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Abstract

Torsion free connections and a notion of curvature are introduced on the
infinite dimensional nonlinear configuration space [' of a Riemannian manifold
M under a Poisson measure. This allows to state identities of Weitzenbock
type and energy identities for anticipating stochastic integral operators. The
one-dimensional Poisson case itself gives rise to a non-trivial geometry, a de
Rham-Hodge-Kodaira operator, and a notion of Ricci tensor under the Pois-
son measure. The methods used in this paper have been so far applied to d-
dimensional Brownian path groups, and rely on the introduction of a particular
tangent bundle and associated damped gradient.
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1 Introduction

The path space of Riemannian Brownian motion can be treated as an infinite-dimensional
manifold via the stochastic calculus of variations. Notions of connection and curva-
ture have been introduced in this context in [8], [9], [10], and path spaces on Lie
groups have been equipped with flat connections, cf. [1], [12]. The Poisson process
being another important example of stochastic process, it is natural to study Poisson
spaces as examples of infinite-dimensional manifolds. The Poisson space (or configu-
ration space) based on a Riemannian manifold is an example of infinite-dimensional
nonlinear space whose geometry has been studied in [4], [25], via an integration by

parts formula. In this paper we construct connections on configuration spaces using



methods generally applied to Lie group valued Brownian motion. Here, the bracket of
vector fields maps couples of functions on M to functions on M, and in this sense it
is similar to the Poisson bracket in differential geometry. The connection constructed
in this paper has curvature if dim M > 1 but no torsion in general, it is not Rieman-
nian but allows to state energy and Weitzenbock type identities. The following table
gathers the basic elements of this geometry and presents an analogy between finite

and infinite dimensions.

‘ Notation ‘ finite dimension ‘ infinite dimension ‘
vy point measure on M element of "
C*(M) test functions on M tangent vectors to I’
o volume element of M Riemannian metric on I’
UX (M) | stochastic processes indexed by M vector fields on I'
d u process indexed by M x M exterior derivative of u € UX (M)
{-,-} bracket on U (M) x UX (M) bracket of vector fields on I'
ot trilinear mapping on U>°(M)? curvature tensor on I’
D damped stochastic gradient gradient on I’

We make use of the three basic differential structures (Fock, intrinsic and damped) on
configuration spaces, and proceed as follows. In Sect. 2 we recall that the Shigekawa-
Weitzenbock identity can be stated in terms Fock space and thus also applies to
Poisson space. However, on Poisson space such an identity does not involve intrinsic
differential geometric tools, hence the need for other constructions (the same occurs
on the space of Riemannian Brownian motion compared to the flat Wiener space). In
Sect. 3 we present a summary of the construction of connection and Weitzenbock type
identity in the one-dimensional case (M = R, ), which has particular properties. Some
results in this section appear later as consequences of the more general framework of
the following sections. Sect. 4 recalls the construction of a differential structure on
configuration space according to [2], [3], [4], [5], and the proof of integration by parts
formula via pointwise identities as in [20]. In Sect. 5 we state the definition of the
damped gradient which will be essential here (for M = R, this gradient coincides with
the gradient of [6]). Functions on M are viewed as tangent vectors and a connection
with vanishing torsion but non-zero curvature in general is introduced in Sect. 6.
This connection is not Riemannian but it has suitable commutation properties with
stochastic integrals, for this reason it will be called the Markovian connection (a
Riemannian and torsion free Levi-Civita connection is also introduced). The Lie-
Poisson bracket {-,-} acts on functions on M and we use a notion of differential

geometry in continuous indices as in [8], the indices being elements of M itself. The
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exterior derivative of differential one-forms (functions on M) is defined in Sect. 8. The
Markovian connection is used to state energy identities and bounds for the damped
anticipating integral operator 4 in Sect. 9. The one-dimensional case is given again
particular attention in Sect. 10, where a de Rham-Hodge-Kodaira operator and a
notion of Ricci curvature are defined. Sect. 11 is devoted to a linear numerical model

of Poisson space in which the Ricci tensor vanishes.

2 Shigekawa identity in Fock space

Let ®(L*(M)) denote the Fock space with inner product (-, -)s, on a L? space L?>(M, do).
Let D : ®(L2(M)) —s ®(LA(M))® LA(M) and § : ®(L2(M)) @ LA(M) —s ®(L*(M))
denote the unbounded gradient and Skorokhod integral operator on ®(L?(M)), which

are mutually adjoint. An energy identity for § can be stated as

18I = ulBezean + /M /M (Dyu(y), Dyu(x)) 20 (dz)o(dy),

see e.g. Th. 4.1. of [18]. Its proof being dependent only on the Fock structure, this
identity makes sense on flat Wiener space via the Wiener-It6 isomorphism and can

be rewritten as a Weitzenbock identity, cf. [26]:

12 + / / IDsu(y) — Dyu(@)|[30(dz)o(dy) = lulZorsan + |1 Dullrane:.
(2.0.1)

Using the Wiener-It6 isomorphism, this identity applies on Poisson space as well as
on the flat Wiener space of R¢-valued Brownian motion, but in the latter case it is
not directly relevant to Riemannian Brownian motion for which a special geometry
has to be developed via intrinsic differential operators, cf. [9]. The situation in the
Poisson case is similar. Let I' denote the configuration space on a metric space M,

that is the set of Radon measures on M of the form
{ Zeml : TC M, xz#x]Vz#],nENU{oo}

where €, denotes the Dirac measure at x € M, with the vague topology and associated
o-algebra, cf. [4]. Let o be a diffuse Radon measure on M, and let P denote the
Poisson measure with intensity o on I'. Under the Wiener-It6 identification of Poisson

space and Fock space, D is a finite difference operator, cf. e.g. [15]:
D;F(y) =F(y+ (1 —1({z}))e) - F(v), z€M, yeT,
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for measurable F': ' — R, and 0 acts as a compensated Poisson stochastic integral,

in particular if A € C°(M) is deterministic,

/hah/ /hda— > h(a:)—/Mh(a:)a(dx), h e C®(M).

{zeM : v({z})=1}
Definition 2.0.1 Let S denote the space of cylindrical functionals of the form
Fiy)=f (/ urdy, ... ,/ und'y) , Uty ..., Uy €CE(M), feCPRY). (2.0.2)
M M

Definition 2.0.2 Let UX°(M), resp. U°(M), denote the space of smooth vector fields
of the form

=3 Ehila), (na)elx M, Fes, (203)

hi € C(M), resp. hi € C°(M), i=1,... ,n.
In general for h € U*(M) we have

5wm=Amwmmmm—Awm

cf. e.g. [19]. As in the Brownian case, we are interested in isometry formulas that di-
rectly involve intrinsic differential operators on I'. For this we will need a differentiable

structure on M.

