) = /M@F, &(2))r, 7y (dr). O

In the particular case M = R, we have from (8.4.1)

D == [ sttt @nos ([ i@, [~ o).

for F = f(Jg~ ui(s)y(ds),..., 5" un(s)y(ds)). If (T,)n>1 denotes the jump times of

the point measure y(dz) on Ry, i.e.

= io: €1y (dl‘),
k=1
then
DF = =3 3 uTtam o ([ wmisrias), . [~ u(s)tas))
le. _
D f(Ty,....T,) = —Z G0 f(Th, ..., T,), teRy,
=1

and D becomes the gradient of [6]:

A (T —c [ ®(s)ds,.... T, —c [{" ®(s)ds) — f(T1,.... T,
[ DiFat)dr = lim (T == " 20 fo" @(s)ds) — f(Ty )
0 €

for F = f(Ty,...,T,), since ®(t) = — [I B(s)ds, t € R.



8.5 Anticipating stochastic integration

In this subsection we study successively two different Skorohod type anticipating

integrals 6 : L2(Q x M; TM) — L*(Q:;R) and & : L2(Q2 x M;R) — L2(%; R) that
are the respective adjoints of the gradient D and of the damped gradient D.

Definition 8.5.1 We define the operator 6 : L2(Q x M; TM) — L*(: R) as
O(u) = 6(i) + 0(q" (-, Du(-)), w € UQ x M;TM), (8.5.1)

where ¢*(x, D.u(-)) = divM (D,u(z)), z € M.

We have for F' € S(Q;R) and Z € C°(M;TM):

0(FZ)=0(FZ)+ (¢ (-, ZDF)) = 6(FZ) + 6(ZDF) — §(q(-,Z)DF),  (8.5.2)

since

¢ (z,ZDF) = D,FZ(zx) — q(z,Z)DF, Z € C®(M:R). (8.5.3)
Proposition 8.5.1 The operators  and D are mutually adjoint:
E [ | (D.F. u(:v)>TIM7(dx)] — E[F5(u), (8.5.4)
uel(Qx M;TM), F e S(:R), and § satisfies
S(Fu) = Fé(u) = [ (D F.ul@))g.ay(da), (8.5.5)
uelU(Qx M;TM), FeS(Q;R).
Proof. We have

E[Fé(u)] = E[F5(a)]+ E[FS(q"(-, D.u(-)))]
_ E[F§(d)]+E [ [ atz. Dzu(x))DFo(dx)]
_ F [ | (D.F. ﬁ(x))TIMU(dx)] +E [ | atw, Doulw) DFo(dr)
= B[ [ (D.F.ulw))n ()]
from Th. 8.2.2. On the other hand, (8.5.5) follows from the fact that D is a derivation

operator, or from (8.5.3) and the following calculation:

S(Fu) = 6(Fa)+6(q (- D.(Fu(-))))
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- Fé(ﬁ)—/MDzFu(r) o(dz) — 8(a(-)D.F)
+8(Fq (-, Z()D.G)) + 6(¢" (-, D.FZ(-)D.G)) + 6(¢" (-, u(-) D.F))
= Fo(a) = | D.Fi(x)o(dr) - 5(uDF)
+F8(q (-, D.u(-))) /D Fq*(z, D.u(-))o(dzx) — 6(D.Fq (-, D.u(-)))
+8(D.Fq (-, D.u(-))) — 6(q(-. D.u)DF)
+8(D.Fi(-)) — 6(q(-,u) DF)
Fé(i) = 6(g(-, D.GZ(-)DF) = 8(q(-,u) DF)
- /MDwFu(r) o(dz) / D,Gq(x, Z)DF o (dx).
Fo(i) — 6(q(-, D.u)DF) — §(q(-,u) DF)

- MDxFu(r) o(dx) — /Mq(LDxu)DFa(d.’r). m

If w e CX(M;TM) then (8.5.4) can be written as

E|[ (DuF u@)rando)| = E[F [ @) —ota)] . (350)

v e C(M:TM), F € S(%:R), which becomes the Poisson analog of the integration
by parts formula (5.6.2) of [3].

Definition 8.5.2 We define the operator 6 : L*(Q x M;R) — L*(Q;R) as
0(®) = 6(®) + (" (-, D.9(-))), D €U(Q x M;R).
We have
S(F®) = §(F®) 4 6(®(-)D.F) — 5(¢q(-,®)DF), F e S(:R),
for deterministic ® € So(M;R).
Proposition 8.5.2 The operators 5 and D are mutually adjoint:
E [ /M CI)(x)lN)wFa(dx)] _ B[Fé(®)],
deUQx M;R), FeSE:R), and § satisfies

_ /M D,Fd(x)o(dz). (8.5.7)