3 The one-dimensional case

In this section we introduce the construction of connection, covariant derivative and
Weitzenbock type identities for a Poisson random measure on M = R, , and we make
a complete use of the particularities of the one-dimensional case, where the curvature
of I' vanishes. Some results of this section will be consequences of the more general
framework developed in the next sections for Riemannian manifolds. Here, every
configuration y € I' can be viewed as the ordered sequence v = (77,),>1 of jump times
of a standard Poisson process (/V¢)ier, on R;. Let S denote the space of cylindrical

functionals of the form
F=f(T,...,T,), feCrR"). (3.0.1)

Let D be the intrinsic gradient operator defined as

F=) 14-1y0f(T1,... . T), dN;—ae.,
=1



1.e.

i=n

DuF = <DF, U>L2(R+,d]\/) = / U(t)thdNt = Z’U;(E) @f(Tl, ce 7Tn)
0

i=1

d
= Ef(Tl + 6U(T1), Ce 7Tn + 6U(Tn))|5:0,

u € CP(Ry). We have if t = Tj:

0

- 0
DtF = akf(Tlu v JTn) = _f(Tlu tee JTk—17S7Tk+1> s uTn)\s:Tk = _DsF(’Y\{S})B:Tk’
0Os Os

hence for v € C*(Ry) = {f € C*(R}y) : f(0) =0}:

A

(DF,v) 22, a) = §(vADF) + / 0,0, Fo(t)dt = 5(vODF) — / o(t) Dy Fdt,
0 0
(3.0.2)

which implies the integration by parts formula by taking expectations:

A

E|(DF, U>L2(R+,dm] - _E [/Ooozb(t)Dtht} = —E[F5(3)], veCP(R,),

F € 8. The damped gradient D is defined as

D\F = — Z10T VO, f (Th,...,Tp), dt—a.e., (3.0.3)
le.

DuF = <'U,7 DF>L2(R+) = <'l‘1, BF>L2(R+,dNt) = DaF,
with a(t) = — fo s)ds, t € R.. We denote by 4 : L>(I' x R, ) — L?(I") the closable

adjoint of D, which satisfies
E[Fé(u)] = E[(DF,u)r2r,an), F €S, uelUXRy).

If w e CP(R,) then

A

E[Fé(u)] = E[(DF,u)r2&, a) = E[(DF, @) 2, an)] = —E[F5(04)] = E[Fi(u)].

In particular, 0 coincides with the compensated Poisson stochastic integral on the
adapted square-integrable processes. Given u € UXP(R,) we define the covariant

derivative Vv € U°(R, ) of the vector field v = Y1=7 Fih; € UX(Ry) as

= 1:271 hi(t) D, F; — F;R(t) /tu(s)ds, teR,. (3.0.4)
i=1 0



In particular,

Viv(t) =o(t)a(t), teR,, u,veCPR,),

and
V. (vG) = FvD,G + FGViv, wu,v€C*R,), F,G€S.
Letting _
Viv(t) =Y hi(t)D.F; — Fhi(t)lpg(s), steR,,
i=1
we have

Viu(t) = / u(s)Viv(t)ds, teR,, wu,veU™(R,).
0
Lemma 1 We have
DuDv - DvDu = DVE’U—VEU) u,v € MCOO(R-F)
Proof. Since D is a derivation it suffices to consider F' = T},.
i) We have for u,v € C°(R;):
o L B Tn B Tn
(D, D, — D,D,)T,, = —Du/ v(s)ds + DU/ u(s)ds
0 . 0 .
= v(Tn)/ u(s)ds — u(Tn)/ v(s)ds
0 0

_ /0 v (v'(t) /0 u(s)ds — (1) /0 tv(s)ds) dt

= DV,Ev—VEuTn-

it) If u,v € C*(Ry) and F,G € S,

(DyrDyg — DyeDup)T, = FD,GD,T, —GD,FD,T, + FG(D,D,—- D,D,)T,
= ban,
with
w = FvD,G — GuD,F + FG(vi — ut) = Vo (vG) — Vi, (uF).

O

Definition 3.0.1 The Lie bracket {u,v} of u,v € C°(R,.), is defined to be the unique
element of C°(Ry) satisfying (D,D, — D,D,)F =D,F, F€S.



The bracket {u, v} is defined for u,v € U*°(R, ) with
{Fu,Gv}(z) = FG{u,v}(z) + v(2)FD,G — u(x)GD,F, =z & M,

u,v € CP¥(M), F,G € S. The next proposition is a consequence of Lemma 1 and
Def. 3.0.1.

Proposition 3.0.1 The Lie bracket {u,v} of u,v € U*(R,) satisfies
{u,v} = Viv — Viu,
i.e. the connection defined by V' has a vanishing torsion.

Proposition 3.0.2 The curvature tensor QF : UP(Ry) x UP(R,) x UX(Ry) —
UX(Ry), of the connection V¥ vanishes on UX(R,), i.e.

QF (u, 0)h = [V5, Vilh = Vi, h =0, w,v,h € UP(R),

and UL (Ry) is a Lie algebra under the bracket {-,-}.

Proof. We have
O (uF,vG)(hH) = FGh(|Dy, D,] — Dyyy)H + FGHQ" (u,v)h = FGHQ" (u, v)h,

h,u,v,€ C*(R.), F,G,H € S. Hence it suffices to show that Q' (u,v)h =0, h,u,v €
CP(Ry). We have

VL VY h = aVih—49VEih =@ oh —o @h = —dvh+avh+9uh—vih, = —Gvh+tuh,

and
Vlfu,v}h = Vas—sah = (ﬂv/:/ﬁu)h = (u® — vit)h.
The Lie algebra property follows from the vanishing of QF. 0

The exterior derivative d" u of a smooth vector field u € U™ (R, ) is defined from
<dFUa hi A h2>L2(R+)/\L2(R+) = <V£1U, h2>L2(R+) - <V}:2ua h1>L2(R+)a
hi,he € UX(R,). We have

(s, t) = %(Vfu(t) _Vlu(s)), steR,,



and the relation

Ml poey = / / (VTut) — Vu(s)?dsdt,  (3.05)

u € UX(R). We now state a Weitzenbock type identity on configuration space. For

this we will use the commutation relation satisfied by the damped gradient D:

Dyo(v) = 6(Viv) + (u,v) 2w,y  u,v € CF(Ry), (3.0.6)

which can be proved as follows:

D) = DS u(T) = -3 v(Ty) /0 " u(s)ds

= 5(V£U) + (u, 'U>L2(R+)-
Proposition 3.0.3 We have for u € UP (R, ):

B3 (u)?] + B (4 0l iz = Ellulage,)] + B IV 012w pores) | -
(3.0.7)
Proof. We have

E[0(u; )0 (u; Fy)] = E[F;,Dy;0(u;F})]

= E[ED,,(F;0(u;) — Dy, Fy)]

= E[F,F;D,,0(u;) + Fid(uj) Dy, Fj — F;Dy,D,, Fj]

= E[FFj{u;,u;)r2(,) + FiF;6(Vh u;) + Fid(uj) Dy, Fy — F;Dy, D, Fj)

= E[FFj(ui, uj) 12, ) +DVF J(EF)) + Dy, (F:Dy, Fj) — F;Dy, D, Fj]

= E[FFj{ui, uj)2(g,) +DVF J(FF)) + Dy, F;DyFj + F;(Dy, Dy, F; — Dy, Dy Fj)]
= E[FFy(ui,uj) 12, + Dyt (F.Fj)+DujﬂDuiFj+EDV5jui,V5iquj]

= E[FiFj{ui, uj)r2r,) +FDVF E+EDV£jUiFj+DUjBDUiFj]

= F [P}P}(ui,uj>L2(R+)+P’]-/ f)SF,-/ Viu;(s)u(t)dtds
0 0

+E/ DtFj/ Vgui(t)uj(s)dsdt—l—/ u,(t)DtF]/ uj(s)DsFidsdt},
0 0 0 0

which implies
E@?] = Elulfap.]+ E [ [ v5u<t>vfu<s>dsdt] ,
0 0
and (3.0.7) for u =31, u; F; € UP(Ry). O



4 Intrinsic differential structure on configuration
space

In this section we work in the general case where M is a Riemannian manifold. We
start by recalling the definition of the intrinsic gradient of [4], Sect. 3, see also [5], p.
152, and state a short proof of the integration by parts formula. If K is a compact set

such that uy,... ,u, € C*(K) and card(yN K) = n, then F(y) can be represented as
F(y) = falz1,. .. yxy), fy={xy,...,2,} €T, n>1,

where f,, € C2°(M™) is symmetric. Let VM and div" denote the gradient and diver-
gence on M, let T, M denote the tangent space at x € M, and assume that ¢ is the

volume element of M, under which div® and V™ are adjoint:
<VMU, U>L2(M,d0';TM,) = (u, diVMU>L2(M,O-), Ue CSO(M, TM), u e CSO(M),

where C°(M;TM) is a space of C* vector fields satisfying suitable boundary condi-
tions for integration by parts (see examples below). Given U € T, M and f € C*(M),
we adopt the notation U f(z) = (U, f(z))r,m, © € M. Let C*°(M;TM) be the Lie
algebra of C* vector fields on M, let Diff(M) denote the group of diffeomorphisms
of M, let (¢¥)ier, denote the flow generated by the vector field U € C*°(M;TM),
let ¢¥ () denote the image measure of v by ¢V, U € C®(M;TM) and let D be the

gradient operator defined in [4] as

<DF(’Y)a U)rr(mayryy = lim F(¢:(7)) - F(v)

e—0 g

— Jm M M
UeC®(M;TM), i.e.

D,F(y) = ZVMui(x) oif </ urdry, . .. ,/ und'y) , x€M.
i=1 M M
We can also formulate this definition as
D,F(y) = Z Ly (@) VY fa(21, ..o 20),  y(dz) — ae.,
i=1

with F(y) = fu(x1,.-. y20), ¥ = {21,... ,2,} €T, n > 1, and VM is the gradient of
f with respect to its i-th variable. We recall the following explicit expression of D in
terms of the flat gradient D and flat divergence d, cf. Remark 3 of [24] and Th. 8.2.1
of [20].
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Proposition 4.0.1 We have for V € C(M;TM) and F € S:

(DF(7), V) 20aavrsn) = (VM DF (), V) 2asaorany + 6(VYDE, V)rag) (7). (4.0.1)

Proof. This identity follows from the relations D, F(y) = (VM D,F)(v\ ) and

) = [ u@\an(dn) = [ ule ot

M

0

Taking expectations on both sides in (4.0.1), we obtain the integration by parts for-
mula for D, cf. [4]:

E[(DF (), V)2 asayran)) = EWVM DFE, V) 123 doran) = E[FS(div™V)],  (4.0.2)

V eCP(M;TM), F € D. However the gradient D is not satisfactory here, due to the
presence of dy in Relation (4.0.1), see Sect. 6 and Prop. 9.0.1 below. For this reason

we need to define a damped gradient.

5 Damped gradient and tangent bundle

This section recalls the definition and properties of the damped gradient D on config-
uration space, cf. [20], and introduces the corresponding tangent bundle. We assume
that the Laplacian £ = div V¥ is invertible on C>°(M), and that its inverse £~! is
given by a Green kernel g : M x M — R:

L u(r) = /Mg(x,y)u(y)a(dy), r€eM, ueCr(M).

In general, g(-,y) belongs to the Sobolev space W1 (M; T M), and if M is of dimension
one then g(-,y) € WY (M;TM) for all p > 1, y € M. We define 9,(y) € T, M as

0:(y) = V¥q(z,y), o®o(dr,dy)— a.e.
We have 0,(-) € L*(M;TM) and define @ € C°(M;TM) as
(@) = VML u(z) = /Mu(y)aw(y)a(dy) ETM, weM, uecCe(M).
Moreover @ € C3°(M) and satisfies
P-i) divMi =u, wu € C®(M), and
P-ii) (v, w)r2(a00) = (v, AV @) 120000y = (VM0, @) p2(01,00:701), U, 0 € C° (M),
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Examples:

If M =R, weset C(R;;R) = {u € C°°(R+'R) : u(0) =0}, g(z,y) = —x Vuy,
O (y) = —1pa(y), z,y € Ry, and a(z) = — [ u(y)dy (cf. Sects. 3 and 10).

If M = R? we let C°(R:;RY) = {u € C*(RYGRY) ¢ lim, o u(z) = 0}, with
g(z,y) = 5=loglz —y| if d = 2, and g(z,y) = = 2cd|a: —y[t=4if d > 3, where

cq is the volume of the unit ball, i.e.

1 .
O (y) = %kﬁ - ?J|72(~T1 — Y1, %2 —y2) ifd=2,

and
1

|~y x — v, T — if d > 3.
(d—2)cd|x yI™ (@1 — v, 2a—ya) ifd>3

0 (y) =

Definition 5.0.1 The damped gradient of F € S in the direction h € CX(M) is
DyF € L*(T', P), defined as

DyF(y) = DiF(y) =) / hu;dy 0;f ( / urdry, ..., / und'y>, (5.0.1)
i—1 Y M M M
with F as in (2.0.2).

This description of the gradient would be incomplete without a description of the
tangent bundle of I'. The space L?*(M, dv), which explicitly depends on the random
element v € T, is a natural candidate as a tangent space to I at «y, cf. [4]. However
this choice is compatible with the gradient D which is not damped in the sense of [14]
and is not appropriate to our context, in particular it can not be used to state the
commutation relation of Prop. 9.0.1 below, and does not seem to lead to Weitzenbock
type identities. Instead of L?(M,dy) we will choose C2°(M) as tangent space to T.
We choose the trivial tangent bundle to I' with group Diff(M) and fiber C°(M) which
is defined as TT' =T x C2°(M), with group action

TT x Diff(M) — TT
(7, u),8) = (v,u0 ).

Each stochastic process u € U°(M) is identified to the smooth vector field v —
(’7) U(’}/, )) € TT. Let

D : I3, P) — L*(T'; LY(M, o), P)

12



be defined on S as

A

ﬁyF(’Y) = /J\/I<aw(y)’ DwF>T¢M’Y(d'%‘) = <8(y)7 vD-F1>L2(M,'7;TM)7 (/S Ma

or
i=n

DyF(y) = Z<aw(y)ui(l‘)’}/(dl’) 0: f (/M uydy, . .. ,/Mund'y> ., yeM. (5.0.2)
D,F = / u(y)DyFo(dy), ueC®(M), FEe€S,

and more generally we will let D, F' = (DF,u) L2(Mydo)s ¥ € UP(M). We may also

write

Zawl f’n xla"'uxn)a yEMa ’y:{xla"'uxn}era
with F(vy) = fu(x1,...,2,), where the notation 0,,(y) fn(z1,... ,2,) denotes the ap-
plication of the derivation 0,,(y) to the i-th variable of f,.