Proof. We use Prop. 8.5.1 and the relation 6(®) = §(®), & € U(Q x M;R).
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Due to the above duality relations and to the density of S(Q; R) in L*(2; R) of U (2 x
M;R)in L2(QxM:R) and of U(Qx M;TM) in L>(Q2x M; T M), the operators D, D,
6 and 4 are closable. Their domains are denoted by Dom(D), Dom(D), Dom(4) and

Dom(6). In order to deal with stochastic integration we choose M of the form Ry x X
with volume element dt x do, and take H = L*(Ry x X;R) ~ L*(R;; L*(X;R)).
The filtration (F;)icr, is generated by v — v([0,s] x A), 0 < s <t, A€ B(X), and
the stochastic integral of F;-adapted processes in L?(2 x Ry X X;R) is defined by

the isometry formula
E l(/ooo /X u(s,z)(v(ds,dr) — dsa(dx)))Q] =k [/Ooo /X u*(s, x)dso(dz)| . (8.5.8)

Proposition 8.5.3 The operators § and & coincide with the stochastic integral with

respect to y(ds, dx) — dso(dx) on the adapted processes in L*(2 x M;R?).

Proof. Given an adapted process ® € U(Q2 x M; ]Rd) written as ¢ = Fz, with F €
S(2; R) an F;-measurable functional and z € C2°([t, co[x X)), we have z(s, x)D; . F =
0, (s,7) € M, and ¢*(s,z, D.9(-)) = divM(2(s,2) D, F) = 0, (s,2) € M. Hence
5(®) = 6(®) = J5° [y ®(s.2)(y(ds, dx) — dso(dzx)) from Def. 8.5.2 and (6.1.3). This
relation extends to the adapted processes in L*(2 X M; ]Rd) by linearity, density,

closability and from the isometry formula (8.5.8).
O

8.6 Clark formula

In this subsection we show that as a consequence of Prop. 8.5.3, the Clark formula

has two expressions, depending on the type of gradient used.

Proposition 8.6.1 For F € S(2;R), the processes DF and DF have the same

adapted projections, i.e.
E[D..F | F] = E[D,F | F|, dsxo(dr)—ae, t€R,. (8.6.1)

Proof. This proof is similar to its counterpart in the continuous case (Prop. 8.6.1).
Let F € S(;R). Given any square-integrable adapted process u we have S(U) =
d(u) from Prop. 8.5.3 and by duality,

E [/OOO /X u(s,:c)Dstdso(dr)] =F [/OOC A u(s, ) D, Fdso(dz)|
F e §(P(M);R), hence (8.6.1).
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The Clark formula has two expressions.

Proposition 8.6.2 Let F' € Dom(D) N Dom(D). We have
F o= ElF+ [ h | EIDwF | F)(o(dt.dr) = dto(da)
— E[F]+ /0 h /X E[D,F | F(y(dt.dx) — dto(dx)).
Proof. We write the chaos expansion of F":
Fo= ElFl+ nz::l & /R+ XX /[o,sn]xx o /[0,52]><X
fa(s1,m1, -0, Sn, 20) (Y(dsy, dxy) — dsyo(day)) - - - (y(dsy, dz,) — ds,o(dzy))
= B+ Yo [ [ Ll ) o) (s, ) = dso(d)
= EF]+ [ [ EDwF | F]((at da) - dto(dr).

and apply Prop. 8.6.1 and Prop. 8.5.3.

8.7 Quantum stochastic differentials

In the Poisson case we define quantum stochastic integrals on the Riemannian man-

ifold M as
/(2 (@) da)F = [ (D.F. Z(x))da).
M M
/ (Z(x).dat)F = §(ZF), 7 e LAM;TM), F eS(:R).
M
The following proposition reformulates (8.2.1) and (8.5.1).

Proposition 8.7.1 We have the following relations between quantum stochastic dif-

ferentials:

Z(x)da, = 2(x)da; + q(z, Z)da;,

and

Z(z)da} = Z(x)daf + ¢ (v, Z)daC.
The last relation can be written as
Z(x)da} = Z(x)da} + Z(x)da® — q(z, Z)da®

since ¢*(z, Z) = Z(I) —q(z,Z), x € M. The following result reformulates Cor. 8.4.1
and Def. 8.5.2.
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Proposition 8.7.2 The “damped” quantum stochastic differentials satisfy

and

®(x)da; = ®(x)da, + q(z, )das,

®(z)da; = ®(z)dat + ¢ (x, ®)da’,

r€eM.

From the expression of ¢*(z,u) we obtain

and

O(z)da} = ®(v)daf + ®(v)dal — gz, ®)dal

€T

®(x)(da, + dal) = ®(z)(da, +da} + dal) = ®(z)(y(dx) — a(dx)),

which is a reformulation of (8.5.7) and (6.1.3). In particular,

y(dx) — o(dx) = da; + da;f.

whereas

Z(z)(da; + daf) = Z(l’)(da; +dat + dal) = Z(z)(y(dx) — a(dx)),

which is a reformulation of (8.5.5).
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