Definition 5.0.2 We define the anticipating integral of v € U°(M) as

Z” — (DF;, hi) 12(31,40).

if u e UX(M) is of the form (2.0.3).

In particular we have

5(h) () = / hdy — / hdo, h € CZ(M).
Proposition 5.0.1 The operators D : L=(T') — L*(I'; LY(M)) and é : L*(T'; L®(M)) —
LY(T) are mutually adjoint:

E[Fé(u)] = E[(DF,u)r2(ma0)), F €S, ueUX(M). (5.0.3)
Proof. For u € C°(M) we apply (4.0.1) to V =4 € C§°(M;T M) and property P-ii)
to obtain the identity

D,F = (DF,u)12(ma0) + 6(aDF), F €S, (5.0.4)

see Prop. 8 of [23] when M = R,. Taking the expectation and using the duality
between D and § provides (5.0.3) for u € C2°(M). If uw € U°(M) is of the form (2.0.3)
then &(u) also satisfies (5.0.3) due to the derivation property of D. The closability of
6 follows from the integration by parts formula and the density of S and U°(M) in
L2(T, P) and L3(T x M, P® o). O

13



As a consequence, D is closable in the sense that if (F},),en C S is bounded in L®(T')
and converges a.s. to 0 and (DF,,),cn converges to U in L?(T'; L}(M)), then U = 0.
If U = Vf is a gradient field, f € C°(M), then we have

DyuyF =DyF, FeS8, (5.0.5)

since

—_ N

divMU = divMVf=Lf = VML ILf =V f=U.

In general for U € C°(M; T M), Relation (5.0.5) does not hold but we have
E[DymyF)=E[DyF], FeS8, UeCP(M;TM), (5.0.6)
since from (4.0.1), and (5.0.4),

E[DyF)| = E[(VMDF,U)2(saorany)] = E[(DF, divU) 12 (a1 goiran)] = E[Dggyrp F).

6 Covariant derivative
We define the covariant derivative Vi, u € C°(M), as
ng(x) = (ﬂ(x),VMv(x»TmM =av(z), €M, veClCr(M),

hence Viv € Cy(M). Since VLv depends only on u and VMv, and given its commuta-
tion properties with stochastic integrals, cf. Prop. 9.0.1, this connection will be called

the Markovian connection in reference to [9]. Its definition extends to vector fields.

Definition 6.0.1 Givenu € UX(M) we define the covariant derivative Viv € U (M)
of the vector field v € UX (M) as

Vou(z) =Y hi(w)DyF; + FiVyhi(z) = Dyo(z) + dw(z), w€M,  (6.0.1)

i=1

with v as in (2.0.3).

This definition has an interpretation in a decomposition of the tangent space to TT'
at v € TT in horizontal and vertical subspaces is Q @& C§°(M;TM), where Q =
{(u,—u) : weClCX(M)}, ie. (v,V) = (v,—0) ® (0,V +17), v € C*(M), V €
CS°(M;TM). The horizontal lift starting from (7y,v) € TT of the curve t — ¢¥(y) is
t = (¢7(7),v o ¢Z,), the parallel transport 7%v : Tyz(,)I' — T,I" along ¢ = ¢}(7) is
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given by v = v o ¢¥. Given a vector field u € U>°(M) the covariant derivative Viv
of v e UX(M) is

Vg’l)(’}/,x) — 111'% TEU(¢E (7)7‘,17) B ’U(’Y’x)’ = M, y c r.
e—> g

Relation (6.0.1) is similar to (2.2) of [12] which uses the Lie bracket of deterministic
vector fields on the space of Brownian paths in a Lie group instead of 4v. We have

the relation
VI (Fv)(z) = v(@)DuF + FViu(z), z€ M, u,veU®(M), FeS.

Definition 6.0.2 We extend naturally 0,(y) from a derivation on C:°(M) to a deriva-
tion on UX(M), with 0,(y)(Fh) = Fo,(y)h, F €S, h € C*(M), and let

Zh )DyFi + Fi{0:(y), VMhi(2)) 1,0 = Dyo(@) + 0u(y)v(z), @,y € M,

F eS8, foru e UX (M) of the form (2.0.3), i.e.

Viu(z) = /Mv(y)Vgu(x)a(dy), r €M, u,velUrX(M).

7 Torsion, curvature and Lie-Poisson bracket

The Lie bracket {u,v} of vector fields is normally defined from the commutator

[Dy, D,]. We have iiv € C®°(M), u,v € C®°(M), and from (4.0.2) and (5.0.3),

(DuDy — Dy D) / hdy =
M

If dim M > 1, [4,?] may not be a gradient field, in particular it can not be written

as [, 7] = w0, hence in general there may not exist w € C2°(M) such that
D,D, — D,D, = D, (7.0.2)

A definition of the Lie bracket {u,v} is nevertheless possible via an equality between

expectations, due to the following Lemma.
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Lemma 1 Let u,v,w € C°(M). The relation
ED,D,F — D,D,F| = E[D,F], Fe€S, (7.0.3)

holds if and only if w = Viv — Viu.
Proof. We have (f) D, — D,D ) F = D[u #F, and
E [(Du[)v — DyDy)F } [DMF,} = E [Fo(divM[a,7))] = E [DdivM([ﬂ,ﬁ])F] , Fes.
Since the connection on M has no torsion we have:

div([i,9]) = divM (VM5 — V¥a).

Let (Xi,...,X4) denote a set of normal coordinates at z € M with 4 = Z;j w X,
b= z;lj‘fﬁixi. We have at o € M: VEX; =0, [X;, X;] = [VE,V¥] =0,i,j =
1,...,d, and from [16], p. 282,

l=d
divM(VYo) = Y (VEVYS, X)1m ZVM Zu’VM Dy X 1om
=1 2,j=1
d l=d
= ) (X)X + Y Z @ (X, X;0") X, X))y
id=1 =1 ,j=1
d d
= ) (X @) (Xd') + > @ X X0
id=1 ij=1
d d
= > (X)) (XY + > Wl X Xv
ii=1 ij=1
d d
= D (X ) (Xd") + W X{(VED, Xi)roar,
id=1 ij=1
d j=d
= ) (XE) (X' + > i X;div(d)
il=1 j=1
d

= ) (Xi")(X;0") + adiv(p).

i=1

Hence
div" ([, 7)) = divM (VM5 — V¥i) = adiv(d) — 9div(@) = Gv — tu = Viv — Viu,

and
E [(buf),, _ D,,f)u)p} —E [Dvgv_vgup] .
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On the other hand, given wy, ws € C°(M), we note that E[D,,, F] = E[D,,F], F € S,
implies in particular for F' = | 1 hdy:

/M (in (2), VM ()1, w0 (der) = / (i (), VM h(2)) 7 e (d),

M
hence
/ h(z)divMiy (2)0 (dz) = / h(w)divM s (z)0 (dz),
M M
i.e. (h,w1)r2) = (h,w2)r2ary for all h € C°(M) and z € M, and w; = w. O

This allows to state the following definition.

Definition 7.0.3 The Lie bracket {u,v} of u,v € C(M) is defined to be the unique
element of C°(M) satisfying E[D,D,F — D,D,F| = E[D,F), F € S. The bracket
{u,v} is extended to u,v € U (M) by

{Fu,Gv}(z) = FG{u,v}(z) + v(z)FD,G — u(z)GD,F, =z € M, (7.04)
u,v €CX(M), F,G € S.
The following is an immediate consequence of Lemma 1 and Def. 7.0.3.
Proposition 7.0.1 The connection defined by V' has a vanishing torsion:

{u,v} =Viv—Viu, u,veU(M).
Proof. We have

{Fu,Gv}(z) = FG{u,v}(z)— Gu(z)D,F + Fv(z)D,G
= FG(Viv(z) — Viu(z)) — Gu(z)D,F + Fv(z)D,G
= VL, (Gv)(z) = VL, (Fu)(z), € M, u,v€C*(M), F,G€S.

g

The curvature is defined as a trilinear mapping on smooth processes.

Definition 7.0.4 Let QU : UX (M) x UX (M) x UX (M) — UX (M), defined as
O (u,v)h = [V}, Vi]h = Vi, nh,  u,v,h €U (M),

denote the curvature tensor of the connection VY.

We let [, -] denotes the commutator of operators.
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Proposition 7.0.2 Let u,v € UX(M). We have
i) [Dur Duc] — Diwrac) = FG([Dy, D] — Dpuy), F.G € S,
i) Q' (uF,vG)(hH) = hFG([Dy, D,] — Diy})H + HFGQF (u,v)h, h € C*(M),
u,v € UX(M), F,G,H € S,
ii) [, QO (u,v)h(z)o(dz) =0 if h € C°(M), or if h € UL (M) and [,, hdo = 0.
Proof. i) We have

DuF(GD'u) - DvG(FDu) = GDUFDU + (DUFG)Dv - (FDvGDu + (D’UGF)DU)7

and

Dyroey = FGDyyyy + F(D,G)D, — G(D,F)D,.
i1) We have
VvI.VI.(Hh) = VI.(GHV'h+ GhD,H)
= hFD,(GD,H)+ FGD,HV-h + FV hD,(HG) + FGHV VTh
= hFGD,D,H + hFD,GD,H + FGD,HV'h + FHV'hD,G
+FGVhD,H + FGHVEIVE b,
hence
VurVia(Hh) = VieVip(Hh)
= hFG|D,,D,)H + hFD,GD,H + FGD,HV-h + FHV hD,G + FGV-hD, H
+FGHVEVYh — hGD,FD,H — FGD,HV-h — GHV hD,F — FGV hD,H
~FGHV.VIh
= hFG[D,,D,H + hFD,GD,H + FGD,HV'h + FHV'hD,G + FGV hD,H
+FGH[VE, VY h — hGD,FD,H — FGD,HV h — GHV hD,F — FGV'hD,H
= hFG[D,,D,H + hFD,GD,H + FHV'hD,G + FGH[VY,VY|h — hGD,FD,H
—~GHVYhD,F,
and
Viwrwey(Hh) = FGVY,,(Hh) + FD,GV,(Hh) — GD,FV, (hH)
= FGHV},,h+ FHD,GV h— GHD,FVh
+FGhDy,H + hFD,GD,H — hGD,FD,H
= FGHV},,h+ FHD,GV,h— GHD,FV,h
+FGhDy,H + hFD,GD,H — hGD,FD,H.
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Hence

[VEFa VSG](Hh‘) - V?uF,vG}(Hh) = hFG([Dua Dv] - D{u,v})H
+FGH ([Vga Vg]h - v?u,v} ) )

which implies 7).

ii1) We have [VL VTh(z) = [4,0]h(z) x € M, u,v,h € C(M), and
/ VT VTlhdoe = / (i, 9)hdo = / hdiv™ i, §]do
M M M
= / h{u,v}do = / hdiv{u, v}do
M M

= Aﬂ{u,v}hda:AJVfu’v}hdU, u, v, h € C°(M),

hence from i2), [,, Q" (u,v)hdo =0, h € C°(M), u,v € U (M), and

/ QF (u,v)(hH)do = / hdo([Dy, D,) — Dpoy)H, heCe(M), HEeES,
M M
hence (7). O

It follows in particular that for h € C°(M) we have QY (uF,vG)h = FGQ (u,v)h.

The relation
/ VL Vihdo = / Vi hdo, heCX(M),
M M
holds if and only if w = {u,v}.

Lemma 2 Let u,v € U>®(M).
i) If QT (u,v) = 0 on C°(M) then QF (u,v) =0 on UX (M) and

(Duf)v — DvDu)F = D{U’U}F, Fes.

i) If M = Rt then QF (u,v) = 0 on U*(R,), D,D, — D,D, = D{u,v} on S, and
UX(Ry) is a Lie algebra under the bracket {-,-}.

iii) If u,v € C°(M) and F is o(G)-measurable, then

E[F(D,D, — D,D,)G] = E[F Dy, ,G], F,G€S.
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(Duf)v—f)vbu) /M hdy = /M [, 5]hdry
= /M{u,v}hd”y-l-/M[ﬁ,f)]hd’y—/M{u,v}hdfy
- /M{/u:)/}hdfy—i-/MQP(u,v)hdfy

= ﬁ{u,v}/ hd’y+/ QY (u,v)hdy, u,v € UX(M),
M M

+3 o ( / hady, .. / hm) / O (u, 0) hudly,
Py M M M

u,v € UX(M), F € S. Consequently, QF (u,v) = 0 on C®°(M) implies [D,, D,] =
Dy on S, which from Prop. 7.0.2-ii) implies QF (u,v) = 0 on UX(M).
ii) If M = R, the relation divMU = U, U € C°(M; T M), implies

O'(uF,vG)h = FGQ (u,v)h = FG ([V},,V}]— Vi) h
= FG ([0, ~ Vi) =0, heUS(M),

hence QF (u, v) vanishes on C°(M) and it remains to apply 7). We also have

Hu, v} w} = Vfu,v}w - Vg{u? v}
= Vlfu’v}w — VL (VEy — Viu)
(VaVy = VyVy)w = Vi (Vyu = Vi), w,v,w € UF(R,),

which implies the Jacobi identity: {{u,v},w} + {{v,w}, u} + {{w,u},v} = 0.
i13) If F'is o(G)-measurable then there is a Borel measurable function f such that
F = f(G), hence

E[F(D,D, — D,D, — Dy,,1)G] = E[f(G)(DyD, — D,Dy, — Dy,4})G]

G
— B |(DuDy— DDy — Diuy) / f(t)dt} o,
0

from (7.0.3), since fOG f(t)dt € S. O
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Proposition 7.0.3 We have for u,v,h € U?(M):

Dy u, v) 20,0y = (4, Vi) 12(01,00) + (Vitt, V) 2(01,00) + (U, V) 2200 0d0),  (7.0.5)

i.e. the connection VT is not Riemannian.

Proof. Integrating by parts on M and using property P-ii), we have

/uvhda = /uvdivMﬁdaz/ h(uv)do
M M M

= (u, iw>L2(M,do) + (v, BU>L2(M,da)

= <u7 VZU>L2(M,CZO') + <’U, V}:u>L2(M,d0)a

hence for u,v € C(M), F,G € S and h € U*(M),

Dp(Fu,Gv)2(idoy = (uDWF, GV r2(an,d0) + (WF, vDRG) 1201, d0)
= (Vi(uF),vG)r20a1,40) + (UF, V},(vG3)) £2(0,40)
-I-FG/ uvhdo.
M

The identity that links V' to the metric o is

2<V£U, U>L2(M,d0') = Dh(“a U>L2(M,d0') + Du<h7 U>L2(M,d0') - Dv<ha u>L2(M,d0')
+<{ha u}a v>L2(M,da) + <{Ua h}a u>L2(M,d(r) - <{U, U}a h>L2(M,d(r)
+/ wvhdo, w,v,h € UX(M),
M

and the connection can be expressed in terms of the trilinear form

G(u,v,h) = ({u, v}, h) L2 (01,40 —i—/ wvhdo, u,v,h € U (M),
M

as
1
(Vgu,v)Lz(M,do.) = i(G(h,u,v)—G(u,v,h)—G(v,h,u)), u,v,h € UF(M).

The bracket {-,-} maps couples of C2° functions on M to C° functions on M, in this
sense it is similar to the Poisson bracket, to the exception that the Leibniz rule is not
satisfied. Also, this bracket is not local and it is non-vanishing even if dim M = 1.

One may prefer to write
H(u,v,h) = ({u,v}, h)r2(ma0), K (u,v,h) = / wvhdo, w,v,h € CX(M),
M
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and

1
(Vhu, V) r2(mndo) = E(H(h,u,v) — H(u,v,h) — H(v, h,u) + K(u,v, h)),

u,v,h € UX(M). The Markovian connection V' is not Riemannian, for this reason

we may define a Levi-Civita connection VT as
~ 1
Viv(z) = Vie(z) - §u(x)v(x), x € M, u,v € UF(M).

Proposition 7.0.4 The connection V¥ has QF for curvature tensor, its torsion van-

ishes, and it is Riemannian:

Dh(u,sz(M’dU) = (u, @};mzmda) + (@lgu, V)r2(Mdo), U,V P E UH(M). (7.0.6)

Proof. The vanishing of torsion and (7.0.6) are obvious from Prop. 7.0.1 and (7.0.5).

Concerning the curvature we have for u,v, h € U>X(M):

VITh) = VI(VEAG) — Sh()e())

= VIVIh(z) ~ gh(x)Vio(x) — 5o()VEih(z)
1 - 1
—ula)VEA(x) ~ Thau(rn(x),
and
VTVTh(z) = VIVTh(z) — %h(x)Vfu(m)— %u(m)vgh(:v)
1 - 1
0@ VEh(z) — Lh@)uao(a),
hence

Vi Vih(z) = ViVih(z) = (2 (u,0)h)(@) + Vi, h(@) = Shz)(V,v(z) = Vyu(z)

= (2" (u, v)h)(2) + Viynh(z) — sh(z){u, v}(z)
= (Q(u,v)h)(x) + Vi, h(z), z€M.

N =D =

We have

2(Vhu, V)12(M,do) = Dy (u, V) 12(M,do) + Dy(h, V) L2(M,do) — Dy (h, W) 12(M,do)
+{{h, u}, v) 2(,40) + {v, b}, W) 2(01,00) — {2, v}, B) 220140
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u,v,h € UX(M), and
- 1
<v£uav>L2(M,dU) = i(H(h,U,'U) - H(U,U,h) - H(U,h, u))’ U,’U,h € ucOO(M)

However, unlike the Markovian connection VT, the Levi-Civita connection VT will
not be used in the sequel because it does not possess suitable commutation properties

with the stochastic integral, cf. Prop. 9.0.1.

8 Exterior derivative
The exterior derivative d' F' of F' € S is the 1-differential form defined as
(d"F, h)12(sa0) = DuF,  h € C(M).
We identify L?*(M) to its dual L?(M)* via the scalar product, let
hi A hy = (hy ® hg — hy ® hy), hy,hy € L*(M,do),

and let L?(M) A L?(M) denote the space of continuous antisymmetric bilinear forms

on L?(M) ® L*(M). The above Lemma allows to set the following definition.
Definition 8.0.1 Let u € U (M) be a smooth vector field.
i) The exterior product d"F ANu, F € S, is defined from
(d"F A u, by A ha)paanazzan = (Dn, F)/(u, ha) L2 () — (Dn, F) (u, h1) L2 (ays
hy, ha € US(M).
ii) The exterior derivative d"u of u € UX (M) is defined as
(d"u, by A ho)2annz2 ) = (Vi@ ho) 2y — (Vi ha) 2,
hy, ha € US(M).
If w, h1, he € C°(M) do not depend on the random element 7, then
(d"u, hy A ho) 2(myar2(ay = =, {ha, ha}) L2 (an).
We also have the relations
(dr(FU), hl/\h2>L2(M)/\L2(M) = F<drU, hl/\h2>L2(M)/\L2(M)+<drF/\u> hl/\h2>L2(M)/\L2(M);
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Fes, hy,hy,ue L{fo(M), and
(d"u, (Fhy) A ha)p2anazzony = F(dTu, Fhy A ho) 2z,

F € S, hi,ho,u € UX(M). The following relation relies on the symmetry of the
trilinear form (u,v,h) = K(u,v,h) = [,, uvhdo, u,v,h € U>(M).

Proposition 8.0.1 We have for hy, ha,u € U*(M):

<dru’ hy A h2>L2(M)/\L2(M) = Dhl (u, h2>L2(M) - th (u, h1>L2(M) — (u, {ha, h2}>L2(M)-
Proof. We apply Relation (7.0.5):

Dhl <U, h2>L2(M) = <V£1U, h2>L2(M)+<u; V£1h2>L2(M)+/ hthUdaa h17 h27 RS UEO(M)’

M

and the fact that VT has no torsion. O

The exterior derivative d*u can be written in terms of the kernel Viu(y) of Def. 7.0.3

(@, by A o) ez = % /M /M (VEuly) — V(@) (b A ho)(z, y)o (dz)o(dy).

_ /M /M (VEu(y) — VEu(@))hy (2)ha(y)o (dz)o (dy),

w, hi, he € UP(M). The following Lemma is valid only in dimension one due to the

integrability property of the gradient of the Green kernel.
Lemma 1 We have
4" i = 5 [ [ (Fhute) = VouG) Polaa)atan),  (s0.1)
u € U*(M), the right hand side being finite if dim M = 1.
Proof. Using the relation
A A hallz2anyazaay = [Pl 2l hell 2 an = %”hl A ha|| L2 (ar2),
we have

ld ullZ2anynr2ar) = sup [(d"u, by A ha)r2(ayac2 )|
||hl/\h?||L2(M)/\L2(M)51

= sup |<drU, hi A h2>L2(M)/\L2(M)|
([h1ARa|| L2 pr2)<V2

= 3/ [ (Viule) = VEuw)o(dn)atay)
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As a consequence of this Lemma we obtain for u € U (M):

ld" | Zaamyazzan / / (V3 u( / / Viu(z)Viu(y)o(dz)o(dy).

9 Commutation relation and energy identity

In this section we obtain energy identities on configuration space and in particular a
bound for the damped anticipating stochastic integral operator 5. The following result
follows from Relation (5.0.4) applied to the first chaos random variable F' = 5(h),
h € C®(M). A direct proof is available in this particular case.

Proposition 9.0.1 We have the commutation relation

Dug(v) = 5(ng) + <u7 U>L2(M,d(r)a u, v € CSO(M) (901)

Proof. We have

D) = D, /0 " o(@)y(ds) = /M dvdy = §(@w) + /M v () (dz)
_ F(a) + / o (2)divMii(2)o (dz)

M

= d(w) + /M w(@)v(z)o(dz) = §(Viv) + (u, v)12(rd0)-

Given two vector fields U,V € C§°(M;TM), the usual bracket [U, V] satisfies

A

Dy = DUDV - DVDUa

however this bracket can not be used to state a commutation relation such as (9.0.1),
since here, Poisson integrals are naturally defined as integrals of real-valued functions

on M, not of vector fields on M, cf. also Prop. 9.0.1 above.

Proposition 9.0.2 Let u be a process of the form u = sz u; F; and assume that

foralli,j=1,... ,n, either i) F; is o(F;)-measurable, or ii) QF (u;, u;) =0. Then

El(u 2]+E[//Du ) Dy )(dy)a(dx)}

— Bllulina) +28 | [ [ Viu@Daatolaean].  ©02)
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Proof. We will show that as in the proof of Th. 4.3 of [7] or Th. 3.3. of [12],

+B Z Dy, Fi Dy, F

ij=1

i FiDVijFj

ij=1

E[6(u)*] = ElllulZaara0)] + 2B

The proof of this identity relies on the use of the damped gradient D and on the

relation
E[Fy(Dy,D,, — f)uiDuj)Fj] = E[ED{W,W}FJ-], (9.0.3)

if o(F;) = o(F}), or lNDUjDui — Du,Duj = D{uj,u,-}, if QF (uj,u;) = 0, cf. Prop. 2. We

have
E[5(uiF3)8(u; Fy)] = E[F;Dy,6(u; F)]
= E[FDy,(F;d(u;) — Dy, Fy)]
= E[F;F;Dy,6(uj) + F;d(u;) Dy, F; — F;Dy, Dy, Fy)
= B[FFj(ui, u) 2 (ma0) + FiF30 (Vi) + Fid(u;) Dy, Fy — FiDy, Dy F)
= B[FiF(ui, ) 12(asdo) + Dot u; (FiFy) + Fid(uj) Dy Fy — F;Dy, Dy, Fj)
= B[FiFj{ui, uj) 2(ssdo) + Dyt o (FiFj) + Dy (Fi Dy Fy) = F;Dy; Dy, F)
= EB[FFj(ui w;) 1200 + Dty (FiFj) + Doy FiDy Fy + Fy(Dy; Dy Fy = Dy, Dy F)]
= B[FFy(ui, ) 12(vdo) + Dot u; (FiFy) + Doy FDy Fy + FiDyy 0y F)
= E[FiF;(ui, uj) 2 (0,d0) + Dvr o, (FiFj) + Dy, F;D,F; + FDVF ui—vE u; ]
= BE[FF;(ui, ;) 12(sd0) + Fy Dyr o, F -I—FDVr F; + D, F;D,,Fj]

On the other hand we have

> (Do, FiDuFy + FyDyy, o, Fi + FiDoy . )

i,j=1

- ZD F.D, F+2F/ D,F;V* Jui(z)o(dr)

B Zl/ / Dy Fiui(w) Dz Fyu;(y)o (dy)o (dz)
1/ / F; Dy Fuj(y) s (y)ui(x)o (dz)o (dy)

_ Q/M/Mvgu(x)f)wu() o (dy)o //Du )\ Dou(y)o(dy)o(dz).
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The following proposition is valid in particular if dim M = 1.

Proposition 9.0.3 Under the assumptions of Prop. 9.0.2 we have
Eb(w)? +E [/ / aw(y)u(x)(?y(x)u(y)a(dy)a(dm)]
MM

= Flllao) + B[ [ [ S vEutmotiotan)

and

E[3(u)?] + E [ /M /M am(y)u(m)ay(x)u(y)a(dy)a(dm] + B [l w3 aryncaan) |
= BlllulZn) + B IV ulsunoman| . v €US(M).
Proof. We use the relation
2 [ [ Vi@ batiaetin)~ [ [ Dy Datwotaais) -
| [ whu@viuetinetin - [ [ o.u@a,@umodsoiis) 004
and apply Lemma 1 and Prop. 9.0.2. 0

If dim M > 1 however, (9.0.4) becomes an equality between finite terms that are can-
cellations of infinite terms since we only have g(z,-) € W' (M;T M), and Prop. 9.0.3

should be interpreted accordingly. Similarly we have
B3+ B | [ [ (F5u(e) - Dyute) (VEu(r) - Daw)o(dnolas)|
— Elulioanl + B | [ [ Tiuo)Viuo(nolds)].
If dim M = 1 we obtain a bound on the anticipating stochastic integral operator o:
Bl5(@)?) < BlllulZaun+3 IV 0l anersan) +2B |1Dulfanecsan | - w € U (M).

There is a possible formal axiomatization of this construction in order to include
simultaneously path groups and configuration spaces. For this one needs a damped

gradient written as
DyF = D,F + 6(q(u)DF),

where ¢(u) is a deterministic differential operator. In the configuration space case,
q(u) f will be the application of the vector field u to the function f on M. In the path
or loop group case, q(u)v will be the bracket [u, v] of two vector fields u,v € L*(Ry,G),
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see [1], [12], [13], where G denotes the Lie algebra of the Lie group G. In both cases
the determinism of g(u) is linked to the triviality of the tangent bundle. On the path
space on a Riemannian manifold, ¢(u) involves a stochastic integral of the curvature

tensor on M, cf. [9], [20], hence a different and more complex framework is needed.

10 De Rham-Hodge-Kodaira operator and Weitzenbock
type identity

In this section we give again a particular attention to the one-dimensional case which
appears to be more closely related to the setting of Lie group valued Brownian paths of

[12]. We consider M = R+ with o the Lebesgue measure and the integration by parts

I u(t)o = —fo s)ds, u,v € C®(R,). The Green function associated to
the problem t2u = f, ( ) =0, is g(t,s) = —t vV 5. We have 0(s) = —1jo4(s), and
 is the function defined as @(t) = — fo s)ds, t € Ry, u € C(R;). From (5.0.2) we
have
ﬁtF:—ZZusz OTk af(/ uld'y,...,/ und'y>, te Ry,
i=1 k=1 0

where T}, k > 1, is the position of the k-th particle in the Poisson sample 7. In other
terms, on cylindrical functionals of the form f(T1,...,T,), f € C°(R"), n € N, we

have
i=n

Dif(Ty,...\To) = =) lpm®)oif (T, ..., Tn), teR,

i=1
In the one-dimensional case, D is a modification of the gradient of [6], see also [11],
and Sobolev spaces ID,; of real-valued functionals are defined by completion of S

under the norm

51 = IDF|Z2oxr,) + I FllZ2qy = B [F(SD +L)F|, FeSs.

The Sobolev spaces D51 (I?(N)) of I?(N)-valued functionals of [21] rely on a discrete
parameter. In order to define Sobolev spaces of L?*(R, )-valued functionals, we need

the notion of covariant derivative. We have
i=n

VEu(t) = S () DuF, — Fiha(t) /0 u(s)ds = Dyo(t) — (1) /0 u(s)ds, teR,,
and

Viv(t) = Z hi(t) Dy F; — Fihi(t)1p(s) = Dyv(t) — 0(t)1py(s), st € Ry,



where v € UP (R, ) is a smooth vector field as in (2.0.3): in one dimension, the Poisson
case and the Brownian path group case are formally very close, see [12], although their

geometrical aspects are quite different.

Corollary 10.0.1 We have the energy identity

B3P = Bllalle ) + B | [ [ Vi@ Tiu)dsde| . u e ®,)
0 0
and the Weitzenbock type identity
B 3] + B [l ulEgonre) | = B IV 030w + B |0,

Proof. These formulas follow from Props. 9.0.2, 9.0.3 and Lemma 2, since the relation
0s(s) = —1p(s) implies 9;(s)0,(t) = 0, 0 ® o(ds, dt)-a.e. 0O

Consider the quadratic form
a(w) = B [5?] + B |Id"ulE g nroeny | v € URRY).

We have

aw) = B [IV"ulam yorem| = B [I10lam,)] -
The interpretation of this relation is that the Ricci tensor R' : U® (R, ) — UX (R, )

of I" under the Poisson measure is identity. We define the Sobolev space D5 ; (L*(Ry))
of Hilbert-valued functionals to be the completion of Z2°(R; ) under the norm

| (W) = B [IulZam,| + B [ IV 0l 0remy)| - v € USRY),

and deduce the following bound for the anticipating stochastic integral operator o:

B [§p] <llulf,, weUr(Ry).

Proposition 10.0.1 The de Rham-Hodge-Kodaira operator O = dd* + d*d is self-
adjoint on UX(Ry), it can be written as O = V*V + I, with

Zh )ODF; + hy(t /DFds i(1)8(Filp )
_Fithi( ) — Fihi(t) + hi(t) DiF; + Fihi(t), t€R,,

if u e UX(Ry) is of the form (2.0.3). The eigenvalues of O are greater than one.
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Proof. We have

E[V(Fh),V(Gv))r2(e2)]

- [/ / (OD.F = P10 () 0()D.G - Got) 10 (s)dsct]
= E[GéDF/O h()()dt—G/Oooh(t)i)(t)/tDstsdt

—F/Ooov /DGdsdt—!—FG/ th(t)i ()dt]

= F [GSDF/OOO h(t)v(t)dt+G/oo h(t)v(t)D,Fdt
+G / i / D, Fdsdt — G /0 o Oh()5 (10 F)t
—FG/ tdt—FG/ th(t )dt], F,G €S, hyveCRy).
The relation

El(Ou, v)2@y)] = q(u) > E[(w,w) 2@ ], v € UF(Ry),

shows that the eigenvalues of O are greater than one. O

We also have

lull3.1 = q(u) = E[(u, (Id + V' V)u)ram,)],  u € UZ(Ry).

11 Vanishing of the Ricci tensor in Poisson numer-
ical models

A configuration on R; x [—1,1]? under the Lebesgue intensity measure can be con-
structed as a collection (78, 7F,... ,7%), k € N, of R, x [—1,1]%-valued random vari-
ables with (7§)ren being a family of i.i.d. exponentially distributed random vari-
ables representing distances between first coordinates of configuration points, and
™, ..., 7% k € N, denoting i.i.d. uniformly distributed random variables (the marks,
or heights of configuration points). In this manner, the Poisson space can be con-
structed as the linear space of sequences R" with o-field ®,—,B(R) and infinite

product measure Q- , pr with either

1
pr(dt) = Ljgoop(t)e™"dt  or  puy(dt) = i 11(t)dt,
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depending on the values of & € N. The k-th coordinate functional e} on RY is
either exponentially distributed on R, or uniformly distributed on [—1, 1], depending
whether e}, represents an interjump time or a “mark”. This space is a (non-Gaussian)
numerical model in the sense of [17], Ch. 1, Sects. 3 and 4. Let V a space of finite
random sequences (uy)gen satisfying suitable boundary conditions for integration by
parts, i.e. uz(x) = 0 for 7, = 0 or z, € {—1,1}, z € RY, according to whether sy, is

exponential or uniform. We let 0 denote the gradient on RY.

Proposition 11.0.1 We have the Weitzenbock type identity
E[(d*U)z] + FE |:<d’U,, du>l2(N)M2(N):| =F [<8U, 8u>l2(N)®l2(N)] s u € V,

i.e. the Ricci tensor vanishes under the Poisson measure.

Proof. We are in the setting of Ch. 1 of [17], integrating with respect to densities
of the form et = [Ti=) e#i) with ;(t) = —t or @;(t) = 0,7 =1,... 1. Let dy
denote the exterior derivative on R and let d}, = e¥(do)*e™, 0o = dido + dody = A,
and O, = did, + d,d,. Then, both in the exponential and uniform cases we have
Hess(p) = 0 and

O, = Og + Hess(p) = Og = A.

Hence from Lemma 6.7.7 of [17],

<d2 (u), d:(u»L?(Rl,du) + <d50u7 dtpu>L2(Rl,dp;Rl/\Rl)

= (Oou,u)r» 2(R,dp) = (Au, U>L2(Rl du) = (Ou, 3U>L2 Rl du;RIQRY) -

We deduce the bound
E[(d* ) ] < E[”au”p ®l2 N)] Uu E V. (11.0.1)

Remark. The vanishing of the Ricci tensor in Prop. 11.0.1 is due to the vanishing
of the second derivative of ¢, and can also be linked to the linearity of R* as a
space of sequences. On the other hand, the existence of curvature on I' is due to the
nonlinearity of ¢.

These identities can be rewritten as

o0

Z (3kul aluk

k,1=0

E[(d*u)*] + %E

Z 5kulakul] )

k,1=0
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and

E[(d*u)2] =F [(8u, (au)*>l2(N)®l2(N):| =F Z (—(p;cul - 8kul)(—g0;uk — Bluk) y
k,1=0
u € U*(R; ). The bound (11.0.1) has been used in the anticipating Girsanov theorem
on Poisson space, cf. Prop. 3 of [22].
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